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The 1st lecture is the introduction.
Feynman path integral does not have the unique definition.
Furthermore, the known results are famous but are not my results.
It is difficult for me to explain their philosophies.
Therefore I hope to sketch many short topics.

If you get one image of Feynman path integral somewhere, I am happy.

In the 2nd lecture, we will state the main results of our theory.

In the 3rd lecture, we will explain the calculation techniques in our proof.

In the 4th lecture, we will apply our approach to the phase space path

integral.



1. Introduction to Feynman path integral beyond mathematics

Let T > 0 and * € R% We consider the initial value problem of the

Schrodinger equation
hz
(ih(‘)r_p + EA — V(ac)) w(T,x) =0, u(0,x) = v(x)

with the Planck parameter 0 < 7 < 1. We denote the kernel function of the

fundamental solution by K (T,0, x, x), i.e.,

u(T,x) = /RdK(T,O,a:,wo)v(wg)dwo :



R. P. Feynman, Rev. Mod. Phys. 20 (1948), 367-387.
In 1948, R. P. Feynman expressed the kernel function K (T, 0, x, xy) using

a path integral as follows:

K(Ta 0, x, wO) — /e%Sh]D[V] .

Here ~ : [0,T] — R? is a path with v(0) = zg and ~(T) = =,

T'1,dv2
Slvy] = / §|d—z — V(v)dt is the action, the path integral / ~ D[v] is a
0

new sum over all the paths . Feynman defined his new integral as follows.

(0, xo)

/ (T, x)




Let Ao : T =Tj11 > Ty > -+ > Ty > Ty = 0 be any division of [0, T].

Note that
u(T,x) = /d K(T,0,x,x¢)v(xo)dxy = /d K(T, T\, x,x1)u(Ty, x1)dx,
R R
= / K(T, Tl,a:,wl)K(Tl,O, .’L'l,wo)’v(w())d.’ﬁ()dib‘l .
R4 JR4
Therefore, we can write

/e%SM’D['y] = K(T,0,x,x() = /dK(T, Ty, x,x1)K(T1,0, 21, xg)dx
R

J+1 J
= / H K(T;, T;—1,Tjyxj_1) Hdmj.
R4S S e
(T zs)
(Tig s) o o(T,z)
.
(Tgz) .
(0, 0)g o
(T2.v T2)

T() =0 T1 T2 T3 TJ T = TJ+1



Classical path

Feynman considered K (T;,Tj_1,xj, x;j—1) when |T; — T;_4]| is small.

Let vr,,1;_, be the classical path defined by the Euler equation
;)./TjaTj—l(t) T (BCBV) (’yTjaTj—l) =0, 1-17'—1 <t < CFJ

with 7Tj,Tj_1(f1}_1) = x;—1 and ’)’Tj,Tj_l(fE‘) — Ly

Let St, 1, ,(xj, xj—1) be the action along the classical path v, r,_, by

Tj 1
STj’Tj—l(wj’ m«j_l) — /T §|7ijTj—1|2 T V(PYTj,Tj—l)dt .
71—1
o
1 ¢ o(T,x)
(Tj, x;)
o
(T‘j—lawj—l)
(0, z0)$ ®
o

To =0 Tj—1 Tg T'=Tj41



Time slicing approximation via piecewise classical paths

P. A. M. Dirac, Physikalische Zeitschrift der Sowietunion 3 (1933) 64-72.

Set t;, =T; —T:;_1 and A1 = max;<;<ji1t;. Using Dirac’s approximation
J j J : <G<J+1 15

1 /2 ig N )
T, T
K L1y s 24-1) 5 <2m‘ht.) er
J

as |Arg| — 0, Feynman defined the path integral by

J+1 d/2 J
ig 1 J+1 g -
/ ?L D['}’] — 11m ( . ) / ehz J 1( J° 3—1) | I dil?j .
|Ag,0|—0 i1 21 tht RdJ

j=1

This method is now called the time slicing approximation.

