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We consider a perturbed polyharmonic operator £(x, D) of order 2m defined on a bounded
simply connected domain 2 C R™,n > 3 with smooth connected boundary of the form:

(2] [t

L@, D) = (=A™ + @) (=) + > (Ax(a) - DY=A)"1 +g(a),
k=1 k=1

where D = —iV and [] stands for the greatest integer function. In the biharmonic case, such
operators arise in the study of certain elasticity and buckling problems. We study an inverse
problem involving £ and show that all the coefficients by, A and g can be recovered from
partial Dirichlet-to-Neumann (D-N) data on the boundary.
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1. Introduction and statements of the main results

Let Q C R™, n > 3 be a bounded simply connected domain with smooth connected
boundary. Let us consider the following perturbed polyharmonic operator £(z, D)
of order 2m with m™ order perturbations of the form:

[%] 2

L(z,D) = (=A)"+ Y bp(2)(=2)* + D (A(2) - D)(=A)*" +g(z), (1.1
k=1 k=1

where D = —iV and the coefficients, b, € C?m+tE-Dm+1)(Q C), A, €

02m+(2k72)(m+1)(§’ Cn) and ¢ € L‘X’(Q, C)
The operator L(x, D) with the domain D(L(z, D)), where,

D(L(z, D)) == {u € H*™(Q) | ulon = —Aulpn = -+ = (~A)"ulon = 0}

is an unbounded closed operator on L?(2) with a purely discrete spectrum [6].
We make the assumption that 0 is not an eigenvalue of the operator L(x,D) :
D(L(z, D)) — L*(9).
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Then for any f = (fo, f1, . fm1) € [[5" H2™272(9), the boundary value
problem

L(z,D)u=01in Q

(1.2)
uloa = fo, (=A)ulog = fi,--- , (=A)" tulag = fim
has a unique solution u € H?™((Q).
Let us define the corresponding Neumann trace operator 7% by

v = (Bulon, -+, 00 (= ) ulon, -+, 0,(— )" ulan)

where v is the outer unit normal to the boundary 02, and the corresponding
Dirichlet-to-Neumann (D-N) map by

m—1 m—1
N B %720Q) — [ H™272(09)
i=0 i=0 (1.3)

N(f) = v*u = (Boulon, - u(=A) ulog, - (=)™ "ulan).

We are interested in the unique recovery of the coefficients in (1.1) from the D-N
map given on a part of the boundary 9€2. Recovery of first order perturbations of the
biharmonic and polyharmonic operators in dimensions n > 3 has been considered
in prior works [7, 8, 10, 11, 15]. In [7, 8], recovery of the zeroth order perturbations
of the biharmonic operator was studied and recently in [10, 11], recovery of first
order perturbations of the biharmonic operator with partial D-N data and of the
polyharmonic operator with full D-N data were considered. Recovery of first order
perturbations of the biharmonic operator from partial D-N data was shown in an
infinite slab and for certain bounded domains in [15]. A natural question to ask is
whether higher order perturbations of the polyharmonic operator can be recovered
from partial D-N data. In this paper, we show that all the coefficients of (1.1) can
be recovered from partial D-N data. To the best of the authors’ knowledge, inverse
problems involving higher order perturbations (order > 2) of the polyharmonic op-
erator have not been investigated in previous studies. We consider the results of this
paper as a natural generalization of the results obtained in [10, 11] which considered
the recovery of only zeroth and first order perturbations. It is an interesting open
question whether other forms of higher order perturbations of the polyharmonic op-
erator can be recovered from full or partial D-N data. The authors are of the opinion
that some new techniques are required to deal with such higher order perturbations
and the methods used in this paper alone are not sufficient.

In the biharmonic case, equations of the kind considered here (1.1) come up in the
study of continuum mechanics of elasticity and buckling problems [1, 5, 14]. Inverse
problems with partial boundary information arise naturally in several imaging ap-
plications including seismic and medical imaging, electrical impedance tomography
to name a few. The techniques we rely on to prove our main result are based on the
pioneering works done for inverse boundary value problems involving Schrédinger
operators [2—4, 9, 13|, more specifically, interior and boundary Carleman estimates,
and complex geometric optics (CGO) solutions. We extend the boundary Carleman
estimates proved for the biharmonic case [10] to the perturbed polyharmonic op-
erator with m lower order perturbations as in (1.1). Even in the biharmonic case,
the boundary Carleman estimate here includes the result in [10] as we consider a



second order Laplacian perturbation. To deal with the recovery of m lower order
terms given the boundary data (1.3) when all its components are measured on the
partial boundary, our ansatz for the CGO solution of (1.1) has m lower order terms;
see (2.9).

We now state the main result of this article. Following [9], we define the front face
F(x¢) of the boundary 9 with respect to a point zg € R™ \ ch(€2) where ch(2) is
the convex hull of Q2. We let

F(xo) ={z € 0Q: (v — x0) - v(xz) <0}, (1.4)

where v(x) is the unit outer normal to 0f2.
Let F# be an open neighborhood of F(zg) in 92. Our main result is:

THEOREM 1.1 Let Q@ C R"™,n > 3 be a bounded simply connected domain
with smooth connected boundary. Let L(x,D) and L(x,D) be two operators de-
fined as in (1.1) with the coefficients by, b, € C*+E=Dn+)(Q C) and Ay, Ay, €
C2m+k=2)(m+1)(Q C") and q,§ € L>®(Q, C) respectively. We assume that 0 is not
an eigenvalue of the operators, £ : D(L) — L*(Q) and L : D(L) — L*(Q). Let N

and N be the corresponding D-N maps of L and L, respectively, satisfying

m—1
N(Nlps = N(f)lpe  for f e ] H*™ 273 (09)
=0
where
N(lpw = (Doulpr, - 0 (=) ulpa, - 0y (=) ulps ). (1)

Then for each k
bkzgk, Akzgk and q:tj m €.

