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Broken line paths are rougher as an approximation than
piecewise classical paths.
For the sake of simplicity, using piecewise classical paths, we will prove

the existence of the Feynman path integrals
Z

e=SUIE[ D[ ]

with the general functional F[ | 2 F as integrand.



1. Feynman path integrals via piecewise classical paths

T B
, 2dt " | |

V(tx):RERY ¥ R, @V (t;x) is continuous and

JOTV (t; X)j = Cri(1 + jxj)max@iifiio) .

Assumption of | S[ | =

Example of | F[ ] 2 F (Roughly Speaking)

(1) If j@I'B(t; X)j = Cq(1 + jxj)™ with m , 0, then the value at time t

Fl1=B{ (M)2F; F[]-12F;
L 1w
and the Riemann(-Stieltjes) integrals F[ | = B(t; (t)dt 2 F.

TO
. R+ 00
(2) If j@fB(t; x)j = Cq, then F[ ] = e 10 BE& @)t 2 |-
(3) If Z: RERY ¥ CH satisfles j@I'Z (t; x)j + jOI'@:.Z (t; X)j = Cr(1 + jxj)™
and t(@ZZ) = (@xZ), then the curvilinear integrals
TOO

F[ 1= Z(t, ())td (t) 2 F.
TO



We can produce many functionals F[ ] 2 F.

We will state how to deflne the class F In the later section. Because, even if
we do not state the deflnition of F here, we can produce many functionals

F[ | 2 F by the following theorem.

Theorem 1’|(Algebra) For any F[ ], G[ ] 2 F, we have

FI1+G[]12F; F[IG[ ]12F:

Remark| | do not know how to treat the translation F[ + -],

the linear transformation F[P ] and the functional difierentiation

(DF)[ ][-] via piecewise classical paths.



Classical path

Let €1 T =T34 =>T3=>100¢>T; =Ty = 0 be any division of [0; T].

Lett; =T; i Tj;1 and J&E1,0) = max t;.

lejeJ+1
Set X = Xj4+1. Let X3;Xg51;::1;X1 2 RY. Assume that j&t.oj is small. Then
we can deflne the classical path T — Tj;Tjil(t; Xj; Xj;1) by the Euler

equation
11O F(O@ONV))E 1m,) =00 Tiii=teTj

Wlth Tj;Tj il(Tj i]_) — X_] il and Tj;Tj i]_(T_l) — Xj

Vv Vv V(T’ X)
(Tj\;/xj)
Tj:1: %53
(O;xo)v ( jil Xj l) '

T():O Tjil TJ T:TJ+1



Time slicing approximation via piecewise classical paths

Let be the piecewise classical path which connect (T;;X;) and

€T.0

(Tji1;Xj;1) by the classical path 1,.1;,, for j =1;2;:::;3;3 + 1. Then the

functionals S[ ¢;,], F[ ¢,] become functions of Xj.+1, X3, ¢¢¢, X1, Xo, I.€.,

S[ ¢l = Ser.o(Xa+1: X351 X1;X0) 5 Fl @10l = Fero(Xa+13 X33 1115 X105 Xo)

(Ty;%X3)

(Te ) (T;%)

(T2 %2)
To =0 Tl T2 T3 TJ T = TJ+1
R .
Remark| For example, if F[ ] = e o BE& )t with j@I'B(t; x)j = Cs, then
PJ+1RTj

F[ ¢T.0] —e 7! T B(t TiTj i 1(txjixji1)):



Feynman path integrals exist

Theorem 2| (Existence of Feynman path integrals)

Let T be su—ciently small. Then, forany F[ | 2 F,

z ! N 1 Va=2 2 i Y
el JF[ ID[ ] - lim e TTOF[ ool dxj (?)

j€T10j X0

2i~tj RdJ
converges uniformly on any compact subset of R?? with respect to the

endpoints (X; Xp), i.e., (?) is well-deflned.

Remark| Even when F[ | - 1, each integral of right-hand side of (?) does

not converge absolutely (is an oscillatory integral).
Z

ldx; = A
Rd

Furthermore, the number J of integrals (division points) tends to 1.