(TJan)

T() =0 T1 T2 T3 TJ T = TJ_|_1



2. Re-introduction to path integral beyond mathematics

Let U(T,0) be the fundamental solution for the Schréodinger equation
h2
(ih@T + EA — V(m)) u{Tr,o)=0, U(0,0)=1.
By the Fourier transform and inverse Fourier transform, we can write

1 \¢ i
v(x) = ( ) / e (@0 80y () dxodEy
R2d

2mh
(—%A + V(a:)) v(z) = (%)d/md (@0 E°(€0 + V(x))v(xo)dxodE)p .

As an approximation of U (T,0)v(x), one may use the operator

1\ -
I(T O)U(w) <_) /de Bh(w z0)- 50 T(_+V(w))’v($0)d$0d€0

( ) / / _%% - mO))2+ ((m s _V(w)T)dﬁov(wo)dwo
2mh Rd JRd

d/2 (z—zp)?
) / ei (7 V@D (zg)dag .
R4

- (271'th



Here we used the following formula.

Formula| For any real number a,

> —iax? ﬂ-
e dr = / —.

oo 1a

Let Arog: T =Ty41 > Ty > -+ > T > Ty =0 be any division of [0, T].

Set t; =T; — T;_1 and |Aro| = max;<j<jsi1t;. Using the approximation
1 d/2 i((mj_wj—l) _V(z)ts)
I(Tja Tj—l)v(wj) — (27”.7#/.) /Rd e’ 2 7 ’U(Clij_l)dwj—la
J

we can probably write

U(T,0)v(z) = lim I(T,Ty)I(Ty,Ty_1)---I(To, T1)I(T}, 0)v(z) .

|AT,0|—0

Set £ j.1 = . Then we can formally rewrite

/R K (T, 0,2, @0)v(z0)dzo = U(T, 0)v(x)

J+1 d/2 ; (w._w._1)2
= lim 1 / eﬁzjill( ] 2tjj _V(mj)tj)’v(ivo) H dx;
|A7,0|—0 ot 21hi RA(JT+1) J




Hence we can probably interpret

_ J+1 d/2 Jaq, (@ 1?2 J

; 1 L e U Y

/ eSDy] =  lim ( , ) / of Dt (T -V @it) I] da; .
|A7,0|—0 ol 2miht; RdJ

=1

Here we used the approximation

T 1 |dvyl|?
S —
] / )

- £Lj— 1)2

— V(y)dt = Z( — V(z;))t;) .

2t

This method is also called the time sllclng approximation.

(Ty,xy)

TO =0 T1 T2 Tg TJ T = TJ+]_



3. Oscillatory integral

We used the following formula. This integral does not converge absolutely.

In our approach, we treat integrals of this type as an oscillatory integral.

Formula| For any real number a,

/oo e~y = |
oo 1a
Interpretation of Formula

e @) e @)
—iax? — 12 —€e2x?2 _ —jax? . T T
e dxr = lim e e dxr = lim — =4 /—. O
60 e—0 J_ o e—0 €2 4+ 2a 1Q

Definition|(Oscillatory integral) Let x(x) be a rapidly decreasing function

on R? with x(0) = 1, for example, x(z) = e~*. The oscillatory integral
Jra a(x)dx is defined by

/Rd a(z)dr = lim /Rd x(ex)a(x)dz,

if the right-hand side exists independently of the choice of x(x).



4. Example d = 1, V(x) = 0 via piecewise classical paths
By the Euler equation
&TjaTj—l(t) — 07

with vz, 1._,(Tj) = z; and v7;,1,_,(Tj-1) = xj—1, we have the classical path

(t = Tj)z; + (T —t)xj
Tj — Tj

VT;,T; 4 (t) —

Y

and the phase function

1 (5 (£; — xj_1)°
St.r. (xi,xi_q1) = — o . Pdt = —2 ’ .
TJ’TJ—l( Ity 1) 2/Tj_l Iy T_1| ot

(To — Th)xz2 + (Th — Tp)xo
15 — Ty

Set zci’ = . Then we can write

($2 — 581)2 (:131 — 2130)2
2t5 2t

ST2,T1($29 wl) + STl,O(wla wO) —

(X2 — @0)? 15 5
= Tom oy T 71" = Sno(@z, @) +




Performing the oscillatory integration with respect to x;, we have

1 1/2 1 1/2 | |
( ) ( ) / e75T. Ty ($2,w1)+%5T1,0(w1,w0)d$1
27T’I,ht2 27T’I,ht1 R

1/2 1/2 . .
_ ( 1 ) ( 1 ) S, o(@2,20) / AT =D g
271'th2 27T’l,htl R

1 1/2
— (2 .hT> e 5T2.0(®2,%0)
7T 2

Using this relation inductively, we obtain the kernel function K(T,0, x, x)

of the fundamental solution.