This paper is organized as follows. Section 2 is devoted to the proof of interior
Carleman estimates which is used in the proof of existence of complex geometric
optics (CGO) solutions for (1.2). We end Section 2 by deriving boundary Carleman
estimates required to deal with partial boundary Neumann data. In Section 3, we
derive an integral identity involving the coefficients to be determined and then give
the proof of the uniqueness result, Theorem 1.1.

We end this section with two corollaries of Theorem 1.1. These are similar to the
results in [10] and follow from arguments given in [10] once Theorem 1.1 is proven.
We will not repeat the arguments here.

COROLLARY 1.2 Consider Q as above and let x1 € 0 be a point such that the
tangent plane H of 0Q at x1 satisfies 9QYNH = {x1}. Also assume that S is strongly
star-shaped with respect to x1 (that is, every line through x1 which is not contained
in the tangent plane H cuts the boundary 0S) at precisely two distinct points, xq
and o, and the intersection at x4 is transversal). With the same assumptions on

the coefficients as in Theorem 1.1 and assuming that there exists a neighborhood
F C 0 of x1 such that

N 2m—1 o
N(Dlg = N(Plz for all f € T] H™5(00).

=0



Then we have
bk = Ek, Ak = gk; and q = a i €.

Finally we consider a boundary value problem for £ but with Dirichlet boundary
conditions:

L(z,D)u=01in Q

m—1 , (1.6)
vou = (uloq, Duloq, .., 00 ulag) = (fo, f1, - fm-1) € ] H>™73(99).
i=0
The corresponding Neumann trace is
2m—1 .
vh = {00 uloq, .. 02" ulant € [ H*™'72(09).

Introduce the set of Cauchy data CP for the operator £(x, D) with Dirichlet bound-
ary conditions by

CP = {(ulon, -+, 07 ulon, O ulon, -+ 02" 2ulon, 2" Mulps) }

where u € H?*™(2) solves (1.6) and F# is an open neighborhood of F(z¢) defined
n (1.4). We make the assumption that 0 is not an eigenvalue of £ from Dp(L) —
L%(Q)), where

Dp(L) = {u € H*™(Q) : ypu = 0}.

We have the following result.

COROLLARY 1.3 Assume that for each k, bk,gk, Ak,flk and q,q satisfy the condi-
tions of Theorem 1.1 and that 0 is not an eigenvalue of the operators, L : Dp(L) —
L2(Q) and L : Dp(L) — L2(). Then CP = CP implies that for each k, by = by,
Ay = Ay, and g = q in €.

2. Carleman estimates and CGO solutions

This section is devoted to deriving Complex Geometric Optics (CGO) solutions for
the operator £ as well as for its formal L? adjoint £* based on Carleman estimates.
In the latter part of this section, we derive boundary Carleman estimates to deal
with partial boundary data.

2.1. Interior Carleman estimates
As is easily seen, £L* does not have the same form as that of £. To deal with both £

and £* in a unified manner, we consider the following operator

E#(a:, D)= (—A)m + Z Cl(CC)Dl (2.1)

lt|<m



where | = (Iy,..,1,) is a multi-index and ¢, € C?+HIH=D+1)(Q C), and derive
interior Carleman estimates for the semiclassical version of this operator.

First we will focus on the semiclassical version of the principal part of this per-
turbed operator, namely, (—h2A)™ and then will add lower order terms to it to get
the Carleman estimate for the operator Ly(x, hD).

We start by recalling the definition of a limiting Carleman weight for the semiclas-
sical Laplacian. Let 2 C R™, n > 3 be a bounded domain with smooth boundary.
Let  be an another open set in R™ such that Q cC Q and ¢ € C>*(Q,R), and
consider the conjugated operator

®

P, =eh(—h2A)e (2.2)
with its semiclassical symbol py(z, §).

Definition 1 [9] We say that ¢ is a limiting Carleman weight for —h?A in Q if
Ve # 0 in Q and the Poisson bracket of Re(p,) and Im(p,,) satisfies

{Re(pgo)alm(P@)}(fE,f) = 0 when p,(z,£) =0 for (z,€) € (2 x R").

We use the semiclassical Sobolev spaces H*(R™) with s € R™ equipped with the
1
norm ||ull ==y = [[(hD)"ul|z2 where (§) = (1 +[¢]?)z.
We now prove the following proposition.

PROPOSITION 2.1 Suppose ¢; for 1 < |l < m and co in (2.1) satisfy ¢ €
C2mA=Dm+)(Q C) and ¢g € L®(Q,C). Let ¢ be a limiting Carleman weight

for the semiclassical Laplacian on Q. Then for 0 < h <1 and —2m < s <0

™| yosam < C|[h* ek Ly (x, D)e™ . foru e CgP(Q), (2.3)

where the constant C = Cyq ., is independent of h.