1 £A £ £ £06c¢¢¢cee; J B A



Remark| Theorem 3 (Fundamental theorem of calculus) and Theorem 4

(Interchange with the Riemann-Stieltjes integrals) are also valid.
However | do not know whether Theorem 5 (Translation, Orthogonal
transformation) and Theorem 6 (Functional difierentiation) are valid or

not.



2. Semiclassical approximation ~ ¥ 0

Let T be su—ciently small. For any (Xj+1; %) 2 RY £ RY, there exists the

Lemma’| We have

1)j = CqnT?;

jOR 8% (Der,o(X; Xo)

j8,@) (Dero(X:%0) i1 D(T; X X0))j = Criaj C10T :

This limit function D(T; X; Xg) = _q:Iir_n.O D¢, .,(X; Xo) Is the Morette-Van
JET;0] = ’

Vleck determinant.



Theorem 7|(Semiclassical approximation ~ ¥ 0)

Let T be su—ciently small. Then, for any F[ ] 2 F, we have
Z Ma=2 T
ig _ 1 iS[ 1] AURY I e
e- F[ ]D[ ] — e->t 7o D(T,X,XO)I F[ T;O] + ~a (T,~,X,X0)

2.1~T

Here +. iIs the classical path with +.,(0) = Xo and +1.(T) = X,

D(T; X; Xp) Is the Morette-Van Vleck determinant and

jo (T;~;X; X0)j = C(1 + jXj + jxoj)™:

(T; %)

(0; Xo) 1o

To=20 T =T+



3. Proof of Theorems 1’,2 and 7

In order to prove the convergence of the multiple integral
st Ta=2Z Y

IS[ ¢l .
e- T:0'F _ dx; :
2“'i~ti ~d3 | ¢Tp]_ ) J

J:
1A £A £ £ £c0c6ccc¢¢ce; J T A

(?) lim
e
J¢T,oJ—0j=1

we have only to add many assumptions for

The assumptions should be closed under +, £. Then F will be an algebra.
Do not consider other things. Then F will be larger as a set.

If lucky, F may contain at least one example F[ | - 1.

Step 1. H. Kumano-go-Taniguchi’s theorem: CEC £ C £((tasJ ¥ 1.

Step 2. Fujiwara’s stationary phase method: C independent of J ¥ 1.

Step 3. My method: Convergence as €19 ¥ 0.



4. Extension of H. Kumano-go-Taniguchi’s theorem

The original version was used in the estimate for multi-products of Fourier
iIntegral operators.

Hitoshi Kumano-go, Pseudo difierential operators, MIT Press (1981).

We will see the version for Feynman path integrals in

Naoto Kumano-go, Bull. Sci. math. 128 (2004) 197-251.



We consider the multiple oscillatory integral
N1 1 Tla=2 2 ig o s

. @= 20T, +LX X XO)F¢T.O(XJ+1; X3;:110;X1; X)) dX;
2“.r~ti RAJ ’ j=1
Moo

e:ST;O(X;XO)q¢T;O(~; X; Xo) :

=1
1
2.1~T

Lemma KT| Let m

- 0. Assume that for any integer M _ 0, there exist

Am, Xm = 0 such that for any jfijj = M, j =1;2;:::;J;J + 1,

i >
j( @fJ)F¢To(XJ+1; X300 X X)) = AMOXm)? @+ i)™
j=0 j=0

Then we can control the multiple integral by C” independent of J ¥ 1,

jdero(~; Xa+1; X0)j = C7(L + jXga1j + jXoj)™:

R .
Remark| Note that if F[ ] = e o BE M)t with j@I'B(t; x)j = Cs, then

Py+1RT; : N1 RT J .
F[ ¢-|-.0] — e j=1 TjilB(t’ iTis 1(tXJ lel)) o Ti; B(t; Ti:Tj 1(tXJ,XJi1)):

