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Analysis of a system modelling the motion of a piston in a viscous gas
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Abstract. We study a free boundary problem modelling the motion of a piston in a viscous gas. The gas-piston system fills
a cylinder with fixed extremities, which possibly allow gas from the exterior to penetrate inside the cylinder. The gas is
modeled by the 1D compressible Navier—Stokes system and the piston motion is described by the second Newton’s law.
We prove the existence and uniqueness of global in time strong solutions. The main novelty brought in by our results is
that they include the case of nonhomogeneous boundary conditions which, as far as we know, have not been studied in this
context. Moreover, even for homogeneous boundary conditions, our results require less regularity of the initial data than
those obtained in previous works.
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1. Introduction and Main Results

We consider a one dimensional model for the motion of a particle (piston) in a cylinder filled with a viscous
compressible gas. The extremities of the cylinder are fixed, but the gas is allowed to penetrate inside the
cylinder. The gas is modelled by the 1D compressible Navier—Stokes equations, whereas the piston obeys
Newton’s second law. Since the position of the piston (and, consequently, the domain occupied by the gas)
is one of the unknowns of the problem, we have a free boundary value problem. Our initial motivation
was of control theoretic nature: we aimed proving that we can steer the gas to rest and the piston to any
final position by injecting gas at the extremities of the cylinder. We intended in this way to transpose to
this physically motivated model our previous results obtained for a toy model, in which the compressible
Navier—Stokes equations are replaced by the viscous Burgers equation. We refer to Vazquez and Zuazua
[21,22] for the description and the analysis of the toy model and Liu et al. [13] and Cindea et al. [6] for
the associated control problems. We quickly realized that the major difficulty to be solved in order to
accomplish the proposed goal consists in proving the global in time existence and uniqueness of solutions,
in appropriate function spaces. Indeed, to our knowledge, the free boundary problem we consider has not
been tackled in the literature in the case of a non vanishing gas velocity at the extremities of the cylinder
(i.e., with non homogeneous boundary conditions). The main difficulties are induced by the simultaneous
presence of the two fixed ends where the fluid can penetrate inside the cylinder (easier to describe in an
Eulerian setting) and of the free moving impermeable piston, which is easier studied in mass Lagrangian
coordinates. In this work we combine the two approaches: we use mass Lagrangian coordinates to provide
a detailed proof of the local in time existence and uniqueness and we use the Eulerian description of the
system to show that the constructed solutions are global in time.
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In the case of homogeneous boundary conditions for the velocity, the piston problem has been tackled
by Shelukhin [17,18], using functional spaces more regular than the ones which appear below (see also
Shelukhin [19], where the viscous gas and the piston are supposed to be heat conducting). The problem
has been revisited (still with homogeneous boundary conditions) in Antman and Wilber [1], where the
emphasis is the treatment of the asymptotic behavior of solutions as the ratio of the mass of the gas
and of the mass of the piston tends to zero. Tackling non homogeneous boundary conditions is a delicate
question even in the case in which the gas evolves alone in a fixed cylinder, i.e., if there is no piston inside
(see the comments at the beginning of Sect. 2 below).

Another class of references related to our work tackles the analysis of the equations modeling the
evolution of a viscous gas-rigid body system which fills an open set of R3. In this case, as far as we know,
the existing results concern homogeneous boundary conditions for the velocity and they assert either
the existence and uniqueness of smooth solutions (global in time for small initial data in Boulakia and
Guerrero [4] and local in time in Hieber and Murata [11]) or the existence of weak solutions, see Desjardins
and Esteban [7] and Feireisl [10]. Let us also mention that recently the problem of steering a viscous gas,
without considering a moving piston, to a given final state in a finite time (the controllability problem)
received an increasing attention (see, for instance, Ervedoza et al. [8,9], Maity [14] and references therein).

The system we study in this work is described by the equations

Oip + Ox(pu) =0 (t =0,z € [-11]\ {A(t)}), (L.1a)
(0w 4+ udyu) — Oppu + 02 (p?) =0 (t=0,z e [-1,1]\ {h(t)}), (1.1b)
ult, h(t)) = h(t) (t>0). (1.1c)
mh(t) = [Opu — p")(t, h(t)) (t >0), (1.1d)

with the initial conditions

{h(o)hm h(0) = to, 12)
u(0.2) =w(z), p(0.2)=po(x)  (x € [~L1]\ {ho}). |

In the above equations 7 > 1 is a constant, p stands for the density field, u denotes the velocity field of
the fluid (both in Eulerian coordinates), m is the mass of the particle and h(t) is, for every t > 0, its
position at instant ¢. If f is a real function of ¢ > 0 and of z € R, the symbol [f](¢, ) stands for the jump
at instant ¢ of f at x, i.e.,

[f](t,l‘) = f(tam—i_) - f(t,.%‘_).

The notation i and h corresponds to the first and the second derivatives of h. We will use this last
notation for functions depending only on time.

Our main result concerns the existence and uniqueness of global in time strong solutions of the initial
and boundary value problem (1.1), (1.2) with possibly non homogeneous boundary conditions. To state
our main result we complete (1.1), (1.2) by one of the sets of boundary conditions

u(t,—1) =u_1(t) >0, u(t,1)=0 (t > 0),
i (i >0), (13)
u(t,—1) =0, wu(t,1)=0 (t>0), (1.4)
u(t,—1) =u_1(t), wu(t,1)=-w(t) (t=0),
’Lbfl(t) > 0, Ul(t) >0 (t > 0), (1 5)
plt,—1) = p_1(t) (t=>0), '
p(t,1) = pa(t) (t=0).

Theorem 1.1. Let T > 0 and assume that hg € (—1,1), £y € R and that the functions ug in (1.2) and
u_1, ui, p—1 and p1 in (1.5) satisfy the conditions:
(Hl) Ug € Hl(—l, 1) and ’LL()(ho) = f(),'
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(H2) po € HY(—1,ho) N H(ho,1) and po(x) > 0 for every x € [—1,1]\ {ho}.
(H3) wu_1, uy € HY0,T), p_1, p1 € HY(0,T) and

p-1(t) >0, p(t)>0  (t€[0,T]);

(H4) uo(—1) = u—1(0), uo(1) = u1(0), p-1(0) = po(—1) and p1(0) = po(1).
Then, the initial and boundary value problem formed by (1.1), (1.2) and (1.5) admits a unique strong
solution on [0,T).

Moreover, the same conclusion (i.e., global existence and uniqueness of strong solutions) holds for the
initial and boundary value problem formed by (1.1), (1.2) and (1.3), provided that we replace assumptions
(H3) and (H4) respectively by

(H3") u_y € HY0,T), p—1 € HY(0,T) and p_1(t) > 0 for every t € [0,T);

(He') uo(—1) = u-1(0), uo(1) =0, p_1(0) = po(—1).

Finally, the initial and boundary value problem formed by (1.1), (1.2) and (1.4) admits a unique strong

solution on [0,T] provided that the initial data satisfy (H1), (H2) and ug(—1) = up(1) = 0.

The sense in which the term strong solution is understood in the above theorem will be made precise
in the next section, but we can already mentioned that it includes the properties

we C([0,T];H' (-1,1)), peC(@Q_)nC(Q,),
inf p > 0, inf p > 0,
Q. Q.
where
Q- ={(t,z) € [0,T] x [-1,1] | = <h(t)},
Qs+ ={(t,z) € [0,T] x [-1,1] | = < h(t)}.

As far as we know, the result in Theorem 1.1 is completely new because of the nonhomogeneous
boundary conditions. In the case of homogeneous boundary conditions for the velocity, our statement in
Theorem 1.1 differs from the corresponding result in [18] only by the fact that we require less regularity
of the initial data.

To end this introduction we briefly describe the organization of the remaining part of this work. In
Sect. 2 we describe a version of the change of variable to Lagrangian mass coordinates which is adapted
to non homogeneous boundary conditions and we define the notion of strong solutions. The description of
the governing equations using mass Lagrangian coordinates is then used in Sect. 3 to provide a detailed
proof of the local in time existence of strong solutions. In Sect. 4 we go back to the Eulerian description
of the governing equations and we establish some inequalities concerning the total mass and energy of the
system. Section 5 provides, adapting the methodology introduced in Vaigant [20], pointwise and global
estimates of the density field, which show, in particular, that cavitation cannot occur in finite time. The
proof of Theorem 1.1 is given in Sect. 6. We end up with an Appendix where we justify, for the sake of
completeness, some of the estimates on the linear transport equation with non homogeneous boundary
conditions which have been used to prove local existence of strong solutions.

2. Change of Variables and Definition of Strong Solutions

In this section we apply the Lagrangian mass change of coordinates to the system formed by (1.1), (1.2),
(1.5). At the end of the section we describe how this change of variables adapts to tackle the problems
(1.1), (1.2), (1.3) and (1.1), (1.2), (1.4). One of the advantages of this change of coordinates is that the
positions of the piston becomes fixed but, as remarked in Belov [3], the extremities of the cylinder (which
are fixed in the Eulerian framework) become mobile.

