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(VECTE S g T W PEVIETI A Toy Problem with Energy Resource

Production of Exhaustible Resource

An oil field is exploited by N producers. Each producerf optimize his profit so as
to fulfill his goal Ry at T; so his known resource is xJ € (0, Ro), x’ Ro.

max{/ E[ptvg - C(vg)}e—ffdt L dxd = —vidt + oxidw,, X = R, x3- = 0.}
0

vi>0

- - 2
e w; is a Brownian, C(v{) = av{ + Bv{ is production cost,

N

e price p; is such that demand balances production?® v; = %Z v,{ by

pe=ae "(E(w))© — J-E / (ae*(E[ve]) vl — avi — gvi’)e "dt
Jo
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Production of Exhaustible Resource

An oil field is exploited by N producers. Each producerJ optimize his profit so as
to fulfill his goal Ry at T; so his known resource is xJ € (0, Ro), x’ Ro.

m%{/ E[pevd — C(vi)]e"dt = dxd = —vidt + oxidwe, 3= Ro. x4 =0
v/ > 0

, - 2
e w; is a Brownian, C(v{) = av{ + Bv{ is production cost,
N

1
e price p; is such that demand bala::es production?® v; = N Z v’ by
. j=
pt:ae*bf(E(vt))*c = J= E/ (ae P (E[ui]) Vi — avi — Bui)e"dt
N Jo

o Let x; = Zx{,J = ZJJ By linearity dx; = —v;dt + ox;dw, so
m>a(>)<{J =J(0) : dxt = —vidt + oxedw; } Penalty |

-
J(r) = / (Elae*(Elv]) "vi — ave — BvZ])e™"dt — vE[(x7)]

T meanfield game theory 1
[1] O. Gueant, M. Lasry & P.L. Lions: Mean Field Games and Applicati . Paris-Pri L

s on Math. Finance.
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(VECTE S g T W PEVIETI A Toy Problem with Energy Resource

Calculus of Variations on the Deterministic Control Problem
Let p(x, t)v the PDF of x;; let @ = R x (0, T). Change of sign gives

min{J = / (CW +Bv? - aefthﬁV)e*”pdxdt + / x?prdx,
v>0 JQ JR

2
i o
x= [ vpdx : 2up = G0ul%) — 01p) = 0. 0(0) = o}

Calculus of variations.
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Calculus of Variations on the Deterministic Control Problem

Let p(x, t)v the PDF of x;; let @ = R x (0, T). Change of sign gives

mm{J-/ (aerﬂvzfaefbtxfcv>e7rtpdxdt+’y/Xdprdx,
v>0 Q JR

2
i o
x= [ vpdx : 2up = G0ul%) — 01p) = 0. 0(0) = o}

Calculus of variations. Let a; = o — ae %"y =¢. Then
0d =~ / Xd5pTdX
JR
+/ e7't<(ozt +2Bv)pdv + (ar + Bv)vép + ace P (pdv + vép))dxdt
Q

So introduce p with pr = vx? and
2 2

—O0p — Du(p) + vOp=e "(a+ Bv—a(l —c)e "x ) =

0 = / "(a+28v —a(l—c)e btxfc)fOXp>p6vdxdt+o(H5vH)

Algorithm: Apply the gradient method on u
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(VECTE S g T W PEVIETI A Toy Problem with Energy Resource

HJB equations, the stochastic approach

Denote u = —v;, x = E[v¢] = —/ updx where p is the PDF of x;
R
2

O~ T-0u(x20) + (o) =0 in R, pjg given

Let V(pe(-)) = miny{J(t) : p(t) = p:}. Let V' be defined by V, - 1 :/ V'du
R

By [1] V\/T =yx9, u= %[OA —e"oV' —a(l - c)e*th*C]

2

oV + %BXX V' 4+ ud V'= —(a(1 - c)efbtxfcu —au + 5u2)e7't, T=T—t
rt

V' =

e

IV~ (o a(1 - e, £ = / (o — e P T=9)3(1 — )y )9
“ o2x? ° x? x?
OV + (8:V*)? — OV VT = f(r)x*, V¥)o = T E(a —a(l—0o)Ry ¢

Algorithm: initialize u. compute p by Fokker Planck and y, then V' by above,
then u by above and loop.

[1] M. Lauriere and O. Pi Dy

ic prog for mean-field type controlIC.R.A:S Serie I, 1-7, Oct. 2014
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Case d=2: Ricatti Equation

For the time being forget the constraint u > 0. Then

2.2 —rt
oV + 0,V = Betv? = 2
AR pe v =3

(a—a(l —c)e bty — e, V')?

Assume that V' = P(t)x? + z(t)x + s(t), then by identification,

. rt
Pto?P=S_p2 P(T)=~

43
Let Q; = e™P. Then with u =02 —r,
. 02 T Qt ]. 1
Gt pQ— =0, Qr=reT = H(—4_— )1
FTENET T W QB
So long as Q; > 0, i.e. if uT is small enough,
Qt ’ye'T (T—t)/ T— o “iglll/Ae(T_t),l
_ L. A ( t)p P = rt
Q:— P el — ﬂ/Le © - © Ae(T—tu 1

Let us compute the optimal u by another method and check that 9, u= —2e" P,
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(VECTE S g T W PEVIETI A Toy Problem with Energy Resource

Results

T=1lc=3a=1,8=1y=05a=1,b=1,Ry =1,r=0.02,02 = 0.09

e

50V alue
-2 4lo10

W- 125051

W-101736

W0 05477

W01357

Left: Oxv Ricatti Solution with proper treatment of boundary conditions.
Right: v vs time (toward us) and space (towards left) in R x (0, T) computed by
the gradient-control method. The feedback zone is very clear.
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Conclusion

Calcul of Variations applies and provides necessary conditions.

Dynamic Programming applies to mean-field type control and provides
sufficient conditions.

Extention to problems with global system noise: see A. Bensoussan, C.
Fresch & C.P. Yam.

Full math proofs hard but doable: see Y. Achdou and M. Lauriére (to appear)
Opens the path to numerical solutions
Need to find new algorithms

Apply to interest rate of refundable loans

Thanks for your Attention
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