1=1



Proof of Lemma KT| For the sake of simplicity, we set m = 0. Using some

function !;(X;; Xj;1), we can write
g i X0 X

Sere = ot i (X Xj31) ¢
j=1 J j=1
To prevent (1=t;), we use the relation
1 1Td=2 i(><j+1in)2 1 ﬂd:z i(inXo)2
e: 2tj+1 e: 2Tj
2...i~tj+1 2i~Tj
1Td—2 L (Xj 41 i X0)? ﬂd Z tj T ti
1 =4 iZi+1170 1 i LG+1Ti o Ty G+1
— - e"' 2Tj+1 £ e (l 2Tj+1 »J +(XJ i TJ XJ+1 i TJ XO)»J)d))j
2|~Tj+1 2~ Rd
inductively. Then we can rewrite
(X i X0)? 1 ﬂd‘] Z : h'd
Isr.006xg) § L2200 s _ l'F dx: d: -
e- T Qaro(7i X X0) = — e~ Fe¢q, Xjd»j ;
’ 2.~ R2dJ ’ j=
where
X T YRS KTy, XK
— (Xj i T Xj+1 1 Xo0)”?j 1 >T i 0 Ui (X Xj51)



Integrate by parts over and over again

We introduce the difierential operators of the flrst order
_ 1 i i(@»j -)@»j . 1 i i(@Xj -)@Xj ]

S T o A T T M

Integrating by parts over and over again, we can write

1 Nas Z .. v 1 Mas Z . Y
e- F¢T;O_ dxjd»; = 5 = - e- F¢T;O_
J=1 j=1

dx;d»; ;

2...“‘ R2dJ

where

—~

Fer, = (NDPeee (NDTHINDTHMD Hee e (M) H(MD) P,

is an multi-product of the adjoint operators M7, N~ of M;j, Nj.



Expect difierent results

Generally speaking, we can not control multi-products of J difierential op-

erators by CJ asJ ¥ 1. However
T; tj+1 Gi+aTj

i X0 1
Tj+1 Tj+1

@ " = Xj i

i ))j

Tj+1
M= ai (Xj+1; »j; Xj; X0)@,; + & (Xj+1; »j; Xj; Xo) ;

have at most 4d-variables independent of J. Therefore, only @Xj+1, @»j, @Xj

difierentiate M7, i.e., only N7, M7, Ny difierentiate M7 Hence we can

control this multi-product by CY as J ¥ 1. Roughly speaking,

C
Mj/_ = (1+~i1j@»j -j2)1:2 |
NT =

J 1l -2 1—2£
(1+~. J@Xj J ) -



Change all variables at one time

_ Y 1 1
- - 0N .
JF¢T;OJ (C) o1 (1 + ~i1jzjj2)(d+1)=2 1+ ~51j¢jj2)(d+1)=2 ’

Furthermore, we can obtain

- (COO)J :

Changing all variables at one time, we can write

1 NasZ . _ Y
—2~ 25 e- F¢T;O - ded»j
1 MaoZ ie_—~ @(Xg; i Xy »gs i)l Y
= — e~ Fq__iddet dz;d;
2.~ R2dJ T I CAMRSRPAEE S HERSEE ) L
Integrating with respect to (z3;:::;21;%3;:::;%1), we can control the multi-

ple integral by CY. O



5. Fujiwara’s stationary phase method

The original version with m = 0 was appeared Iin
D. Fujiwara, Nagoya Math. J. 124 (1991) 61{97.

For the recent version with m , 0O, see
N. Kumano-go, Bull. Sci. math. 128 (2004) 197-251.

D. Fujiwara and N. Kumano-go, Funkcialaj Ekvac, 49 (2006) 59{86.

Using piecewise classical paths, we will explain this stationary phase method.

(Ta;%3)

T(_):O Tl T2 T3 TJ T :TJ+_‘]_



We consider the remainder term of the multiple integral
oo T2 e

- e=SeT (X3 +1Xa5EX1 XO)F¢T.O(XJ+1; X3;:105X1; X)) dX;
2.1~ RAJ '

j=1
Ma=2 ¥ .

j=1
1 —ST o(X'XO) . il=2 . . . -
> T e="Tov" Deq.o (X X0) ' 7 F1:0(X; X0) + ~B ¢, (= X; Xo)

Lemma F| Let m

- 0. Assume that for any integer M _ 0, there exist Am,
Xm = 0 such that for any €1, and any jfi;jj = M, j =0;1;:::;3;J3 + 1,

: fi N .