The passage to Lagrangian mass change of coordinates consists in replacing the space variable z by
& = Y(t,x), where U(t, z) is the signed mass of the gas filling the domain between h(t) and z at instant
t. More precisely, we set
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U(t,z) = / p(t,n)dn (t=>0, —1<z<1). (2.1)
h(t)

Assume that T'> 0, u_1 > 0, u; > 0 and that (p, u) is a smooth enough solution of (1.1), (1.2) and (1.5)
(this means, in particular, the function p is positive and bounded away from zero) which is defined on the
time interval [0, T]. Then, by a slight variation of the arguments in [3], it can be checked that for every
t > 0 the map z — VU(t,-), with ¥ defined in (2.1), is a C! diffeomorphism which is strictly increasing
from (—1,1) to (—=&-1(¢),&1(t)), where

ho t
)= [ mman+ [ pasualas

&®=ApWOM+prwwM& (2.2)

0
for every ¢ € [0, T]. Moreover,
U(t,h(t) =0 (t €10,77).

For each ¢t > 0 we denote by ®(t,-) = U1(¢,-). The density in mass Lagrangian coordinates and the
velocity field in Lagrangian mass coordinates are defined by

ﬁ(tvg) = p(ta (I)(tvg))v p(t,x) = ﬁ(t,\I/(t,:E)) ((t7$) € Qh,Tv (t,f) € @E—hihT)v

ﬂ(f,f) = U’(tv (I)(tvg))v u(t,x) = a(tv \Il(t’x)) ((ta 33) € Qh,T7 (tag) € éﬁ—l»fl,T)a
where
Qnr={(t,2) € (0,T) x (=1,1) ; = # h(t)}, (2.3)
and
Qe e i={(t8) € (0,T) xR ; £ € (—€1(1),&(t), £#0}

Still according to [3], the system writes in the Lagrangian mass coordinates as

Oup + PO =0 ((t,€) € Qe_,.e.7), (2.4a)
O — O (p(Oeu)) + 9e(p7) = 0, ((t,€) € Qe_,.e1.7), (2.4b)
u(t,0) = h(t) (t €[0,77), (2.4c)
mh(t) = [p(0t) — p7] (t,0) (t €10,17), (2.4d)
ut, —€-1(t)) = u—a(t), ult,&i(t)) = —ua(t) (t €[0,T7), (2.4e)
pt, —€-1(1)) = p-1(t) (t €[0,T7]), (2.4f)
pt,&u(t) = pa(t (t €10,77), (2.4g)
p(0,8) := po(§) = po(®(0,¢)) (€ € [-€-1(0),&(0)] \ {0}), (2.4h)
u(0,8) = 1uo(§) = uo(®(0,¢)) (€ € [=€-1(0),&(0)] \ {0}), (2.41)
h(0) = ho, 1(0) = Lo (2.4))

We have thus reached a situation in which the equations of the viscous gas hold in a domain which is
still time variable, but with a prescribed variation (we do no longer have a free boundary problem).

We need a second change of variables in order to write the equations in a fixed domain. To this aim
we define

Tt ) = o for e [=E(1),0,
amy  for £€[0,&(1)
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It is easy to verify that, for every ¢ > 0, the mapping & — T'(+,€) is a C'* diffeomorphism from (—¢_1(¢),0)U
(0,&(t)) onto g = (—1,0) U (0,1). We set y = T'(t,£) which yields

_ 1—1 _ f—l(t)y for ye [_170]5
<=t @w_{&my for ye0,1].

Finally, we consider the specific volume { and the velocity field in the above system of coordinates, i.e.,

C(ty) = [P Ly)] Bl = [ T((1&)

((t.€) € Qe_rerry (ty) € Qo) (2.5)
u(t,y) = uft, 1“_1(35: y), u(t,§) =u(t,I'(t,€))
((t7€) € Q§717€1,T7 (t7y) € QO,T)' (26)
Using the above change of coordinates, the system (2.4a)—(2.4j) writes:
BtC + ﬂayC - Olayﬂ =0 in CQ()’T7 (27&)
m i 29,a L) in
ou + BO,u — ady (Cayu) + ad, (C’Y) =0 Qo (2.7b)
u(t,0) = h(t) (t € [0,T7), (2.7¢)
. a1
mh = Layu — CA’} (t,0) (t €10,7Y), (2.7d)
a(t,—1) =u_1(t), @(t,1)=—u(t) (t€[0,77), (2.7¢)
1
¢(t,—-1) = 0 (te(0,7)), (2.71)
1
C(tﬂ 1) = Pl(t) (t € (OvT))v (27g)
¢(0,y) = Co(y), u(0,y) = To(y) (y € [-1,1]\{0}), (2.7h)
h(0) = ho, 1(0) = Lo, (2.70)
where
1 B =10 o _
- aw for ye[-1,0), - £ for ye[-1,0),
A0 for y e (0,1] _yfll(t) for y e (0,1],
and
Goy) = [P (0,)] "+ Toly) = To(T'(0,y)- (2.9)
In what follows, we write for any h € (—1,1)
Qn=(-1,1)\{hr}. (2.10)

We are now in a position to define the concept of strong solution of (1.1), (1.2) and (1.5).
Definition 2.1. Let (h, p,u) be a triple of functions with h : [0,00) — (—1,1) and
p(t,) : (=L D\A{R(t)} — (0,00),  u(t,-): (=L)\{r(t)} =R (£=0).
Let T > 0. The triple (h, p,u) is said to be a strong solution of (1.1), (1.2) and (1.5) on [0, 7] if
1. he HQ((O7T)7 (_17 1))’ u e C([OaTLHl(_la 1))? pEe C([O7T]aLDO[_17 1])7
2. p(t,-) € H' (Qp)) for every t € [0,T] and there exists My > 0 with

7 < p(t,z) < My ((t,z) € Qnr)-
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3. The function ¢ and @, defined in (2.5) and (2.5), are such that
¢eC(0,T); H (-1,0) U H'(0,1)) N H((0,T); L*[-1,1]),
€ C([0,T]; H'[-1,1]) n H*(Qo.1),
and the triplet (h,(,u) satisfies the system (2.7) in the strong sense.

In the above definition we have denoted, and we will continue to use this notation in the remaining
part of this paper,

H*Y(Qo.r) := L*([0,T); H*(—1,0) N H?(0,1)) N H'((0,T); L*[-1,1]). (2.11)

Remark 2.2. The change of variables and the definition in this section can be easily adapted to the cases
in which instead of (1.5) we use the boundary conditions (1.3) or (1.4). More precisely, if we use the
boundary conditions (1.3) then

1

gl(t) = 51(0) = /h Po(n) d777 ﬁ(tvy) =0 for ye (07 1]7 te [OvT]'

If we use the boundary conditions (1.4) then we retrieve the equations considered in [18], where
ho 1

Ea) =600 = [ poln) dn, Ea(t) = £2(0) = / po(n) dn,

—1 ho
Bt,y) =0 forye|~1,1]\ {0}, ¢ € [0,T).

3. Local in Time Existence and Uniqueness

In this section T' > 1 is a fixed (but arbitrary) number and we prove that (1.1), (1.2) and (1.5) admits
a unique local in time strong solution, defined on some interval [0, 7], with T, € (0,T]. Moreover, we
briefly explain why the employed methodology yields the same result for the problems (1.1), (1.2), (1.3)
and (1.1), (1.2), (1.4). More precisely, denoting, for each & > 0,

Yo =[-1+4¢1—¢] x (H'(=1,ho) N H"(ho,1)) x H'(—1,1),
the main result in this section can be stated as follows:
Theorem 3.1. Under the assumptions of Theorem 1.1, let M > 0 be such that
[woll 1 (—1,1) + ol 1 (= 1,n0) + P01 (o,1) + o] < M,

1
2 Spo@) <M (ze =11\ {ho}), (3.1)
1 1
—1+—<hy<1——.
o s M
Moreover, we assume that M satisfies
lp=1llz0,1) + llu=1llzr0,7) + o1l a1 0,7) + llwallmro,m) < M, (3:2)
1

u_1(t),ur(t), p_1(t), p1(t) = i for all t € [0,T7. (3.3)

Then there exists T, € (0,T)], depending only on M, such that (1.1), (1.2) and (1.5) admits a unique
strong solution on [0,T,] and with the map

ho h
po| — |p (3.4)
() [

continuous from Yy to C([0,T.];Yz) for some € > 0, which also depends only on M.
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The same conclusion holds for the systems (1.1), (1.2), (1.3) and (1.1), (1.2), (1.4), with obvious
adaptations of the assumptions (3.2) and (3.3).