Proof. We consider the convexified Carleman weight . considered in [9]

h ~
e =+ ng on
and use the Carleman estimate for the semiclassical Laplacian with a gain of two
derivatives proven in [12, Lemma 2.1] and iterate it m times to get the following
estimate:

By
(\f)\ll

Now let —2m < s < 0 and we now show that we can add lower order terms of (2.1)
to get the estimate in (2.3).

We first consider addition of the zeroth order (|| = 0) term h?™cy, where co €
L>(Q,C). We have

s, forue Cg°(2) and s e R, (2.4)

Pe 2 m —£e

I h2m60u|

w3, < 02" ol llull e < B2 [lcoll oo |ull yaram.

Next we consider the first order (|I| = 1) term h®"¢,D! where ¢ € C?™(Q,C).



Denoting by A = (c10...0,"** 0, 01) € C*™(Q,C"), we have

e %)

h*men 3 q(x)Dle” " = B e (A-hD)e™ & = h*™ '(iA- Vi +A-hD). (2.5)
=1

Note that ||A - V|~ = O(1) since Ve = (1 + %np) Vo, ¢ € C®(Q) and 0 <
h < e < 1. Hence the first term in the equation above can be estimated as follows:

(A~ Ve)ul

mz, <A - Ve pooflul

scl —

az, < O()]lu|

scl —

gstem since — 2m < s < 0.
scl

For the second term on the right in (2.5), we use as in [10],

s, < hDi(Agu)]

i=1

1) Il Al

=1

I|A - hDul|

gs, + hl(divA)

e+ O()Jul

aerem < O(1)]ul

s+2m
Hscl

where the last inequality follows from continuity of the multiplication operator A; :

HEP?™ — HET'. Therefore

|2 1e % (A hD)e™ % ul

#z, < O]yl

Hs#l»Zm . (26)

Next we consider the second order term h?"¢; D' with ¢; € C®™1(Q,C). We can
view the coefficients ¢; as entries of a matrix (B;;)1<; j<n. We then have

e’ { Z Byh?D;D;}e™ % = { 3" Byjh*DiD; +2iZBithig‘pf
Ly

,j=1 ij ij

e Ope
- 7 oz, Ox; h; Y o 83:]}

iJ

>

For the first term above, arguing in a similar fashion as we did in the addition of
the first order term, we have,

||ZBmh2 (Dju)llas, = 1Y _{hDi(Bi;hDju) — hD;(B;;)

ij

< ZHhD (Z BihDju)) |,
ZHZD i)
< ZHZ(BU)hDM

< O(1)lJu gegn.

s+1
Hscl

st + O Y ul



Similarly the second term can be estimated as

o) dpe
I3 B =13 (32 Bs50)
ij 4

ol S O(l) ”u||H:jl—2T”

and for the remaining terms, we have

&p &p dpe Op
||Z =g, < ”ZB”a sa =z l|ull grorem < O(L)|Jul| gysam

P
HZBu B 1 lullizgem SOl yzgan.

’hz ”8 8

Therefore

<(‘1 -

|h¥" 2% BD - De™ % ullgs, < Oc(h2m_2)Hu||Hler2m. (2.7)

Now in a similar way we can add all the lower order perturbation terms in a successive
way, whose derivatives are at most order m to get the following:

|h?e aD'e™ Fulls, < O™ M) ul o (2.8)

The essential idea is to use Leibniz rule as before and use the interpolation inequality.
Then adding all the lower order terms up to order m 1n (2.4) and choosmg h<ek1

small enough and using the standard bounds (1 < e % <C, < 1+ 4,0 <3 5 we get
the estimate in (2.3). [ |

Let us denote

£
h

Lyo(x,D)= h2men Ly(x,D)e”

By straightforward computation one has that the formal L? adjoint of L4, has a
similar form as Ly , with ¢ replaced by —¢. Since —¢ is also a limiting Carleman
weight if ¢ is, the Carleman estimate derived in Proposition 2.1 holds for L4 _, as
well. The following proposition establishes an existence result for an inhomogeneous
equation, analogous to the results in [4, 9-11].

PROPOSITION 2.2 Suppose ¢; for 1 < |l < m and co in (2.1) satisfy ¢ €
C2mA=Nm+)(Q C) and ¢y € L®(Q,C). Let ¢ be a limiting Carleman weight
for the semiclassical Laplacian on Q. Then for 0 < h <« 1, the equation

Ly o(x,D)u="vin,

forv e L*(Q) has a solution u € H*™(2) satisfying h™|[ul| gom < Cllv]L2()

2.2. Construction of CGO solutions

Next we construct complex geometric optics solutions to the equation L4 (x, D)u = 0
based on Proposition 2.2. Our solution ansatz is of the form:

(p+iv)

u=-e » (ap(x)+ hai(x) + h2az(x) + ..+ K" a1 (z) +r(z; h)). (2.9)




Here recall that 0 < h < 1, ¢(z) is a limiting Carleman weight for the semiclassical

Laplacian, the real valued phase function 1 is chosen such that ¢ remains smooth

near () and it solves the following eikonal equation p,(z,V¢) = 0 in Q. Recall

that p,, is the semiclassical symbol of (2.2). The functions ag, a1, ..am,—1 are complex

amplitudes that are the solutions of m transport equations which we will define later

and r is the remainder term which satisfies the estimate [|r(|g2m = O(R™).
Following [4, 9, 10], we consider ¢ and 9 to be

1 _
o) = Sloglz — zof’, (@) = distgs (Mw) : (2.10)

where 79 € R\ ch(Q2) and w € S"~! is chosen such that ¢ remains smooth near
Q2 and it solves the eikonal equation p,(z, Vi) = 0 in Q, that is, |Vy| = |V¢| and
V- Vi =0.