J+1 1 1/2 J+1 g
K(T,0,z,20) = lim ( , ) / ef i1 STyt (@55 - I)dej
|AT,0|—>O j=1 27Tthj RJ

1 1/2
—  lim . ehST o(z,z0)
|Ag|—0 \ 27r2 AT

() oor (S5 o
p— e —_ .
omihT Y




5. Example d = 1, V() = |x|?/2 via piecewise classical paths
Let |T; — Tj_1| < 7. By the Euler equation
1,4 (8) + 1,4 (8) = 0

with vz, 1._,(Tj) = ; and v7;,1,_,(Tj-1) = xj—1, we have the classical path
x;jsin(t —Tj_1) + xj_1sin(T; — t)
sin(T; — T;_1)

'7Tj,Tj_1(t) —

9

and the phase function

1 (1 1 T;
Sty @iy wi1) = 5 | By — bt = 5[
TjaTj—l Jotg—1) — 2 ’YTj,Tj—l ’YTjaTj—l T 9 ’YijTj—l’YTjaTj—l T.
Tj—l -1

(a2 + a2_,) cos(Tj — Tj_y) — 2a; - ;s

2sin(T; — Tj_)




Let ! = 2! (2, z¢) be the critical point defined by

8$1(ST2,T1 + ST1,0)($27 a;{? CBO) = 0.

Then we can write

St, 1 (2, 1) + S1y,0(21, 20)
1 (cos(Tg —T1) cos(Ty — Tp)

~ S , - _ 2
T2,0(m2 330) —|_ 2 Sil’l(TQ — Tl) SiH(Tl — To)) (ml wl)
1 Sil’l(TQ — To)

=S Lo, T — x, — )2,
T2’0( 27 0) + 2Sin(T2 — T1) sin(T1 — T())( ! 1)

Performing the oscillatory integration with respect to x;, we have

1 1/2 1 1/2 , :
( ) / 6%5T2,T1,0($2,931)+%5T1,0($1,w0)dml
27T’I,ht2 271'th1 R

1 /2 T [1._, sint; 2
— ( ) e%st,O(w27wO) 2 X J=1 J
2mwihTs H?:1 t sin T,



Using this relation inductively and taking |Aro| = maxi;<j<jy1t; — 0, we

obtain the kernel function K (T, 0, x, xy) of the fundamental solution.

Il 1 1/2 i I+ J
K(T,0,z,x9) = lim ( . > / eh =1 97;,1j_1 (@j@j—1) H dzx
|A,0|—0 i 27meht; RAJ =1

1/2
J+1 .
= lim ( 1 )1/2 ei%ST o(x,z0) T v Hj:l sint;
|A70|—0 \ 27wehT H;I;Lll t, sin T
( 1 )1/2 1 (aj2+;13(2)) cosT — 2x - x -
— exp — .
2mihsinT P h 2 sin T

Remark This calculation is not valid when T is large (T = 7).
However, if we regard this as composition of many operators in L?(R?%),
the composite operator converges to the fundamental solution U (T, 0)

even when T is large (cf. Fujiwara 1979).



6. Significance of Feynman path integrals

R. P. Feynman and A. Hibbs, Quantum mechanics and Path integrals, McGraw-Hill, New York (1965).
Using the general functional F'[v]| as an integrand, Feynman suggested a

new analysis with the functional integration

/ Fly]ei*MD[4]
and the functional differentiation (D F')[~]|[n]. Especially, he gave a new view
of quantum mechanics from classical Lagrangian. For example, if we take
h — 0, we can formally see the correspondence from the quantum mechanics

to the classical mechanics, i.e., the semiclassical approximation.