The proof of the above theorem is based on a fixed point argument which is applied to the mass
Lagrangian form (2.7) of the system. The fixed point procedure we adopt is based on the fact that (2.7)
can be rewritten

0C + B0y —adyu =0 in Qor, (3.5a)
_ Qo5 ) _ .
0t — a0y <C08yu> = Fi1((, ) in Qor, (3.5b)
u(t, £0) = h (t € [0,T)), (3.5¢)
= | 20,1 (1.0)+ £a(c.) (t e 0,7, (3.54)
alt,—1) = u_1(t), u(t,1) = —uy(t) (t € [0, 7)), (3.5€)
1
C(t,—1) = 0 (t €[0,7Y), (3.5f)
1
C(t7 1) = Pl(t) (t € [07T])7 (3'5g)
¢(0,y) = Co(y), u(0,y) =To(y) (y € [-1,1]\ {0}), (3.5h)
h(0) = ho, h(0) = 4o, (3.51)

where ap = (0, -), Qo,r has been defined in (2.3) and

Fi(¢,) = ad, (‘zayu) — g, @Tayu) —ad, (é) — oy, (3.6)
Fo(C,T) = K? - ‘2‘3) (ayu)} (,0) [Clv] (t,0). (3.7)

The idea is to replace in the above system F; and F> by given source terms f; and fo. We then
obtain a linear system that can be studied by splitting it into a parabolic equation for the velocities (fluid
and particle velocities) and a transport equation for the specific volume. The proof of our local in time
existence and uniqueness result is then concluded by applying Banach’s fixed point theorem.

In this section, K denotes a positive constant that may depend on M and that may change from line
to line.

Before beginning to apply the methodology described above we note that we have the following result,
which can be checked in an obvious way, so we state it without proof.

Lemma 3.2. Let (po,uo, ho, o, p—1, p1,u—1,u1) and M be as in Theorem 3.1. Then the function (o and
g which have been defined in (2.9) satisfy

COEHl(—1,O)ﬁH1(O,1)7 HOEHl(_lvl)a
Uo(—1) =u—_1(0), we(0) = Lo, To(l) = u1(0),
ol a1 =1,y + 1ol a1 (00) < K,

% < Co(y) <K (y S [*17 1] \ {0})7

where K > 0 depends only on M.
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The first step in proving Theorem 3.1 is the following result on the linear parabolic type system

_ Qo o\ .
oyu — a08y (Coayu) = f1 m QO,T,
u(t,0) = h(t) (t €10,77),
i) = | 20,7 1.0) + 120 (t e 0,7)),
ﬂ(tv _]-) = u*l(t)v ﬂ(tv 1) = _ul(t) (t € [OvT])a
u(0,y) = Uo(y) (y € [-1,1]\ {0}),

where f1 and fo are given source terms. Note that, using a term often employed in the study of fluid-
structure interactions, we can say the considered system is “monolithic”. This means that this linearization
preserves the coupling of the equations of the fluid and of the structure. This contrasts with the approach
used in previous works (see, for instance, [18]) where the corresponding step consists in first solving
uncoupled parabolic equations on each side of the piston, with non homogeneous boundary conditions
at y = 0. The choice of this monolithic proof scheme is essential in our approach for obtaining the local
existence result in Theorem 3.1 for initial data less regular than in the previous literature.
For the remaining part of this section we denote, for each T, € (0,77,

BT* = {|:§;:| € LQ(QO’T*) X LQ[O,T*} ||f1HL2(QO,T*) + Hf2||L2[O,T*] < 1} ) (39)
where we recall from (2.3) that
Qo,r. ={(t,z) € (0,Ty) x (=1,1) ; = # h(t)}.
Proposition 3.3. Let T > 1 be the number fized at the beginning of this section. Let (po,uo, ho, Lo, u—1,u1)
and M be as in Theorem 3.1 and let ((p,Uo) be defined as in (2.9). Then for every le] € Br the system
2

(3.8) admits a unique strong solution on [0,T]. Moreover, there exists K1 > 0, depending only on M,
such that

@l z21(Qo ) + NWllcqo. )t (—1.1)) + 1Bl 2007y < K1, (3.10)
where the space H*1(Qo 1) has been defined in (2.11).

The above result can be proved modulo an obvious adaptation of the proof of the corresponding result
for ag = o = 1, u—1 = w3 = 0 which has been given in Proposition 3.3 from [6], so that we omit the
details.

Corollary 3.4. With the notation and under the assumptions of Proposition 3.3 there exists K > 0,
depending only on M, such that

10, all 210, 2 (0)) < KT (Th € (0,TY), (3.11)
where (we recall from (2.10))
Qo = (~1,1)\ {0}.
Proof. We first note that
10,7 (t, | o (0) < K N05T(E ) [511 0 1057 gy (£ € (0,T)),
which yields

T, T,
|0 ey 8t < KN sy [ 10Ty
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The two above estimates and Hoélder’s inequality imply that
_ 1/8 3/4
10y 2 (0.7 1s2 (0)) < KT * 10,70 3540 1150 0000y 19T % 0z @)y (T € (0,T0).
The conclusion (3.11) follows now from the above inequality and (3.10). O

The second step in proving Theorem 3.1 is to use the velocity field @ constructed in Proposition 3.3
to solve an initial and boundary value problem for the transport equation. The choice of the boundary
conditions for this problem depends on the choice (among (1.3), (1.4) or (1.5)) of the boundary conditions
in Theorem 3.1. As already asserted at the beginning of this section, we provide detailed proof for the
boundary condition (1.5), whence in the case when (¢, —1) and (¢, 1) are positive and bounded away
from zero (recall that 8 has been defined in (2.8)). In this case we consider the system:

0iC(t,y) + B(t,y)0,C(t,y) = a(t,y)(9,u)(t,y) (t,y) € Qor,
¢t ~1) = 1( 5 (t € 0,7)),
T (3.12)
C(t,1) = D (t € [0,77),
¢(0,y) = Co( ) (y € [-1,1]\ {0}),

with o and § defined in (2.8). Our methods easily adapt to the boundary conditions (1.3) or (1.4), the
main change being that, instead of using Proposition A.2 (as in the proof of Proposition 3.5 below) we
use (at least once) Proposition A.1.

Proposition 3.5. Under the assumptions of Proposition 3.3 let @ be the solution on [0,T], with T > 1 fized
at the beginning of the section, of (3.8) constructed in the above mentioned proposition. Then the system
(3.12) admits a unique solution ¢ € C([0,T]; HY(Q0)) N C*([0,T]; L?[-1,1)).

Moreover, there exists K > 0, depending only on M, such that

I<lleqo a1 Q0)) + 10:Clloqo, )21y < K (Th € (0,1]). (3.13)
Finally, there exist Te (0,1] and K > 0, both depending only on M, such that
1 ~
T C(tay) < K (t € [OaT])v (314)
H - — < KT,V* (T, €[0,T)). (3.15)
¢ CO L=>(Qo,1,)

Proof. We first note that since, by the definition (2.8), we have 5(¢,0) = 0, the system (3.12) splits in
two uncoupled initial and boundary value problems: the first one on [—1,0] and the second one on [0, 1].
We prove below the required estimates only for y € [—1, 0], the proof of the corresponding estimates for
y € [0, 1] being completely similar. This is done below by a direct application of Proposition A.2 from
Section 6, with w = 3. To check that 3 satisfies the assumptions in Proposition A.2; we first notice that

B(t, 1) = ’W >0and (t,0) =0  (t€[0,T]). (3.16)
We next note that from (2.2) and (3.1)—(3.3) it follows that
%(h0 +1) <€ () K M(ho+1)+M*  (t€][0,T.], T. € (0,1]), (3.17)
%(1 — ho) < &1(6) < M(1 = ho) + M? (te[0,T], T. € (0,1]). (3.18)
Combining the two above inequalities, (3.16) and (3.1) we obtain
18C, =Dll=po,r) < K, (3.19)

181l c(o, 11 11 (=1,0))nL2 (0,7 ) 2 (—1,0)) < K, (3.20)
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where K is a constant depending only on M. On the other hand, using (3.2) and (3.3) we have

where K is a constant depending only on M. The estimates (3.19)—(3.21), together with Corollary 3.4
allow us to apply Proposition A.2 and thus to obtain

<K, (3.21)
H'(0,T)

IClle o,y 5 (= 1,0)) + 19eClle 0,702 (-1,0) < K,

where K depends only on M. In this way we obtain the existence and uniqueness of a solution ( satisfying
(3.13).

In order to prove (3.14) and (3.15) it suffices to note that from (3.13) and a simple interpolation
argument, there exists a constant K such that, for every ¢ € [0, T.] we have

1/4
HC(t ) - COHL‘X’(QU) K”C COHLOQ [0,T.];H (Q0)) ”C - COHLCC([O,T*];L?(QO))

1/4
< KTHIC = ol o magsrn o 11810212200y

< KTM* (3.22)
m

Lemma 3.6. For T, € (O,f], where T is the constant in Proposition 3.5, let By, be the ball defined
by (3.9). Let (po,uo, ho, Lo, u—1,u1) and M be as in Theorem 3.1. Let ({o,To) be defined in (2.9). Given
|:f1
f2
in Proposition 3.3 (respectively in Proposition 3.5).