Note that the formal L? adjoint of £L* of £ can be written in the form:

r* — (_A) bi )%+ Ellléjq*l c D!, for m even;
+ (A (1) - D)(=A)"T + T jy<m-r @D, for m odd.

To deal with the even and odd cases simultaneously, we prove the following propo-
sition for a slightly more general operator, which we still let as L.

ProposiTION 2.3 Consider the equation

Ly(x, Dyu=(—A)"u+ > aD o (—A)u + > aD'u =0 (2.11)
[t]+2=m lI|<m—1
| m—1, ¢ €

where the coefficients ¢, € C*HIU=Dm+D)(Q C) with 1 <
< , there exists

C2mAm=0m+1)(Q) C) and ¢y € L>(Q,C). Then for all 0
a solution u of (2.11) of the form

Il <
h < 1

(p(@)+iy(x))

u(r,h) =e & (aog(x) +hay(x) + -+ B Lay 1 (x) +r(x;h)) € H*™(Q)

where ¢ and 1 are as in (2.10) and the functions ag,- - ,am—1 are complex ampli-
tudes satisfying certain transport equations and r is a remainder term satisfying the
estimate ||r|| gz = O(R™).

Proof. We consider the conjugated operator:

(LP+ ) (ptiv)

h*"Ly(x,D)e” n = (—h2A — 2hT)™

+ 3 R Dl o ¢ S (—h2A — 2hT)

l|l=m—2 (2.12)
+ |z|<§ e e thcl; T z— DF (¢5) DI+
where
= (Ve +iVy) -V + %(Aap +iAY). (2.13)



Now substituting (2.9) in h*™ L4 (x, D)u = 0, we get the following ransport equa-

tions in terms of ag,ai..,am—1 by equating the terms involving h™, h™+1 ... p2m-1
to 0.
Coefficient of h™ :

Ym>2, (=2T)"ap =0 in Q. (2.14)

Notice that since the leading perturbed term is of the form 4o, aDl o (—A),
there is no contribution to the coefficient of A™ from this or any other perturbation
term.

Coefficient of h™*1:

m—1

(—20)"ar == >~ ((=21)F o (-A) o (—21)" ") o
k=0

- Y a I @ule+iw)*(—20)a  (215)

[l]=m—2 Zk ly=m—2

- > a I @ule+iv) " ao.

|l]l=m—1 Zklk:m—l

Once ag is determined from (2.14), we can determine a; by solving (2.15).
In general, the j* transport equation is found by setting the coefficient of A™*
in (2.12) to be 0. It is easy to see that this is an equation of the following form:

(—2T)"a; = F;(D)(¢, ¢, a0, -+ yaj-1) form —j < |[| <m (2.16)

where Fj(D) is a differential operator involving the coefficients ¢; for |I| = m — 2
and ¢; for m — j < |I| < m together with (m + j)' derivative of ag, (m + j — 1)
derivative of ay, - - -,(m + 1) derivative of a;_;.

The remainder term 7(z, h) satisfies

_ (oti) (p+iv)

e” " h h*Ly(z,D)(e" n r(x,h))

.0 ML (x, D)(ew?w (ao + hay + h2az + .. + K™ ap_1)) (2.17)
= O(h*™).

In order to seek the solutions of these m transport equations (2.16), we follow [9] to
transform these equations in cylindrical coordinates. To do so, we apply a translation
in R"™ so that zp = 0 and  C {z, > 0}, and set w = e;. Consider the cylindrical
coordinates (z1,76) on R” with 7 > 0 and § € S*2, and the corresponding change of
coordinates is given by the map = — (z,0), where z = 1 +ir is a complex variable.
Then one has

© = Re(log(z)) and ¢ = Im(log(z)) or ¢ + ity = log(z).



Then

Vip+it) = ~(er +ie),

o —2) (2.18)

z2(z — %)

Vo +iv) V=20, Alptiv) =

where e, = (0,6),0 € S"2. Thus in the cylindrical coordinates the operator T
transforms to

Let us solve the first transport equation (2.14). We have

<a;_ M)mao =0 (2.19)

There exists ag € C*(€2) satisfying (8;— %) ap = 0. Now any solution ag to

(8; - 2((";22))) ag = 0 is of the form ag = (z —2)27™/2gy with gy € C(Q) satisfying
9zg0 = 0.

Similarly the other complex amplitudes can be determined as solutions to the inho-
mogeneous transport equations:

n—2)\" _ . )
(8;— H) aj = Fj(D)(¢, ¢, a0,a1,..,a5-1) = f;in Q,1<j<m-—1.

2(z—72)
(2.20)
We have that a; and f; have the same regularity. Recall from (2.16), we have that
f; is given in terms of the coefficients ¢; for |I| = m — 2 and ¢; for m — j < |l <m
and involves (m + 7)™ derivative of ag,---,(m + 1) derivative of a;_1. Setting
j = m — 1, we have that a,,_; € C?™ since ¢; € C?™. Iteratively proceeding, we
have the following:

amil e Cij P 7am7k 6 C‘27’n'~_(k_1)("”"‘”7 P ,al E CQm—Q—(m—Z)(m—i—l).