L. S. Schulman, Technique and Applications of Path Integration, 2nd edition, Dover (2007).



Trouble in mathematics

R. H. Cameron, J. of Math. and Phys. Sci. 39(1960), 126-140.
7
However, in 1960, R. H. Cameron proved that the measure en” MD['y] of

the path integral does not exist in the sense of mathematics.

Remark Using a measure, we can prove many properties of integrals:
e The interchange of the order of integrations.
e The interchange of integrals and limits.

e The existence of integrals.

There are many mathematical approaches to Feynman path integral.



Mathematical approaches via operators

e Nelson(1964) - - .

by the time slicing approximation via Lie-Trotter formula.

e Nelson(1964) e Cameron-Storvick(1983) - - -

via analytic continuation of Wiener measure.

e Johnson-Lapidus(1999) e Gill-Zachary(2002) --- as operational calculus.
G. W. Johnson and M. L. Lapidus, The Feynman Integral and Feynman’s Operational Calculus, Oxford

University Press, New York (2000).

Remark The above approaches can construct the solution for the general
potential. However the convergences are senses of operators. It is difficult

to treat the semiclassical approximation A7 — 0.



Mathematical approaches via oscillatory integrals

e [t6(1967) @ Albeverio-Hgegh Krohn(1976) e Truman(1972)

e Rezende(1985) --- as an infinite dimensional oscillatory integral via
Fresnel transform.

S. A. Albeverio, R. J. Hoegh-Krohn and S. Mazzucchi, Mathematical Theory of Feynman Path Integrals,
2nd edition, Springer (2008).

e Fujiwara(1979,1991) e Kitada-H. Kumano-go(1981) e Yajima(1991)

e N. Kumano-go(1995) e Fujiwara-Tsuchida(1997) e W. Ichinose(1997)

by time slicing approximation via oscillatory integrals.

Remark The above approaches need the smooth condition for the
potential. However the convergences are sharper. We can treat the

semiclassical approximation h — 0.



7. Nelson’s explanation by time slicing approximation

E. Nelson, J. Math. Phys. 5 (1964), 332-343.

Theorem(Nelson 1964)| Let V (x) is a real-valued function. Suppose that

H = —%2A + V(x) is an essentially self-adjoint operator on

D = D(—2A) N D(V). Then, for any v € L*(R?%), we have

w(T,z) = (e " v) ()

J+1 1 d/2 i ) d
— o lim : / .. ./ eﬁ JHI\L J 419 Jgee9L14LQ v wo dm .
J—o00 e (27TZHT/(J + 1)) Rd R4 ( )31;[() ’
where
J+1 (CB — . 1)2 T
S T LJyeeoyXL1yLg) = - = — V(x;- y
J—I—l( J+1y LTy s L1y O) J:Zl <2T/(J—|—1) ( J 1)J_|_1

and the integrals are taken in the sense of limit in mean, i.e.,

Jpa ~ dx = limp_, f|m|<R ~ dzx in L?(RY).



Lemma|(Lie-Trotter formula) Let A and B be self-adjoint operators on the

Hilbert space 'H. Suppose that A + B is essentially self-adjoint operator
with D(A + B) = D(A) " D(B). Then, for any T € R and v € 'H, we have

. . T . T J+1

P . - _A - _B

e T(A+B)y, — o lim (e T %e T ) v.
J—o0

Sketch of Proof| Note that
(e (= 2)(z) = llm ( ) ./||<ReXp (%(m Y) )v(y)dy-
y|<

2mihT

(e_%Tvv)(a)) = e_ﬁTV(w)fv(:c) :
By the Lie-Trotter formula, we have

2 0 J+1
u(T,xz) = e_'T(__AJ“V)v = s- lim (e_ﬁJ_ﬂ(_ )e_TiJ_HV> V.

J—o0

If we write down the right-hand side, we obtain the result. O



Remark| This approach can treat a general potential V (x).

Remark| This is not a functional integration. From the view of the

classical mechanics, we may hope the semiclassical approximation as 7 — 0.

However it is difficult because the convergence is a sense of operators.