Then there exists a constant Ko > 0, depending only on M, such that

171 Oll 2oy < KoTH® ([H c BT*) , (3.23)

] € Br,, let (h,w) (respectively ¢) be the solution of (3.8) (respectively of (3.12)) on [0, T.] constructed

20, Olaiom) < KT (5] e5). (3.21)
where F1, Fa have been defined in (3.6) and (3.7).

Proof. We first note that, using the definition (2.8) of «, together with (3.17) and (3.18), one can check
that there exists a constant K, depending only on M, such that

Ha — aOHLOO(Qo,T*) < KT*. (325)

To estimate the sum of the first two terms of F; we note that

a2, (28yu> — a2, (Cloayu) = (a® - a2)d, <Ca u) + 020, ((2 <o> B u) (3.26)

Using (3.10), (3.13), (3.14), (3.17), (3.18) and (3.25) it follows that there exists K > 0 depending only on
M, such that the first term in the right hand side of the above formula satisfies, for every T, € (0, Tv)7
+

(a® — ad)o, <<3 u>
L2(Qo,1,) L2(Q0,T*)>

1
< Kllo = ool o< Qo7 ) ( z
< KT,. (3.27)

L2(Qo,1.)

Oyy

0yC
%@,u

¢
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Similarly, using again (3.10), (3.11), (3.13), (3.22) and (3.14), it is not difficult to check that there exists
K > 0, depending only on M, such that the second term in the right hand side of (3.26) satisfies

1 1
9 =
4%y ((c <o> “) o (H %

9,¢ 9y Co -
+ < Al ) ”ayu”L%[O,T*];LOO(Qo))
L= ([0,T%];L2(0)

18yl 2 0
L>(Qo,r.)

i

G
< KT/, (3.28)

L2 ([0,T.];L%(20)

Using (3.10), (3.13) and (3.14), the last two terms in the definition (3.6) of F; satisfy

+ Bo,u
(O) £2(Qo.r.)

< KV ([10yClpe 0. :2000)) + 10y o< (o, 2.3:22(00))) < K VT (329)

where K > 0 depends only on M.
By combining (3.27)—(3.29) we obtain the first claimed estimate (3.23).

In order to prove (3.23), we first use (3.22), (3.14) and (3.25) to obtain that the first term in the
definition (3.7) of F» satisfies

- 2)ao] o

K (10,¢N 2oz + 10yl L2(Qu )

L2[0,T.]
« OZO
< K . u 2,1
C CO L O ]| £ (Qo,T.)
- a — 1 1
< Kl e (z-2)
@l e (Qo,r.) ( ¢ Lo (Qo 1) ¢ o/l (Qo, . ))

< KTM*,

where K > 0 depends only on M. Using next (3.13), it is easy to verify that there exists K > 0, depending
only on M, such that the last term of the definition (3.7) of F; satisfies

|l] o Seo| <xvE

L°[0,T.]
The two inequalities above clearly imply the second claimed estimate (3.24). O

< VT
L?[0,1.]

Lemma 3.7. For T, € (07f], where T is the constant in Proposition 3.5, let By, be the ball defined by
(3.9). Let (po,uo, ho, o, u—1,u1) and M be as in Theorem 3.1. Let (o, o) be defined in (2.9). Given

J
[?1 € Br,, for j = 1,2, let (W, u?) (respectively by ¢7) the solution of (3.8) (respectively of (3.12))
3

corresponding to the source term ( ff , fg) (respectively to the coefficient W’ ). Then there exists a constant
K3 > 0, depending only on M, such that

”fl(glﬂﬂl) - fl(C27ﬂ2)||L2(QO,T*) + H]:?(Clvﬂl) - FQ(C27E2)HL2[O,T*]

[
KT (111 = FPllzc@ony + I1F3 = F2 1 22p0.1)) (le : f; €Br, |,
2 2

where Fi, Fo have been defined in (3.6) and (3.7).
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Proof. Setting

we have

0, u(t1)=0 tcl0,T,
u(0,y) =0 ye [—1,1]\ {0},
h(0) =0,  h(0)=0,

together with

Using (3.10) we obtain
14| L2 po. )12 (020)) + il a1 0.7 y:22(~1.27) + [l ot (—1.1y) + 1Bl 220,72
<K = fle2@or) + If2 = £ llz20,m.0), (3.30)

where K that depends only on M.
On the other hand, by applying Proposition A.2 from Sect. 6 (as in the proof of Proposition 3.5) we
deduce that
<l o.2:m1 0y + 19:€ll o211
< K (Jlll L2 o, m2(00)) + [@lleqo g (—1,1))) - (3.31)

where the positive constant K depends only on M.
Moreover, we have

Fi(¢hat) — Fi(¢3a%) = (a— ag)d, <g<9yﬁ> + ad, <a <<11 - ;) ayn)

o3 2)2) -l ) e

and

Fo @) — Fo(C2,72) = K;‘l - Z‘;) (aya)] (t,0) + K; - ;) (ayuQ)] (t,0) — [cﬂ (t,0). (3.33)

Using (3.13), (3.14), (3.17), (3.18) and (3.25) it follows that there exists K = K (M) > 0 such that

oo o v o
(@~ a0, (o) < KT (10l + 10Ol 05.0) < KT 2017

L?(Qo,r.)
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Similarly, using again (3.11), (3.13), (3.14) and (3.22), the second term of (3.32) satisfies

1 1
ady (a (—) a,,a) <K<‘
Cl C2 L2(Qo,1,)

8y§1 ach ;
N Exd -
(H (¢h)? oy ) Y EAOT L @)

(¢?)?
1/8 o
< KT ill ra Qo r )+

where K = K(M) > 0. The other terms in (3.32) and (3.33) can be estimated in a similar manner.
Combining the above estimates and using (3.30), (3.31) we obtain

17T = Fi () 12000y + 1F2(CTY) = Fo(C 1) | 20,1
1/8 o b
< KT8 ([lill 2o,y + Il 0,731 000)))
1/8
KT = Flreon) + 12 = Fllizpom))-

1 1

11 8,
¢t G2 LOO(QO,T*)H " ”LZ(QO,T*)

L2 ([0,T.};L%(Q0)) ‘

We are now in a position to prove the main result in this section:

1
Proof of Theorem 3.1. Fix 0 < e < U Let us define

~ 1 1 1 /1 2
Ty =mind 7T, ) —— — [ — —
M mm{ ' K5 256K K? (M €> }

where T is the constant in Proposition 3.5 and K1,K5, K3 are the constants in Proposition 3.3, Lemmas
3.6 and 3.7, respectively. For 0 < T, < T, we consider the map

N :Bp, — LZ(QO{*) x L*[0,T.],
Al R

where F1, F» have been defined in (3.6) and (3.7). To prove the claimed conclusions, it suffices to show
that for every T, € (0,Ths] the mapping N is a strict contraction of By, , with a Lipschitz constant %
We first note that from Lemma 3.6 we obtain the existence of Ko > 0, depending only on M, such

that
17 swort - ([g]em)

From the definition of Ty, it is easy to see that A" maps By, into By, for every T € (0, Tys]. Next from
Lemma 3.7, there exists K3 > 0, depending only on M, such that

L2 (QO,T* ) x L2 [O,T*]

1 2
f2 f3 L2(Qo.1,)x L2[0,T.]
f .
< KsT*l/S(Hﬁ - f12||L2(Q0,T*) +1f2 = 3l z20,7) ([fi €Br,,j=12].
2

Again from the definition of Th; one can easily check that A is a strict contraction of Br, for every
T, € (0,Tys], which implies our existence and uniqueness result. Using (3.10) and definition of Ty we
have for every t € [0, T%]

1
(0) ~ ol < T2 oy < (57 - <)

Therefore h(t) € [-1+4¢,1 — ¢, for all ¢ € [0, T,].
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Finally, the fact that the Lipschitz constant does not depend on the initial and boundary data ensures
the continuity of the map defined in (3.4) (see, for instance, Theorem 3.8 in [5]). O

4. Mass and Energy Estimates

Within this section and in the following one we assume that the initial and boundary data pg, ug, ho,
P—1, P1, U—1, uy satisfy the assumptions in Theorem 3.1 and we use the notation from the above quoted
theorem for the constant M. We assume that T is any fixed number in [1,00), that 7 € [0,T] and that
(h, p,u) is a strong solution of (1.1), (1.2) and (1.5) defined on [0,7] for every 7 € (0,7). The results
below adapt in an obvious manner for the local in time solutions of (1.1), (1.2), (1.3) and (1.1), (1.2),
(1.4). In the remaining part of this section C' denotes a positive constant depending only on M and 7
that may change from line to line.

Our first result in this section says, roughly speaking, that the mass of gas on each side of the piston
does not blow up in finite time.