IO Od)Fero (a1 X0 i X Xo)j = Am(Xm) (L + g™

1=0 1=0

Then we can control the multiple integral by C independent of J ¥ 1,

jQ¢T;O(~; X;X0)] = CT(A + jX3+1] + jXOj)m ,



Remark| When J = 0; 1; 2, the condition becomes the following:

For the simplest division T =T, = To = 0 with J = 0,
JOR@0FT:0(X1; X0)j = Am(Xm) (L + jx1j + jxof)™:
For the division T =T, >T; > Ty =0 with J = 1,
JOX2@, 20X F1.1,:0(X2; X1 X0)] = Am(Xm)*(L + jXaj + jXaj + jxo))™
For the division T =T33 =>T,>T1 > Tog =0 with J = 2,

fia m fip A Fig A Fi o o o\
10,20, 20,010, O F7:1,:11:0(X35 X2; X1;5 Xo)]

= Am(XMm) (1 + jX3] + jXof + jX1j + jXoj)™:

R .
Remark| Note that if F[ ] = e o Bt )t with j@I'B(t; x)j = Cs, then

P RT; N RT
Fl oo ]=e P21 Ty B T O p0) J’ B(t: 15T ; (6XG3X 1)
T;0

=1




Distinguish the main term from the remainder term

Proof of Lemma F| For the sake of simplicity, we set m = 0.

We must integrate with respect to Xj; Xo;:::;X3. First we integrate with
respect to x;. By the stationary phase method, we distinguish the main

term (MiF¢;,) from the remainder term (RiFc¢-.,).

1 ﬂdzz 1 ﬂd:Z / ,
- - e:S¢T:OF¢ 20X X Xo)dXy
2..i~ty 2..i~ty Rd 0
1 ﬂdzz i
_ ~S(¢t.7,:0) e
— - e 12 (M1F¢T-o)(' .., X2, Xo)
2..1~T>5 '
1 ﬂdzz

i
=S .
+ e T2 (R1F e, ,) (1115 X2; Xo) :

2..1~T>



The main term is ‘simple’ for X, and given by
(M1Fer0) (115 X2 X0) = Dryrpo(X2; Xo) F172F a0 (C 1 15 Xa; X5 Xo)
= Der,.o(X2; Xo0) i 1:2|:(¢T;T2;0)(: DX Xo) ;
where (C€t.1,;0) Is the division given by
(¢T;T2;O) T =T351=>T3=00=>T, > Ty =0:

The remainder term (RiF¢;,) Is ‘complicated’ for x, but small, i.e.,

j(RlFQ‘-T;o)j -« C(t2~):

(T; %)

(0; Xo)

To=0 T, T, T =T34+



Do only simple integrals

Since (MiF¢;,) Is ‘simple’ for x;, we integrate it further with respect to
X». By the stationary phase method, we distinguish the main term from the

remainder term.

: : e:S(“:T;Tz;O)(I\/Iqu;T_O)(: 11 X3 X2; Xo)dXo
2..1~13 2.1~-T, Rd ’
1 ﬂd:Z i
_ =S(¢1.7,:0) -
— - e '3 (M2M1F¢T-O)(' - ., X3, XO)
2...|"'T3 ’
F 1 a2

is .
+ e T (RyM1Fe, o) (111 Xs; Xo) :

2..1~T3



The main term is ‘simple’ for X3 and given by
(M:MiFe )i X3; Xo)
= Dry1,;0(X3; X0) 72Dy (%5 X0) 2 F (@.p,:0) (5 1 X33 X35 X0)
= Der,o(X3; X0) V72 F (@17 0y (51 X35 X0) 5
where (¢1.7,; 0) Is the division given by
(C175:0) T =Ty =>T3=>0=>T3>Ty=0:
The remainder term is ‘complicated’ for x3 but small, i.e.,

J(R2M1F¢. )] = C(t3~):

(T3; X3) (T: %)

(0; Xo0)




Since the main term (MM F¢,) Is ‘simple’ for x3, we Integrate it further
with respect to X3. Repeating this simple process, we get the main term for

Theorem 7.
(M3iMg1::: MiFe. ) = Daqo(X; Xo) 7172Fr,0(X; Xo)

= Do (X; X0) PR [ 1,0]:

(T; %)

(0; Xo) o

—

o
Il

(@)

T = TJ+1



Skip all complicated integrals

Now, since (RiFe¢;,) Is ‘complicated’ for x;, we skip the integration with

respect to X, and integrate it with respect to x3 beforehand.