Now in order to show the solvability of the inhomogeneous equation (2.20), we break
it into a system of m linear equations as follows:

— — -2
Given f c CQW(Q), ﬁnd (% c C(Q) SOlVing ((95 — 2(2712_2))> v = f ln Q
Given vy, find vy € C™(Q)) solving | s — —— | vo = vy in Q.
2(z —2)

Proceeding as before, given v,,_1 find a; € C*™(Q) solving

(8; _ 2((2__22))> a1 = Vyp—1 1n €.

Now the solvability of the linear inhomogeneous equation

<az—(n_2)>>v—w

2(z—z

10



for w € C™(Q,C) is well known (see [9]), and we get a global solution near Q with
v e Cm(Q,C).

Similarly, solvability of the other transport equations can be shown and one ob-
tains the solutions a; to be at least C?™(Q) for j = 1,2..,(m — 1). In the analysis
below, we only require ag € C*(€2). The rest of the amplitudes are chosen so as to
have the required decay for the remainder term r. With these choice of amplitudes

ag, -+ ,0m_1, we have that
e RhIm Loy (x, D)e%(e%r(x; h)) = O(h*™) in L*(Q),

This equation is solvable by Proposition 2.2 and we have r € H*™(Q) with ||7[|2m =
O(h™). [

2.3. Boundary Carleman estimate

Let 2 and ¢ be as above. We define
0Ny ={z €90 : +d,p(x) > 0}.

Note that due to our choice of ¢, Q_ is the same as F'(zg) defined in (1.4).
We now derive a Carleman estimate for £(z, D) involving boundary terms.

PROPOSITION 2.4 Let for each k, the coefficients by, € C*"+2k=Dm+1)(Q C), A, €
C2m+@k=2)(m+1)(Q C") with q € L>(Q,C) and ¢ be a limiting Carleman weight
for the semiclassical Laplacian on Q with Q CC Q. Then for 0 < h < 1, the

following boundary Carleman estimate holds for u € H*™ (), ulon = Aulogn =
co= (A)"upn = 0.

16

m—1 3 [ m—k—1
|W?me R Lz, Dyullz + 3 b2 V=d,0e 70, (<PA)" T ull o)
k=0

%] ml
0 3 [ m—k—1
>3 WMl h (=AYl + 3 b2 Bpe ko, (<hA)"T ).
k=0 k=0

(2.21)

Proof. We start with the boundary Carleman estimates derived in [4, 9] for the
semiclassical Laplacian.

_£ _£ 1 _£&
le™F (=R A)ullz + K2V =Bupe Fyullzon ) = F{hlle Fulle,

(2.22)
+ 12|y 3u906_ﬁ3uu||L2(aQ+)}

for u € H?(Q),ulpo = 0 and 0 < h < 1. The constant C' depends only on € and is
independent of h. Replacing u with (—h?Au) for u € H*(Q) with u|sq = Aulsq = 0

11



in the above inequality, we get,

> Lhlle E (28l + 0PV Bpe 0, (-2 A)ullreon )}

1ch, _e 9 h e ) 3/2 . ,
= 5{5”6 PR Ay, + S llem (=R A)ull gy, + RV OvpeT ROy (=R A)uHL2(aQ+)}_
Now

_£ _¥¢ h5/2 _£
e (=12 A)ull 2 + W2/ =uspe™ 70, (=1 A)ull o) + g IV =Dve” FOyulp2ioay

1|h, ¢ _e
ZC{2||6 ”(—th)UHH;d+h3/2”vazx¢€ hau(—th)UHLQ(am)

h/ _P _P
(1 F h2 e + 02 e h(%UHL?(aQ))}

Now using (2.22), we have
le™h (=h2A)2ul 12 + h*2 ||/ =, pe™ R Byull 200y + B 2|/ =0 pe™ 50, (—h* A)ul r2 (00
1 Y L
> Gl Fullay, + hlle™F (=h*A)ull s,

+ h3/2” \% aVSpei%au(_hQA)uHLQ(BQJr) + h5/2” \% _8%)067%31/““?(85%)}'

for u € H*(Q),ulsn = Aulsg = 0 and 0 < h < 1. As before, the constant C' depends
only on {2 and is independent of h.
Iterating this m times, we obtain the following:

@ m—l1 e m—k—1
e (=h2A) ™ ul| 2 + Y B =pe 10, (=h*A)T ulligon )
k=0

%1 m—1
1 2 _ e e m—k—1
> O(th Flle™h (=h?A)Yeul g+ Y B \/D,0e RO, (—h2A> u||L2(3Q+)).
k=0 k=0
(2.23)
for u € H*™(Q) with ulgg = —Aulpgg = = (-A)" lu=0,0<h< 1and C a

constant depending on 2 and independent of h.

We now show that we can absorb the lower order terms of (1.1) into this estimate
to get the desired estimate (2.21).

Let us consider the following lower order term: ||~ % h?"~ by, (—h2A)*ul| ;2. This
can be estimated as

le™# B2 by (—h2A)Ful| g2 < O™ )RR [le & (=h2A)Ful g .

Since k is at most [m/2], all such terms can be absorbed to the right hand side
of (2.23). Next we consider the term [|e=% h2™ (Ay, - D) (—=A)* 1| 2. Letting v =

12



(—A)*u, from [10], we have the following:

le™"h*™ A - Dol| 2 = O(R™ )l 7 o]

Hl.

scl

Using this, we get
le™FR™ (Ag - D) (=AY Mull s < OB F)Wm e F (=h2AYul| g,

As before, since k is at most [m/2], all such terms can be absorbed to the right
hand side of (2.23).
This completes the proof of the boundary Carleman estimate (2.21). [ |

Remark 1 For the interior and boundary Carleman estimates, it is enough to work
with Ay € W=1e(Q C), b, € W?°°(Q,C) and g € L>®(Q).