Lemma 4.1. For every t € [0,7) we have
h(t) 1
/ p(t,x)dx < C, p(t,z)dx < C.
—1 h(t)
Proof. Integrating (1.1a) on [—1, h(¢)], we obtain that for a.e. ¢t € [0,7) we have
d [
dt J

Using (1.1¢) we see that the second and the third term in the above formula cancel, so that, integrating
with respect to time, we obtain that

pt, @) dz — p(t, h(8))h(t) + p(t, h(8) " )ult, h(t) ™) — p-a(B)u-(t) =0

h(t) ho t
/ ot ) da = / po(z) dar + / poi(o)ui(e)do  (te(0,7). (41)
-1 -1 0
Similarly, we obtain
1 1 t
/ p(t,x) dx :/ po(x) da:+/ p1(0)ui(o)do (t €10,7)). (4.2)
h(t) ho 0
The last two estimates, combined with (3.2), yield the desired result. O

The next result is an energy estimate which plays an important role in the remaining part or the
paper.

Proposition 4.2. There exists a strictly positive constant C = C'(M,T) such that

/_1p(t,m)u2(t,x)dx + /_1,07@,:5) de+ 126 <C  (te[o,r). (4.3)
Proof. For t € [0,7) and z € [—1,1] we set g(¢,x) = - xu,l(t) ! —’Z_mul(t) and we denote w = u — g.
We note that
w(t,—1)=0, w(t,1)=0 (t €[0,7)), (4.4)
p(Oyw + udyw + Org + udypg) — Opgw + A2 (pY) =0 (telo,7), ze (-1, 1)\ {r®}, (4.5)
. 1—h(t) 14 h(t)
wit.n(®) = h) - 2 1) 4 LD ) (t < 0,7). (46)

Moreover, since ¢ is continuous with respect to z, (1.1d) yields that

mh(t) = [Dow — p)(, A1) (tE€[0,7)). (4.7)
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We next multiply (4.5) by w and we integrate on [—1, h(t)]. Using (4.4), it is easily seen that the contri-
butions of each term in the left hand side of (4.5) writes:

h(t) 1d /h® 1 [h® h(t)
/ p(Ow)wdr = = — pw? dx — 7/ (Orp)w? dz — —Z (pw?)(t, h(t)7) (t€[0,7)),
. 2dt 2/, 2

h(t) 2

/_hl(w pu(Ozw)w dx = (puu;z) (t,h(t)7) _/_1 @I(pu)% Ao, (te[0,7),

h(t)

h(t)
/ (—amw)wdxz—((aww)w)(t,h(t)*w/ @w)2dz  (te[0,7)),

—1 —1
h(t)

h(t)
[ s = @he) - [ @wds (te o),

—1 -1

Consequently, we obtain

1d h(t) ) 1 h(t)(a 5 ( )) )
- — pw dx—f/ p+ Oy (pu))w* dz
2dt 2/,

“h“; " (o)1, (1)) ~ @20 ) (1) ol (1)

h(t) h(t)
—|—/ 2da —/ Y (0,w) da
1 -1

h(t
p(Org + u0yg)wdx (t €10,7)).
-1

Combining the above relation with (1.1a) and (1.1c), we obtain

h(t) h(t)

pu? dz — (g0 — pnwm>>wmm+/‘<mm%x

-1

N | =
Q-‘Q

/h
/ ®)

h(t)
7 (Opw) /1 p(0rg + udyg)w dx (t €[0,7)). (4.8)

On the other hand, it is easily checked that for any smooth function b : R% — R, relation (1.1a) yields
9 (b(p)) + 9z (b(p)u) = (b(p) — pb'(p))Ou (¢t € [0,7), z € [-1,1]\ {A(t)}). (4.9)

In particular, if we set

bp)=—— i 7>1, blp)=pln(p)—p if 7v=1,

we deduce from (4.9) that
9 (b(p)) + 0x(b(p)u) = =p"0pu (L €[0,7), z € [-1,1]\ {A(t)}).

The above relation and (1.1c), (1.5) yield
h(t)

h(t) h(t) d
-1[1pwmmdx=[; 0, 0(0) + 0. (o) do = 3 [ Bp)de—blp s ()us) (1€ [0,7).

Therefore, using the definitions of g and of w from the beginning of the proof, we have
h(t)

h(t) h(t) uy U1
,L pV(amw)dx:% » b(p)dxb(p_1(t))u_1(t)+( 2(lt)+ 2@))/1 o7 da.
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Combining the above relation with (4.8) yields

1 d h(t) d h(t) 3
sat ), pw? dx + % / b(p) dz — (Ozw — p7) (¢, h(t) " )w(t, h(t))

+ /hl(t) (8,w)2 dz = b(p_1 () u_1(t) — <u12(t) . U-;(t)) /hl(t) .

h(t)
—[1 p(0rg + udyg)w dx (t €10,7)). (4.10)

By doing similar calculations for « € (h(t),1) we obtain that

1 a [
1d pw?dz + — b(p) dz + (Opw — p7) (¢, h(t) P )w(t, h(t))
2dt h(t) dt h(t)

1
7/ p(0rg + udpg)w dx (te€0,71)).
h(t)

Adding the above relation and (4.10) and using (4.6), (4.7), we deduce that

li d+£ '
2 dt pw T A

_ 1
(o) da + mi(r) (h(t) _ 1 2h(t>u_1(t) _ 1 +2’1“)7@1(@) + [ (0w e
1 1
- b(p_1<t>>u_1<t>b<p1<t>>u1<t>+<“;“>+“12“’) [ = [ sog+uguas e,

—1

Integrating all the terms in the above formula with respect to time it follows that

1 1 1
3 [ wtdes [ wordes i // (,) dx_,/ po(@)w(0,0)* o+ [ o) do+ 763

# [ 0oa0u16) - oD as 1 [ [ pr(ua(s) + o) aras

t 1
/ / 8tg+u8wg)wdxds+/ mh< 5 )u 1ds—|—/ mh (—;—h) uy ds (t €[0,7)).
0 0

(4.11)

We next estimate the last three terms in the right hand side of the above formula. For the first one, based
on the definitions of w and g from the beginning of the proof, we have

t 1 t o1
/ / p(0rg + u0yg)wdr ds = / / pw(0rg + (w + g)05g) dr ds (t €[0,7)).
0 J-1 0 J-1

The first term in the right hand side of the above formula satisfies, with C' = C(M),

§C’</Ot((ﬂ_1)2—|—(u1)2)/11pd;1:d5+/0t /11 pw2dxds>, (t € [0,7)).

By combining the above inequality and Lemma 4.1 it follows that

<C <1 + /Ot /11 pw? dz ds) (t€[0,7)). (4.12)

p(0:g + g0.g)w dz ds

p(0rg + g0rg)wdx ds
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To estimate the last two terms in the right hand side of (4.11) we note that integrating by parts we have

/ i) (F3 ) watoras = mite) (251 ) st

—mly (1 _2’“)) u_1(0) +m/0t (h);(s) - (1 _Qh(s)> h(s)iu_1(s)ds (t € [0,7)).

¢
Using the fact that h(t) = ho + / h(s)ds, together with (3.2), (3.3), we deduce that
0

/ (s (F5 ) wato)as

Similarly, we obtain
2(t) 2
m +C(1+ h (t€[0,7)). (4.14)

/mh <1+h()>u1(5)d8 8

To estimate the forth and fifth terms in the right hand side of (4.11) we note that, since b € C*(R%), we
can use (3.2) to obtain

/<b<p 1())u_1(5) — b(p1 (5))ur () ds + = // 9 +u(s)) dads

c(1+/0 /_1,ﬂdxds> (t € [0,7)). (4.15)

Gathering (4.11)—(4.15), we conclude that there exists C = C'(7, M) > 0 such that for every ¢ € [0,7) we
have

/1Pw2dx+/1b(p)dx+h2 <1+// pw dxds+A/ prdzds+ | hz()d>_ (4.16)

Finally, using Gronwall’s Lemma, we deduce that the conclusion (4.3) holds for v > 1.
In the case v = 1, we notice that (4.16) and Lemma 4.1 yield

1 t 1 ¢
/ pwzdz+52<0<1+/ / prdazds+/ fzz(s)ds).
—1 0o J-1 0

We can then conclude as in the case v > 1. (]

. .
< th(t) +C (1 +/O h%(s) ds) (t €10,7). (4.13)

5. Estimates on the Density Field

Within this section we continue to use the assumptions in Sect. 4, which means that (h, p,u) is a strong
solution of (1.1), (1.2) and (1.5) defined on [0,7] for every 7 € [0,7), with the initial and boundary
data pg, uo, ho, p—1, p1, u—1, u1 and the constant M satisfying the assumptions in Theorem 3.1. We
continue to derive estimates of this strong solution, focusing on pointwise estimates for the density and
on estimates of the derivatives of u in Lebesgue—Sobolev spaces.