+ 1 'd:2:IE 1 'dzzi 1 'dzzz

%S(q: T74:0) .. . . .
e T2 (R1F g )G 1 Xa: X3, Xot Xo)dX
2. 1~1, 2..1~I3 2"'i~T'ﬁ Rd (R1 ¢T,O)( 4, X3; X2; Xo)dX3
d=2

1 d=2 1 ig
= ~2(CT:7,:72:0) i -
— e T4 MsR1iFg¢. )0 Xa; Xo: X
2. i~(ty + t3) 2.i-T, (M3sR1Fer) (5 Xa: X5 X0)
! . 1 = 1S(¢rr T0)
+ e T 2 (Ra3R1F¢-. )Gl Xa; X2; Xp) -
2..01~(ty + 13) 2..i~T, (R3R1Fer)( 4, X2; X0)

i(RsR1Fe )i = Co(ta~)(t2~)

Since the main term (M3zR1F¢;,) Is ‘simple’ for x4, we integrate it further
with respect to x4. But since the remainder term (R3RiF¢;.,) Is ‘compli-
cated’ for x4, we skip the integration with respect to X, and integrate it with

respect to xs beforehand.



Fujiwara’s rule is the following.

Integrate with respect to X;. By the stationary phase method,

we distinguish the main term from the remainder term.

The main term is ‘simple’ for X;+1.

Therefore, we integrate it further with respect to Xj+1.

However, the remainder term is ‘complicated’ for X;j.1.
Therefore, we skip the integration with respect to X;+1 and

Integrate it with respect to X;+, beforehand.



Carry out the rule until the end.

Then we have

X
Qa0 (=3 X3+15 X0) = Qo(Xa+1; Xo) + Ojciin 5 ;i (Xa+13 Xo)

Here qo(X3+1; X0) = Dy (X; Xo0) F17°Fr;0(X; Xo) is the main term for Theorem

X
7, means the summation over all the sequence of integers (Js+1;Js;:::;J1)

such that

O=Jo<hil<n<lpil<p<ttt<jkil<]jc=Jd+1;

I _
1 Moz gl 1 - d=2
eéST;O(XJ+l;XO) . . . (X D ¢ ) —
2 i~T qJK;JKil;:::;Jl J+1, 0) — 2 i~(T' - -I-_ )
Z k=1 Jk b TJkj1
i '
£ eéS(T;TjK;:::;le;O)b- ] ) (X DR D% ) dx: -
RdK JKOIK § 1051\ +1 A = - -5 A1 A0 Jk?



where

with 8

Qj =§ Ry ifj=jxiLixsriliiiiiiri
- M; otherwise

Therefore the integrand has many small terms (t; ~), I.e.,



Force all complicated integrals on others.

We force on H. Kumano-go-Taniguchi’s theorem all the complicated integrals

which we skipped. Then we have
i

The remainder term is the sum of Ui ; 1000 j1(X3+1; Xo), 1.e.
1 XK

Q¢T;O(~;XJ+1;XO) — — CIjK;jKil;:::;jl(XJ+1;XO)

§ =]
Using t; = T, we take a sum. Note 0 <~ < 1. Then we have
=1
- . _1X * K w -
19 (~5 Xa+15 X0)] = - (C) (~tj,)
k=1
1F W2 -
- 1+C) i 1
~
- (CHT: O



6. My method

Deflnition|(The class F of functionals F[ ]) Let F[ ] be an functional

whose domain contains all piecewise classical paths ¢.,. Wesay F[ |2 F

If Fero, = F[ ¢q,] satisfles the following assumption.