3. Determination of the coefficients

3.1. Integral identity involving the coefficients by, Ar, q
We recall that

H'mQ—lﬂ

(3]
L(z, D)= (=A)" + 3 bp()(=A)* + 3 (Ak(2) - D)(=A)* " +q(z).
k=1 k=1

where, for each k, by € C?m+ER-DmED(Q C), Ay € CPm+EE=2(n+D(Q C") and
g € L>(Q,C).
We also recall that the formal L? adjoint of this operator, £*(x, D), is of the form

(=A™ + bm(x)(—A)% + > chl, for m even;

L(z,D) = _ H<m—
’ (—A)™ + (A%(x) -D)(—=A)"27 + > D!, for m odd.
1] <m—1
- (3.1)
where the coefficients ¢; € C2m+IU=1D(m+1)(Q. C).
We now derive an integral identity involving the coefficients by, Ax and gq.
PROPOSITION 3.1
/(E(x,D)u)@dx - / ul*(z, D)vde =1+ 11 + 111 (3.2)
Q Q

where 1,11 and 111 are as follows:

13



R

m=y 3 [ (((—A)’f”uxau ((~a)=4(D - (Axw)))

k=2 [=1

[=5-1
— (A=A ) (—A)-Y(D- (Akv))>da+i 3 / (— AV Lup Ay - vdo.

k=1 50

Here as usual v(x) is the unit outer normal vector on the boundary and do is the
boundary surface measure.

Proof. Let us consider the case of m even. The proof for odd m is similar. We have

/Q(ﬁ(x,D)u)ﬁdx—/Qumdx:/(—A)muﬁdx—/umdx
)

Q
m/2 m/2
+ Z/bk(—A)ku@dx—l— Z/(Ak-D) (—A)F L upde
k=14 k=19
—/b%u(—A)mﬂvdx—/u > aDwda.
Q Q llsm-1

By Green formula, we have

Now repeated use of this formula gives

(—A)"uwodr — | w(—A)"vdx

SN
S

M-

| (2 )@ =R ) = @ (=)™ ) (=A) ) ) do.

N
I
_
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Similarly, repeated use of Green formula gives

NgEE

/bk (=AY uvdz + i / (A - D) (=AY L uvde
k=1

k

—/b%u(—A)m/dex—/u > aDwdx

ll|<m—1

1

#2800 )
— (9((=2)" ) (A (D - (Ayv)) ) do

122
+ < (=AY "us Ay - v do.

LEMMA 3.2 Consider two operators L(xz, D) and L(z, D) as in Theorem 1.1 and
assume that u and u are the solutions respectively of the boundary value problem

(1.2) corresponding to L and L respectively. Suppose in the open neighborhood F#
of 00— C 09, we have

(=AYl gy = 0, (=AY 0| py forl=1,2,--- m— 1. (3.3)

If v € H*™(Q) satisfies L*(x, D)v = 0 where L*(x, D) is the formal L* adjoint of
L(x, D), then we have the following integral identity:

k=1 k=1

(51 (2]
| ( (b — b (— AV + 3 (Ag — Ay) - DY(=A) w4 (g — emv)dx

[ k-1
2 [0 = B (A)(D - (e))dr
k=2 1=17ONF*
1 (2]
+ - (=AY (u — W) TAy - v do.
k1 g
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Proof. We have

S

] 1= B
L(z, D)(u=a) = Y (be=bi)(=A) a+ Y ((Ax—A)-D)(~A)1at(g-q)a. (3.4)
k=1 k=1

Now using Proposition 3.1, this lemma follows. [ |

Now let v and & be CGO solutions of £*(z, D)v = 0 and L(z, D)& = 0, respec-
tively, of the form:

oz h) = =5 (@) +hal) 41200+ el 4O (e ) € HAT(Q) (35)
iz, k) = e 25 (0P 1 ha® +12a@ +- -+ 1@ 10O (2 b)) € HPQ) (3.6)
where

—p1(x) = p2(z) = p(z) = log |z — 0|, ¥1(x) = Y2(x) = dgn— ( — W) .

|z — 0|’

LEMMA 3.3 Let £ and L be as above with u,i € H>™(Q) being their solutions
respectively with u given by (3.6) and v given by (3.5) being a solution of L*v = 0.
Additionally suppose by = by for k+1 <1 < [2] and 4 = A, fork+1 <1 <[],
Then

as h — 0.

Proof. Choose € > 0 small enough such that
0N CF.={xecd:0,p<e}CF¥.