Remark| S; 1 (xji1,€g,...,21,X0) is an approximation.

v S (B me)t d
V@Y (S - Vi) )

j=1

T'1|d~
S = [ =|=L
] /OH]t

(TJa wJ)

I =0 n 1> Tj T, T =1Tj54



8. Nelson’s analytic continuation from Wiener measure

E. Nelson, J. Math. Phys. 5 (1964), 332-343.

Nelson considered the Schrodinger equation with the complex mass m.
hz
(ihc‘)T + Z—A — V(:B)) u(T,z) =0, u(0,x) =v(x).
m

If m is a real number, this equation is a usual Schrodinger equation.

Set

(Kyv)(z) = <2W2T)d/2 /Rd exp (n;z S 2—Ty)2) v(y)dy

T
(M*v)(z) = exp (—?V(w)> v(x).
For the sake of simplicity, assume that the real-valued function V' (x) is

continuous.



The case with the purely imaginary mass m = tm’ (m’ > 0)

First we consider the equation with the purely imaginary mass m = im/’

(m’ > 0), i.e., the heat equation with the diffusion constant i/(2m’) > 0.

h 0
(BT — 2m’A + £V(a:)) u(T,z) =0, u(0,x) =v(x).

M. Kac had shown how to solve the equation.
M. Kac, In: Proc. 2nd Berk. Symp. on Math. Statist. and Prob. Univ. Calif. Press, Berk. (1950), 189-215.

Note that

(K,,v)(z) = (2:;/T) ” /Rd exp (—n;, = ;Ty)2> v(y)dy,

(MTv)(x) = exp (—%V(w)) v(x).




Theorem 1(Nelson 1964)| Let m = im’ (m’ > 0). Then for any v € L*(RY),

there exists

ULy = lim (KT/UFDpT/U+INYIHL,,  in L2(RY).

J—oo

Furthermore u (T, z) = (Ulv)(x) satisfies the Schrédinger equation with
the purely imaginary mass m = i¢m’ in the sense of distribution.

Moreover there exists a measure du(w) on the path space

Q={weC(0,T] — R ; w(T) =z} such that

Uro) @) = [

Q

. T
exp <—%/ V(w(s))ds) v(w(0))dp(w) .
0
Remark This approach can treat a general potential V (x). Furthermore,

this is a functional integral with the measure on the path space.



Sketch of Proof| We construct the measure du(w) on the path space

Q={weC(0,T] - R ; w(T) =z} using

m’ \%? m/ (x — y)?
T, z,dy) = — d
p(T, xz,dy) (%hT) eXP( o7 ) J

for the cylinder sets. Since V (w(s)) is continuous for a. e. w,

J+1 T T

| Vis)ds = Jim 3Vl

for a. e. w. By the Lebesgue dominated convergence theorem and the

definition of the Wiener integral, we have

[ ex (—£ / TV(w<s))ds) 0(w(0))dps(w)

. J+1 T T
= lim  eXP _£;V(w(3J+l))J+1 v(w(0))dp(w)

lim (KX/UTD AT/ ANy () = UL v(x) . O

J—0o0



The case with the complex mass m with Imm > 0

Theorem 2(Nelson 1964) Let Imm > 0. Then for any v € L?(R9), there

exists

ULy = lim (KT/UFDpT/U+IYIH,,  in L2(RY).

J—o0

Furthermore u (T, z) = (Ulv)(x) satisfies the Schrédinger equation with

the complex mass m ( Imm > 0 ) in the sense of distribution.

Remark If Rem # 0, this is not a functional integral any more because
the measure does not exist.

R. H. Cameron, J. of Math. and Phys. Sci. 39(1960), 126-140.



The case with the real mass mg > 0

Theorem 3(Nelson 1964) There is a set N of real numbers of Lebesgue

measure 0 such that for all my € R™ — N, there exists

Ul v = lim Ulv in L*(R%)

o m\amg
when m approaches my non-tangentially from the upper half-plane(
Im m > 0, m — mgy and |Re (m — my)|/Im m is bounded). Furthermore
u(T,x) = (Ug;ov)(w) satisfies the Schrodinger equation with the real mass

mp in the sense of distribution.

m

0 mg real axis

Remark This approach can treat a general potential V (x).