Assumption of F[ ] 2 F via piecewise classical paths Let m , O, u; , O,
I:)J+1
j=1 uj <
that for any €1, any jfijj = M, J=0;1;:::;J+1landany 1 = k = J,
W ﬁj Ja1 > -
(1) 10 Ox)Fer(Xa+1; Xa5 1010 X Xo)] = Am(Xm)™ (A + X))
J=0 j=0

. M f| .
(2) J(  0x)0xFaro(Xa+1; Xa; 1105 X1 Xo)]
i=0

= U < . For any integer M , 0, there exist Apy Xwm = 0 such

= AM(Xm)? MUk + u) (1 + D™ :
j=0

R .

Remark| Note that if F[ ] = e o BE M)dt with j@l'B(t; x)j = Csi, then
R RT

TR B i) Y

F[ ¢To]_ej_1 1 EJ
j=1

B(t; Ti:Tj (txj 1 Xj .1))



Consider integrals by paths

Then the estimates for the multiple integral become the following:

oo Te2 g
el erolF[ ¢ 1 dx
=1

(?)

i=1
1

2”. i~tj Rva
M= |
! e=STO0X0 g (~; X; Xo)
2..0~T
1 M=

— ST e=ST;0(X:X0) D¢T;O(X; Xo) ! 1:2FT;O(X; Xop) + ~0¢T;O(~; X; Xo)

Lemma F’

P (71X %0)j = CT(T + U)(L+ jxj + jXoj)™;
jder (=X X0)j = C’(1 + jXj + jxoj)™:

Using paths, we consider this Lemma F’. For simplicity, we set m = 0.



(T;x)

(0; %p)
To=20 T=Tin
J
(T; %)
(0; %0)
To=0 T=Tin

- CT(T +U)



(T; %)

(0; Xo)

e C!

In order to show the existence of the limit, we have only to make a Cauchy
sequence of the multiple integrals (?) with respect to the division €.
We consider the two multiple integrals for the two divisions
Cro T =Ty =Ty =00 ¢ ¢e¢>T,=>Ty=0;

(¢T;TN+1;¢Tni1;0) T =T34 =>000>=> TN+ = Tni1>¢¢¢>TO:O;



Compare two integrals by two paths

We compare the multiple integral
N1 1 Vg=22 z z z igp 1 Y
> ot cee  ¢ce e e TOF[ ] dXxj
T j=1
1 ﬂd:Z .

1ST;0(X;:%0) N .
e-" A~ X, Xo) ,
2l“i~T q¢T’O( O)

1=1

and the multiple integral

N 1 Na=2 1 ﬂ”i/l
j=N+2 2i~tj 2"'i~(TN+1 i Tnil) j=1
Z /Z Z / . ]

66 00 e TN T 10l M g -Md |

e i | (CT T4 CTh s o) Xj Xj
j=N+1  j=1
ﬂd:Z

1 ﬂd:Z

2...i~t

1 i
=ST:0(X;X0) o _
2..1~T © q(¢T;TN+1;¢Tni1;O)( » X, XO) .




(Thi1i Xns1) (T: %)

(TN+13 XN+1)

To=0 Thi1 TN+1 T =Ti5+1

(Tnil;xnil) (T: %)

(TN+1; XN+1)

To=0 Thi1 TN+ T =T34+

«C'EC(TN+1 1 TN )(TN+1 § Thi1 +Un+1 § Unj1) £C°



This implies the difierence of two multiple integrals.

Jer,0(7 X X0) T A(@riry i€, 4:0) (73 X5 X0))

« C(Tn+1 i Thni)(Mns1 § Thsr FUNn+1 i Uns )@+ jXj + jXo))™:

Theorem 2’|(The Feynman path integrals exist)

Jdeq.o (= X Xo0) & q(T; ~; X; Xo)]
= CjCroj(U +T)(A + jxj + jxoj)™;

with a limit function q(T; ~; X; Xo) = liMjg;.4j 10 der. (75 X; Xo), 1.€.,

the multiple integral (?) converges on compact subsets of R?? as j&1.0j ¥ O.

Remark

We added assumptions closed under + and £. Therefore F Is an

algebra. Furthermore, by accident, F contains the previous examples.