Let Q- be the set which has been defined in (2.3) and let B : @), » — R be defined by

B(t,z) = /: p(t,y)ult, y) dy +/0 (Opu—p")(s,h(s)T)ds (> h(t)), (5.1)

()

B(t,z) = /}:t) p(t, y)u(t,y) dy — / (Opu— p7)(s,h(s)”)ds (x < h(t)). (5.2)

The above assumptions imply that, B € H'(Q; -) N H'(Q;, ) for every 7 € [0,7), where Q- and Q;, -
are defined by
Qrz={(t2) € (0.7) x (-1,1) ; @ > h(1)},

)
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Q- = 1{(t.2) € (0,7) x (~1,1) ; = < h(t)}.

Lemma 5.1. The function B satisfies, for every T € [0,7),

0:B = pu, 0B =0u—p’ — pu? in D'(Q, ;)N D'(Q;;), (5.3)
B(0,2) == By(x) = / po(y)uo(y) dy (x € [-1,1)). (5.4)

Proof. We prove only the second relation, the two others following directly from the definition of B. To
this aim, we first note that for ¢ € [0,7) and & > h(t) we have

o ( / " ptyulty) dy> — —p(t, Aty Yt B(E) () + / " @)+ p(0r)] dy.
h(t) h(t)

Combining the above equation with (1.1a) and (1.1b), we deduce

Oy (/t p(t,y)u(t,y) dy) = _P(t7h(t)+)U(t,h(t)+)h(t)
h(t)

+ [ Ou(—pu® + Opu—p?)dy = (—pu® + Jpu — p7)(t,z) — (Opu — p")(t, h(1)T),
h(t)

i.e. that (5.3) holds in D’(Q;;) for every 7 € [0, 7).
A similar calculation can be done for x < h(t), leading to the fact that (5.3) holds in D'(Q, -) for
every 7 € [0, 7). O

Combining (5.3) and (1.1a), it is not difficult check that for every 7 € [0, 7),

(B +1np)+udy(B+Inp)+p"=0 in D(Q,:)N D’(Q;;), (5.5)

Oi(pe”) +udp(pe®) + p e’ =0 in D'(Q, ;) ND'(Q} 5), (5.6)

O (1€_B> + 10y (16_B) —p e P =0 in D(Q;, ) ND(Q) ). (5.7)
p p : :

For a detailed proof and more discussion of the above formulas we refer to [12,20]. The function B
introduced above is an adaptation of a similar function introduced in [20] and then discussed in detail
n [12]. However, unlike in the above mentioned references, the function ¢t — B(t,-) is not continuous (it
has a jump at x = h(t)). Since the continuity of B plays an important role in the above quoted papers,
we first modify B to get a continuous function B. More precisely, we set:

Bw) - {B(m) = 3(h(6) ~ fo) for 2 € (~1,h(t), -
B(t,x) + Z(h(t) — {oy) for z € (h(t),1).
Lemma 5.2. Let B and B be defined by (5.1), (5.2), and (5.8). Then for every 7 € [0,7] we have
B € H'((0,7); L*[-1,1)) N L2([0,7]; H'(~1,1)). (5.9)

Proof. Since we have the desired properties on each side of h(t), we only need to show that

B(t,h(t)”") = B(t,h(t)").
From (5.1) and (5.2), we deduce

[B](t, h(t)) = /O mhds = m(h(t) — o).

Thus [B](t, h(t)) = 0 which gives the result. O
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Lemma 5.3. There exists a positive constant C > 0, depending only on M and on T, such that for every

t €10,7) we have
/ / (0,2) + plo,z)u?(o,z)) dx da) .

1
sup |B| < C (1 + (/ p(t, x)u(t, x da:)
z€[-1,1]\{h(t)} -1
Proof. Using (5.9) we can write
1
/ B(t, ) da:—// oB ax)dxda—!—/ By(z) dz
i B
/ / 2h(a)> dmda+/0 /h(a) (at + 2h(a)) da dr

+1130( z)dx (t €[0,7)).

1/2

Combining the above relation with (5.3) and (1.5), we obtain

th)dx—/tul( )da—/otu 1(0)do
// (0,2) + plo, x)u?(0, ) dv do

1

+/O (< (hlo) + Dilo) + (1~ h(0)h(o)) da+/ Bo()dz  (t € [0,7)).

-1

The above equality yields
1 t ¢
/ Bt z) do _/ \(0)do —/ w1 (o) do
0
/ / (0,2) 4 p(o, 2)u? (0, z)) dz do + mlohg — mh(t)h(t)

+m hQ(a) d0—|—/ By(z)dz (t €[0,7)).
0 —1

Combining the above formula and Proposition 4.2, we deduce here exists a strictly positive constant
C = C(M, ) such that

’/ié(m) da

On the other hand, using the regularity property (5.9) we have

< C’—l—/o /_1 p(o,z)dxzdo (t€[0,7)). (5.10)

Bt 2)| ’/Btydy‘ /|8B(ty)\dy (t € [0,7)).

Combining the above estimate with (5.10) and (5.3), we obtain

Fuar<or [ [ s
+ / it dx)w (f 11 (b, 0?1, 2) dx)m (t € [0.7)).

Gathering the above inequality, (5.8) and Proposition 4.2 completes the proof. O
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Lemma 5.4. For every t € [0,7) we have

sup  plt,r) < Mexp |2 swp  |Blo,o)| |,

—1<z<h(t) o’<€[0,7'() )
—1<z<h(o

s p(t,) < Mexp |2 sup [B(o,a)] |,

h(t)<z<1 c€l0,7)
h(o)<z<1

where M is the constant introduced in Theorem 3.1.
Proof. Multiplying (5.6) by p(pe)"~1 integrating with respect to x on [—1,h(t)], and using (1.1a),
(1.1c), we obtain

h(t)

1
plpe®)" dz = ~p_1(Bu_1 (Do (P + / P2 Bz =0 (te [0,7)).
-1

14 [
ndt |,

Integrating the above formula with respect to time it follows that

h(t) ho t
/ pn+1€nB dr < / po(x)nJrlenB(O,m) dx _|_/ pi-il-l (U)u_l(a)enB(o,fl) do

—1 —1 0
<SM"™ (14 ho+M7) | sup B2 (t € [0,7)).
el
Thus
h(t)
/ p" e < MM (1 4+ ho+ M7) [exp 2 sup |B(o,z)] (t €[0,7)).
-1 o€l0,7)
—1<z<h(o)

Hence, for every ¢ € [0,7) we have

h(t) 1/(n+1)
sup  p(t,x) = lim (/ p""‘ldx) < Mexp |2 sup |B(o,2)| ]|,

—1<a<h(t) n—0o0 -1 o€l0,7)
—1<a<h(o)
i.e., we have obtained the first inequality in the statement.
The proof of the second inequality, based on estimates for x € (h(t), 1), is completely similar. O

Gathering Lemmas 5.3 , 5.4 and Proposition 4.2, we deduce the following result. (To be more precise,
estimate (5.11) is a consequence of relations (4.1) and (4.2).)

Corollary 5.5. There exists a constant C = C(7, M) > 0, depending on boundary such that

sup  p(t,z) < C.
te(0,7)
wel-LIN{R()}

Moreover,
1 [ 1!
-1+ —/ po(xz)de <h(t) <1——= [ po(x)de (t€[0,7)). (5.11)
CJ_ C Jn,
The following generalization of Gronwall’s lemma (we refer to [12] for its proof) is used below in
proving Lemma 5.7.
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Lemma 5.6. Assume f € C([0,T)), c € L'[0,T], f,c >0 and a,b € R, If

<ot [ i ds e,
0
then
f(t)gal/u%/() c(s)ds  (t€[0,T)).

The result below is an essential step in showing that the density field is bounded from below on
bounded time intervals, i.e., that cavitation does not occur in finite time.

Lemma 5.7. For every t € [0,7) we have

1
sup <Mexp|2 sup |B(o,z)|| +Cexp|4 sup |B(o,x)
—1<a<h() P(t, ) o€lo,7) o€lo,7)
—1<z<h(o) —1<z<h(o)
1
sup < Mexp |2 sup |B(o,2)| |+ Cexp sup |B(o,z)| |,
h(t)<z<1 p(t, z) o€lo,7) o€l0,7)

h(e)<z<h(o) h(o)<z<h(o)
where M and My are the constants introduced in Theorem 3.1 and in Corollary 5.5, respectively.

Proof. Multiplying (5.7) by p(pe)~", integrating with respect to x in [—1, h(t)], and using (1.1a), (1.1c),
we obtain that for every ¢ € [0,7) we have

FRI0) 1 nt1 1 nt1
— _ de=p_1(O)u_1(t) | ————+—
), ” (P(t»x)eB(t’w)) ? = paluall) (Pl(t)eB(t’1)>

h(t)
+(n+ 1)/ Y (t, x)e” (MTUE dg,

-1

Integrating the above formula with respect to time we obtain, for every t € [0, 7),

h(t) 1 n ) ho 1 n o)
— ) e BlO gy = 1) BOag
~/—1 (p(tvx)eB(t’I)> N o ,/_1 <p0(1‘)6B(OaI)> € x
t n
! o—Bls,~
+/ u_1(s) (()63(51)> Dds
n—1

M) 1,-2B(s,2)
'y — S,T
+(n+1) // ((s x)eB(“’)> dz ds.