9. Fujiwara’s results via piecewise classical paths

D. Fujiwara, J. D’Analyse Math. 35 (1979), 41-96.
Fujiwara proved that the convergence of the time slicing approximation

becomes sharper if we use the piecewise classical paths under a smooth

condition.

. T 1dy2
Assumption of | S[v] = / —’—
o 2ldt

V(t,z) : R x R —» R, 8V (t,x) is continuous and

— V(t,~)dt.

82V (t, )| < Ca(1 + |x])mxC=lal0),

Examples
d d
Vt,z) = )  aje(t)zjme + Y bi(t)z; + c(t,z).
j,k=1 j=1

Here a;x(t), bj(t) and 9Sc(t, x) are real-valued continuous bounded

functions.



Piecewise classical paths

Let |Ar,o| be small. Let vr1;,1;_, be the classical path defined by the Euler
equation

&TjaTj—l(t) + (838‘/) (t7 '7Tj,Tj—1) =0, er—l <t< T.’7

with 'yTj,Tj_l(Tj_l) = x;_1 and 7Tj,Tj_1(fl}) = x;. Let STj,Tj_l(wjaxj—l) be the

action along the classical path v, r,_, by

Tj 1 . ,
STj’Tj—l(wj’ ':Bj—l) — / §|7Tj,Tj_1| _ V(t9'7Tj,Tj_1)dt .
Tj 1
(TJ7wJ)
(T39w3)

To =0 n T T T; T =Ty



The convergence in the uniform topology of L?-operator

Theorem (Fujiwara 1979)| For any v € L?(R%), we have

u(T, x)

J+1 1\ 92 iq
= lim / / en ATO(wﬂ_l’wJ’ #T1,20) (1130) H da)J ’

|A1,0|—0 2mhi Rd Rd
J= 7=0
where
J+1
SAT,O(wJ—i—lv Ty T1yTo) = E STj,Tj_l(a:ja T 1),

and the topology of the convergence as |Ary| — 0 is the uniform topology

of L?-operator.

Remark| Note that Nelson’s case as J — oo is the strong topology.




The semiclassical approximation i — 0O

D. Fujiwara, In: Functional analysis and related topics, Lecture Notes in Math. 1540, Springer (1991), 39-53.
Assume that T is small. Fujiwara considered the phase function, the main

term and the remainder term of the time slicing approximation.

phs 1 \Y? NN )T
FOA LJA419L JoeeesL15L0 )
[ (5mm) [, [] de,
2mhi RdJ

1 d/2 .
B (277171T> eﬁST’O(w’wO) (DAT,O(ma 5130)_1/2 + hTAT,O(fL, x, 130)) .

Lemma 1 (Fujiwara)| The phase function Sro(x, x¢) is the action S[v7 ]

defined by the classical path ~r o with v70(0) = ¢ and v7o(T) = =, i.e.,

St.0(T,x0) = S[yr0]-



Lemma 2 (Fujiwara)| Let (:L‘jr], ..., ) be the critical point defined by

(8(33J7°"aw1)SAT,O)(wJ+17 w:‘}’ *tt ".BI, m()) =0.

We define the main term DAT,O(wJ_|_1, xg) by

d
[T20 ¢
- det(a(ijj’“.,wl)SAT,O)(.’L'J_|_1, ar;jr], AR

DAT,o(fBJHa To) = T,
+1

Then we have

|DAT,0(CU? 330) T 1| S CT2 ’

|DAT,0($9CEO) — D(T, z, zo)| < C,|AT,0|T°

Lemma 3 (Fujiwara)| The remainder term satisfies the following estimates:

1Y Ay (hyzy0)| < CT?,

1
1Y ago (R, o) — X(T, Ry, o) | < C”%|AT,0|T.



Theorem (Fujiwara 1991)|(The estimate for the remainder term)

Let T be sufficiently small. Then we have

ig 1 d/2
/ D] = (27rihT> €

Here ~7 is the classical path with ~v7(0) = ¢ and v7o(7T) = =,

RO

Shrr,ol (D(T, x, :130)_1/2 + hY (T, h, x, w0)> :

D(T, x,x) is the Morette-Van Vleck determinant and

(T, hyx,zo)| < C.

(T, x)

YT,0

Ip =0 T =Tj4a