Let us consider

Lo =) = @) (—A) ) do
Q\F#

16



We have

Lo a8 = i) (AT T0)do
ION\F#

<),
OO\ F

)

O(~ )™ — @)eF| [(=A + 2T (@D (@) + - + 7D (a; )| do

h
1 )
<z ( / o A8 a>>|2e-hda)
XA+ 2T ) ) 4 705 )
< IVBde R0, ((— )™ (w — @) lzzoan I(=A + 2 7)1 0 (&) + -+ + 0 (23 1)) | 2(00)-

h

Since HT(I)HH?T = O(h™), we have

1
[P @) = O(1) and [ gmesiey = O(35) for 1< <m.

hi

Then

9°rW|aq = O(1) in L*(9Q) for |a| < m — 1 and

1
We have
1)if 2l < 1
(_A)l_lr(l)‘ag in LZ(aQ) _ O( ) 11 = m +
O(g=m=r) if 20 > m + 1.

Now

—ptiy

9__
(Al = e T (—A + ET)I‘I(a[()l)(x) +halV (@) + -+ 7D (b))
Then for 0 < h < 1 and m > 2,

(—A)"'v]pg in L?(09Q) = (’)(%) + Order of (=A) 1M |aq

= O( asl—1>2l—-m—1for 1<I<m.

1
)

Therefore we have

Lo 0= = @) (=) ) do
Q\F#

= O )Vype™ 2 0,((=2)™ ! (u = @)l r2(00,).
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Now applying the boundary Carleman estimate, we have

C e _
V8™ R0, (=)™ (u = @)l 1200.) < Il * Lz, D)(u = )]z

Hence

< O(h2)|le”# Lz, D)(u — @)| 2

[ ooy = @) (A To)do
HON\F#

We have

k k
R Lz, D)u— ) =% Y (b= b)(~A) i+ e F Y (4= A) - D) (~A) M+ e F (g - )i,
=1

=1

since by = for K+ 1< 1< [5] and A = 4, for k+1<1 < [25],
Using the solution @ given in (3.6) in the above equation, we have,

~ 27 -1 2) (2
_ . ALt _ . (2)
+§ (A — Ay D( A h) + (q (}))( +ha +7r )
Now from the above expression, we have that

e~ £(2, D)u - D2y <O ()

Therefore we have

) 1/2
< O(h3) e~ 7 L(x, D) (u— )| <O<hhk )

Lo o8 = @) (A T0)do
IO\ F#

Applying the same argument, we can show that the remaining terms in (3.7) are
terms of order O (h1/2).

18



k=1 1=1 7 ONF*
[ ] k—1 —
2 Y [ (02 = @) (A D A))) do
k=2 1=17ONF#
1 [24]
+ 3 (AP (u — @) oA - v da} <O () > 0ash 0.
k=L g
|
Now under the assumptions of Lemma 3.3, we have
k
h’“/ (Z(bl — b)) (—=A) T+ Z (A — D)(—=A)"1aw + (¢ — a)m) dz — 0as h— 0.
O\ =1

Substituting the solutions (3.6) and (3.5) for @ and v, respectively, in the above
integral, we get

2.\ (2) (1)
h* Q; bl—bl (—A—hT> (ao +...+7~(2)) (ao +"'+T(1)>dx

+/Qz:((Al - Avl) : <D (—A - 2T>ll (aéQ) + - +r(2))) (aél) +o 4+ r(l))dx
+/ Z( (A — Az ((p}j_ MM) ( A — zT)l_1 (aéf) + e+ 7“(2)) (aél) + r(l))dx

+/(q—?ﬁ(a(()2)+---+r(2)> <a81)+---+r(1)>dx—>0ash—>0.
Q

Taking limits as h — 0, we arrive at the following integral identity.

LEMMA 3.4 Under the assumptions of Lemma 3.3, we have the following integral
identity:

[{ (=5 (20 @) af” + (A = A) - Dl +10)) ((-27)(af)) of o

Q

Remark 2 If we do not assume the equality of the coefficients 0, = bfork+1<
[ <[%]and Ay = A; for k+1 <1 < [™H], then from the same arguments as above
we W111 arrive at the following integral identities:

19



(1) For m even:

/Q { (b% _’5%) ((—2T)%(a(()2)>) )

(3.8)
+ (A2 = Ag) - D(p +iv) ((—27)% " (af)) ag”}dx — 0.

2

(2) For m odd:

/ ((Amss = Auss) - D(d + 1)) (-21)"7 (af)) addz = 0. (3.9)
QO 2 2
3.2. Uniqueness of the coefficients

In this section, we will show, under the assumption of equality of the coefficients
bb=0bfor k+1<I<[%]and A=A fork+1<1< [[mT‘H]],that by, = by using
the integral identity of Lemma 3.4.

The important idea is to use the degree of freedom one has in choosing amplitudes

a(()Q) satisfying (2.19) and a(()l) satisfying Tm(a(()l)) = 0 in order to achieve the goal.
This will complete the proof of Theorem 1.1.

Proof of Theorem 1.1. We recall the following integral identity:

i {(bk ~b)(-27)* (0 )al + (A — Ab) - Dig +i0)) (—2T>’f-1<a52>>aé”}dx =0

(3.10)

for all a(()z), a(()l) € C*°(Q) satisfying the transport equations:

Tm(aéQ)) =0 and Tm(a(()l)) =0,

where

T:(w+iw)-v+w.

We seek a(()l) = e®1 with &; € C*°(Q2), and aéQ) € C*(Q) solving
Tk?—l(a(()z)) — 96452
with g, &9 € C*(€) such that Tk(a(()z)) = (. Subsequently we have Tm(a82)) = 0.

Also we seek aél) such that T(aél)) = 0. This then implies that Tm(aél)) = 0.
In other words, we seek g, ®; and ®5 such that

(Vo +iy) - Vg =0, (V¢+iV¢)-V@+W=O,
(V<p+ivw)-V@2+(A¢+2iAw) = 0.
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(1) (2)
0 0

and ag’ are possible as follows from [10, Equations 5.2 — 5.4].