Thus, using (3.2) and (3.3), we deduce that for every ¢ € [0,7) we have

(t) 1 n
— ) e Bem dy < (14 ho + Mr)M™
e x < o+ M7m)M"exp |(n+1) sup |B(o,x
/_1 (p(w)eB(t’w)) ( | o€[0.7) Bl
—1<w<h(o)

1 n—1
+(n+1)exp |2 02%[;) B(o, )| // ( sx)eB(”)> dz ds.

—1<z<h(o)



D. Maity et al. JMFM

The above estimates yields, for every ¢ € [0, 7),

h(t) 1 n
/ ————— | de<(l+ho+Mr)M"exp |(n+2) sup |B(o,z)]
p(t, x)eB )

-1 o€l0,7)
—1<a<h(o)
t h(s) 1 n—1
+(n+1)exp |3 sup |B(o,x) / sup pvfl/ <B(> dzds|. (5.12)
o€l0,7) 0 —1<z<h(s) 1 p(s,x)eB(s2)
~1<w<h(o)

We consider the continuous and positive function defined by
1/n

£(t) = (/:(t) (W)n d:c) (t € [0,7)).

Using the Holder inequality, we have

h(t) 1 n—1
/ (,)B<>> d < (h(t) + DV <2V (e [07).
—1 € )

Gathering the above equation, (5.12), Corollary 5.5, Proposition 4.2 and Lemma 5.3, we deduce

") < 14+ho+M7m)M"exp | (n+2) sup |B(o,z)]

oe0,7)
—1<z<h(o)
t
+O i Ve |3 swp (Bl [ s (5.13)
o€l0,7) 0
—1<w<h(o)

Applying Lemma 5.6 to the above estimate we obtain for all n > 2

h(t) 1 no\ M y 2
——— | dx < (14 ho+ M7)"™M exp <1+> sup |B(o,x
/1 (p(t,:c)eB(t’m)> (s ho ) n/) oelor) Bl

—1<a<h(o)

1
+02””T<1+n>exp 3 swp  |Blox)|  (te€[0.7)). (5.14)
o€l0,7)
—1<z<h(o)

Therefore, for every t € [0, 7), we have

1 h(®) 1 n
— =1 _— d
e Ph pt2)ePE T ntke /,1 (p<t,x>e3<w>> !

< Mexp sup |B(o,z)|| + Crexp |3 sup |B(o,z)|

1/n

o€l0,7) c€l0,7)
—1<z<h(o) —1<z<h(o)
This gives the first inequality in the statement. The proof is similar when x € (h(t), 1). O

Combining Lemmas 5.3, 5.7 and Proposition 4.2, we deduce the following result.

Corollary 5.8. There exists a constant C = C(M,T) such that

inf t,z) > C.
t€[0,7) plt,z) >
ze[—1,1]\{h(t)}
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6. Proof of Theorem 1.1

We first note that by combining (5.7) and Proposition 4.2 we obtain:
Lemma 6.1. There exists a constant C = C(M,T) such that
lut, 21y <C (E€[0,7)).

We can also estimate the derivatives of u, as shown in the result below. Before that we state an
elementary lemma.

Lemma 6.2. Assume (a,b) is a nonempty bounded interval and f € H'(a,b). Then for all € > 0 and

€ (a,b),
If(x)2<< )/ )P dy+s/ P dy.

Proof. Tt is sufficient to write for any x,y € (a,b)

F@)P < 1f )P + / 207 ()1 (s)] ds.

Then we integrate in y € (a,b) and use Young’s inequality. O

Lemma 6.3. For every t € [0,7) the following estimates hold:

h(t) h(s) t  ph(s)
/ (Ozu) 2dx +/ / 8tu 8Mu)2] deds < C (1 +/ / (8mp)2 dx ds) ,
—1 0 J-1
1 t t el
/ (0,u)* da +/ / [(0yu)? + (0yau)?] dzds < C (1 +/ / (0up)* dz ds) )
h(t) 0 Jh(s) 0 Jn(s)

where C' = C(M, 1) > 0.
Proof. We first note that (1.1b) can be rewritten

p 20— p~ 1 20,u = —p"Pudyu — vp7 320, p,
so that for every ¢ € [0,7) we have

h(t)
/ [p(@tu)Z + 0 (Opau)? — 28tu8mu} dx (6.1)

—1
h(t) 2
= /1 <p1/2u8$u +Wﬂ*3/28mp) dx. (6.2)

Moreover, a simple calculation shows that
d h(t) .
—/ (0pu)*da = (Opu(t, h(t)™)?h(t)
h(t)

2 [(9y) (Dpw)] (£, h() ") — / 2(Dpat)(Qpu)dz  (t € [0,7)). (6.3)

-1
On the other hand, differentiating (1.1c) with respect to time we obtain
(Qvu) (£, h(£)™) + h(t) (Dau) (£, h(£) ™) = h(t). (6.4)
Combining (6.3) and (6.4) yields
(t) d [ .
7/ 2(0ppu)(Opu) do = T (Dpu)? da + (Bpu(t, h(t)™)%h(t)
—1 -1

— 20(t)(Dpu)(t, h(t) ™) (t€0,7)).
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The above relation and (6.1) imply that for every ¢ € [0,7) we have

h(t) d [ h(t) 2 2
/ [p(atu)Q + p 7 (Oppu)? } dz + &/ (0pu)? dzx < 2/ {(plﬂu&cu) + (7p7—3/26$p) :| dz
-1

-1
+ (Doult, h(8) )2 |1(E)] + 2/A(@)]|(Dau) (E, h(E) 7).
Applying Proposition 4.2, (5.5), Corollary 5.8 and using (1.1d), we deduce from the above equation that

h(t) PR
[ @ + 0w dot 5 [ (s
-1

h(t)
<C 1+/ [(w0,0)? + (02p)’] dx+(8mu(t,h(t))2+(8ru(t,h(t)+)2] (te0.7), (6.5)
where C' = C(M, 1) > 0. We now estimate |[0,u(t,)||z2[—1,n()]- To this aim we first note that, for all
t€0,7), and z, y € [—1, h(t)]

(0pu)?(t,z) = (Opu)?(t,y) + Q/y(azu)(t,z)(amu)(t, z)dz.

Integrating the above relation with respect to y over [—1, h(t)] we get
h(t)

(1+ (1) (0,0)%(t, ) < / (O (¢, ) dy

h(t) B
+2(1 4+ h(t)) / Ouult, 1) Ousu(t, y)| dy.

~1
Using (5.11) and Lemma 6.2, we obtain for every ¢ € [0, 7)
1 h(t) h(t)
sup  (9pu)?(t,z) < (C+ )/ (Owu)*(t,y) dy+€/ (Owou)* (t,) dy. (6.6)
—1<z<h(t) € -1 -1
Combining the above estimate with (6.5) and Lemma 6.1, we obtain that for € small enough,

h(t) d [
| 0+ 0] dot 5 [ 0 da
-1

1+ / " [(azuﬁ + (afp)Q] dx] . (6.7)

-1

<C

Applying Gronwall’s lemma, we get

" w)?(t, z) dz L 2(s,2)dz ds T
L (Opu)?(t,2) dz < C 1+/OL (0up)(s,2) dzds|  (t € [0.7)),

where C = C(M,7) > 0. Moreover, integrating (6.7) with respect to ¢ and using the last formula we
obtain that for every t € [0, 7) we have

/ /h(S) (Oru(s, ))? + (Dzau(s, x))?] dxds+/h(t)(a u(t,z))? da

1—|—// Op(s,x)) dmds—l—/// Ux)dxdadsl
1+T// 0:p(8, 1)) 2 dz ds

so that we obtain the first inequality in the statement.
The proof of the second inequality is completely similar so we skip it. (]

)
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We are now in a position to prove our main result.

Proof of Theorem 1.1. Assume for a moment that we have shown the existence of a constant C' =
C(M,7) > 0 such that

h(t) 1
sup / (02p)?(t, ) dz < C, sup / (0up)?(t,z)dz < C. (6.8)
h

te[o,7) J—1 te[0,7) Jh(t)
By combining the above estimate with Corollary 5.8, Lemma 6.3 and (5.11) it follows that there exists a
constant C' > 1, depending only on M and 7 such that
[, ) -1,y + 1o M (=1m0) + 10E )1 (o) C - (E€0,7)),
1

6 < p(t,x) < C (t € [077—)a T e [*13 1] \ {h(t)})v
1

—1+5<h(t)<1—% (t €10,7)).

We can thus apply Theorem 3.1 to conclude that there exists § > 0, depending only on M and 7, such
that the considered local in time solution is defined on [t,t + 0], for every ¢ € [0, 7). Thus, given 7 € [0, T],
a local strong solution defined on [0, 7) cannot be a maximal one. Consequently, the maximal solution is
defined on [0, T]. Since T' > 0 is arbitrary, we have thus obtained the global existence of strong solutions.

We still have to prove (6.8).

To accomplish this goal, we first note that from (1.1a), we obtain

Ot In(p) + ud; In(p) = —dyu

Oy (&cp) + Oy (u&p) = — 0.
p p

Combining the above equation with (1.1a), we deduce

O O
PO, ( .2,0) + pudy (2) = —0Opaul.
p p
Adding the above relation and (1.1b), we obtain
O O

We multiply the above equation by u + 0,p/p? and integrate with respect to = over (—1,h(t)). By
using (1.1a) and (1.1c), we deduce that for every t € [0, 7) we have

1d [ 9.p\’ 9.0\’
sdi ), p<u+p2p> dz — pu(u—i— p;) (t,—1)

h(t) b p
—1—7/ P oup (u + :2> dz = 0. (6.9)

-1

and thus

From (1.5), together with (3.2) and (3.3), there exists a constant C' = C'(M) such that
a:vp ? 2
pulut 5 ) | G-DSCU+ @)’ -1) - (E€(0.7)).
Using (1.1a) at x = —1, (3.2) and (3.3), we obtain

[pu (u n ‘1”) ] (t,—1) < C(L+ 71 (6) + (0e)2(t,~1)) (¢ € [0,7)).
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Combining the last formula and (6.9) we obtain that for every ¢ € [0,7) we have

1d [h® 8up\ 2 h(t)
sai ), p(u+p2p> dﬂf+%/1 P73 (0,p)% da

h(t)
< C/ p T dr 4+ C(1+ p2 (1) + (Ozu)?(t, 1)),
-1

where C' = C(M). Combining the above estimate, Proposition 4.2, Corollary 5.5 and (6.6), we deduce
that there exists a positive constant C' = C(M, ) such that

d h(t) 0, 2 h(t)
— P (u + gp) dz + / P2 (0up)” du
—1 p

dt 1

3 -1

h(t) h(t)
<c<1+”5 / 1 <axu>2<t,y>dy>+p2_1<t>+e / (Oue(t,y) dy (t€[0,7)),  (6.10)

for any £ > 0. Integrating (6.10) we obtain

h(t) P h(s)
/ p( +””> dx+// P73 (0pp)? dads
-1
hg 8 po h(s)
S/ 00 <uo+ ; > da:—!—C’/ 1—|—/ (0zu)*(s,y)dy | ds
- 0 1

+ / P24 (s) ds + / /h(s (Dett)(s,y)dyds (€ [0,7)).

Combining the above estimate with Lemma 6.3 and (H4) yields

/_}:(t)p (“*%2[)) (”/ / o dm) (t e [0,7)):

The above estimate and Proposition 4.2 yield

h(t) (595/))2 t rh(s) )
<
/_1 = de < C 1—1—/0 /_1 (0zp)° dxds (te[0,7)),

where C'= C(M, 1) > 0. Combining the above estimate with Corollary 5.8 and with Gronwall’s lemma,
we finally deduce the first inequality in (6.8). The second one can be deduced in a completely similar
manner, so that we end up the proof of our first main result. O

Acknowledgements. The second and the third author acknowledge the support of the ANR grant ANR-
15-CE40-0010 IFSMACS.

Appendix A: Some Background on the Linear Transport Equation

In this appendix we justify, with no claim of originality, some of the results on the linear transport

equation which have been used in Sect. 3. This results are known but we prefer, namely in the less

studied case of non homogeneous boundary conditions, to provide precise statements and a short proof.
Given T > 0 and the functions w, ¢ :[0,7] x [0,1] — R, we consider the equation

do(t,y) +w(t,y)0yo(t,y) = g(t,y) (t€0,T], ye(0,1)), (A.1)
and we impose the initial condition

o(0,y) = o0(y) (y € (0,1)). (A.2)
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In the case in which w vanishes for y € {0,1} we have the following well-known result:

Proposition A.1. Let T > 0 and

w € L*([0,T]; H*(0,1)) N H'((0,T); L*[0, 1]), (A.3)
be such that w(t,0) = w(t,1) = 0 for every t € [0,T]. Then for every oo € H*(0,1) and
g € L*([0,T]; H'(0,1)) n C([0,T]; L*[0, 1]), (A4)

the system (A.1), (A.2) admits an unique solution
o € C(0,T]; H'(0,1)) N C*([0, T); L*[0, 1).
Moreover, there exists an universal constant My such that the inequality
lolleqo,ry;a (0,1)) < Mo exp (Mo (T + Hw||L1([0,T];H2(0,1))> )
X (”UOHHl(OJ) + HgHL2(O,T;H1(071)) ) (A.5)
||8t0||c([o,T];L2(o,1))
< Mo llwl|e(po, 11517 (0,1)) €XP (MO (T + ||w||L1([0,T];H2(0,1))> )
X ([loollzr 0,1y + 19l 220,380 (0,1)) + lglleqo,11:02(0,1))» (A.6)
holds for every oo € H(0,1) and g € L?([0,T]; H'(0,1)) N C([0,T]; L?[0,1]).

For a proof of this result we refer, for instance, to Beirdo da Veiga [2, Theorem 2.2] (see also Massey
[15]).

In the case in which the value of w for y = 0 is bounded from below by a strictly positive constant,
equations (A.1), (A.2), supplemented with a boundary condition at y = 0 for o, still determine a well-
posed system, whose solution satisfies an estimate similar to (A.5). (see, for instance, Rauch and Massey
[16]). For the sake of completeness, we state below and we give a short proof of this result, making explicit
the estimates we need.

Proposition A.2. Let T > 0 and let w be a function satisfying (A.3). Assume that
w(t,0) =w(t), w(t,1)=0 (t €10,TY),

where wy, € HY(0,T) and wr,(t) = my > 0, for all t € [0,T]. Assume that o, € H'(0,T). Then for every
oo € HY(0,1), satisfying the compatibility condition or,(0) = 00(0) and g satisfying (A.4), the initial and
boundary value formed by (A.1), (A.2) and the boundary condition

o(t,0) = or(t) (t €[0,77),
admits a unique solution
o€ C([0,T]; H'(0,1)) nC* ([0, T]; L?[0, 1]).

Moreover, there exists a constant My, depending on my such that the inequalities

llolle o,y a1 0,1)) < Mo exp (Mo (T + ||wHL1([o,T];H2(o,1))) )

1/2
x <||00||H1(0,1) + ”wLHL/oo[oj]”UL”Hl(O,T) + |9|L2([07T];H1(0,1))>7 (A7)

10ca ||l co,77;2210,1)) < Mollwllc(jo,11;51 (0,1)) €XP (Mo (T + ||w||L1([O,T];H2(O,1))> )

1/2
X <|00||H1(o,1) + lwell 20 pyllocllm o + ||g||L2([O,T];H1(O,1))> +llgllcqomirzo),  (A8)

holds for every oq € H*(0,1) and g satisfying (A.4).
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Proof of Proposition A.2. To obtain (A.7) we multiply (A.1) by ¢ and we integrate by parts. We obtain
in this way that

1 1

1
5 | Atna= [ ometna—uwweto =2 [ g ot
The above relation and Sobolev embeddings yield
d
aHU(tv Mizi0.0) < C (14wt Ma20,1)) o) 72001

+wr (oL (t) + gt )iy (€ (0.1)). (A.9)

We then differentiate (A.1) with respect to y, multiply by 0,0 and integrate by parts, to get, for all
€(0,7):

G [ @i [ 10,0007 ¢ty = w)0,00.0) =2 [ 0,06 (0,0) ) o
(A.10)
On the other hand, from (A.1) we obtain
or(t) + 0yo(t,0)wr(t) = g(t,0) (t€(0,7)).
This yields
(9,0(t,0))? < 22 (’ )+2 2(t)< 2 (¢*(t,0) + 61(1)) (t € (0,7)) (A.11)
yOo\L, X ( ) g y gy, s . .

wi(t) ~ mi
Using the fact that wy, is bounded away from zero, together with (A.10) and (A.11), we deduce that

d
3190t Mizpy <C [(1 +lw(t, V20,0 10,0 (8 )1 22p0.1y

gt Mo, + w0 (BFLD?)] (A.12)
Summing up (A.9) and (A.12) we obtain

d
a”a(ta WMo,y < C (1 + [lwlt, ) mz0.0) ot )0

+C (w®)(0F () +630) + gt non) (€ (0,7).

Applying Gronwall’s lemma we deduce (A.7).
Finally, (A.8) is obtained by combining the estimate (A.7) and (A.1). O
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