Now by putting these particular choices of aél), aéQ) in (3.10), we get the following

integral identity involving only (A — Ay):

Such choices of a

/ (A — Ag) - V(o + iw)ge%*adx =0.
Q
Now proceeding exactly as in [10, Section 5], we conclude that
Ap = Ag in Q. (3.11)

Our next step is to show that b, = Ek in Q. Now we have
/ (b, — B) T*(a)al) = 0 (3.12)
Q

Now we simply seek aél) = e with &; € C°(Q) such that T(a(()l)) = 0 (then
Tm(a(()l)) =0) and a(()Q) € C>(9Q) solving Tk(a(()g)) = ge®? with g, &y € C®(Q) such
that

T (0P = 0.

Subsequently we have Tm(a((f)) = 0 for m > 2. Thus we obtain,

/ (b, — ) ge® ' = 0. (3.13)
Q
Again proceeding by the same analysis from [4], we obtain
by = by, in €. (3.14)
Proceeding similarly, we can show that b, = Ek foralll <k < [[%]] and Ay = ﬁk
for1 <k< [[mT“]]
Finally we will show the unique recovery of the zeroth order perturbed coefficient.

Now that we have established that b, = by for 1 < k < [F] and Ay, = Ay, for all
1 <k < [™H], taking limit as h — 0, we have the following integral identity:

/(q - @)ag)@dx =0. (3.15)
Q

Now to show ¢ = ¢ from (3.15) we choose a((f) = ge?? where @, € C>(Q) is such
that T(e®2) = 0 and g € C*(Q) is such that (V¢ +iV))- Vg = 0, so that it satisfies
Tm(a(()2)) = 0. Also we seek aél) = e®1 with @; € C°°(Q) which satisfies Te?' = 0,
so that Tmaél) = 0. Then (3.15) gives,

/ (¢ — P)ge® t®2dz = 0. (3.16)
Q
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Again following the argument from [4, Section 6], from the above identity we con-

clude that

qg=¢qin Q.
This completes the proof of Theorem 1.1. [ ]
Acknowledgments

The second named author was partially supported by NSF grant DMS 1109417. He
would like to thank German DAAD for a Research Stays grant that enabled him
to visit University of Stuttgart, Germany, where part of this work was carried out.
Both authors benefited from the support of the Airbus Group Corporate Foundation
Chair “Mathematics of Complex Systems” established at TIFR Centre for Applicable
Mathematics and TIFR International Centre for Theoretical Sciences, Bangalore,
India.

References

1]

Mark S. Ashbaugh. On universal inequalities for the low eigenvalues of the buck-
ling problem. In Partial differential equations and inverse problems, volume 362 of
Contemp. Math., pages 13-31. Amer. Math. Soc., Providence, RI, 2004.

A. Bukhgeim and G. Uhlmann. Recovering a potential from cauchy data. Communi-
cation in Partial Differential Equations, 27:3-4:653-688, 2007.

Alberto-P. Calderén. On an inverse boundary value problem. In Seminar on Numeri-
cal Analysis and its Applications to Continuum Physics (Rio de Janeiro, 1980), pages
65—73. Soc. Brasil. Mat., Rio de Janeiro, 1980.

D. Dos Santos Ferreira, C. Kenig, J. Sjostrand, and G. Uhlmann. Determining a
magnetic schrodinger operator from partial cauchy data. Comm. Math. Phys., 2:467—
488, 2007.

Filippo Gazzola, Hans-Christoph Grunau, and Guido Sweers. Polyharmonic boundary
value problems, volume 1991 of Lecture Notes in Mathematics. Springer-Verlag, Berlin,
2010. Positivity preserving and nonlinear higher order elliptic equations in bounded
domains.

Gerd Grubb. Distributions and operators, volume 252 of Graduate Texts in Mathe-
matics. Springer, New York, 2009.

M. Ikehata. A special greendAZs function for the biharmonic operator and its appli-
cation to an inverse boundary value problem. Comput. Math. Appl., 22(4-5):53-66,
1991.

V. Isakov. Completeness of products of solutions and some inverse problems for PDE.
J.Differential Equations, 92(2):305-316, 1991.

C. Kenig, J. Sjostrand, and G. Uhlmann. The calderén’s problem with partial data.
Ann.of Math. (2), 165(2):567-591, 2007.

K. Krupchyk, M. Lassas, and G. Uhlmann. Determining a first order perturbation
of the biharmonic operator by partial boundary measurements. J. Funct. Anal.,
262(4):1781-1801, 2012.

K. Krupchyk, M. Lassas, and G. Uhlmann. Inverse boundary value problems for the
perturbed polyharmonic operator. Trans. Amer. Math. Soc., 1:95-112, 2014.

M. Salo and L. Tzou. Carleman estimates and inverse problems for dirac operators.
Math. Ann. (1), 344:161-184, 2009.

J. Sylvester and G. Uhlmann. A global uniqueness theorem for an inverse boundary
value problem. Ann. of Math. (2), 125(1):152-169, 1987.

22



[14] Eduard Ventsel and Theodor Krauthammer. Thin Plates and Shells: Theory: Analysis,
and Applications. CRC Press, 2001.
[15] Yang Yang. Determining the first order perturbation of a bi-harmonic operator

on bounded and unbounded domains from partial data. J. Differential Equations,
257(10):3607-3639, 2014.

23



