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1. Introduction to phase space Feynman path integral

Let T > 0 and € R%. We consider the fundamental solution U (T, 0) for

the Schrodinger equation
(zhc‘?T — H(T, x, - w)) UuT,0)=0, U(0,0)=1,

with the Planck parameter 0 < h < 1. By the Fourier transform and inverse

Fourier transform with zg, £, € R%, we can write

1 \¢ i
’U(CB) ( ) / e?z(‘”_"”“)'sov(wo)dwgdﬁg .
27Th R2d

1 \¢ i
H(T, 337 ; dz)v(x) = <2ﬂ'h> /de er @) [T (T, &, £o)v (o) dxodEy .

As an approximation of U (T, 0)v(x), we may use the operator

1

d
I(T,0)v(x) = (%> de eﬁ(w z0)-§o—7 f(;[H(t,w,Eo)dtv(mO)ddegﬂ .

Under a suitable condition, we have the following:



Let AT,O T = TJ_|_1 > TJ > e > T1 > TO =0 be a diViSiOH Of [O,T]

Set t; =T, — T;_1 and |Ary| = maxi<j<jy1t;. Then we can write

U(T,0)v(z) = lim I(T,Ty)I(Ty,Ts_1)--+I(Ts, T\)I(Ti,0)v(x)

|A7,o|—0
1 eI+, gt e ¢ !
— lim ( > / oh 2-i=1 (#i=2j=1) &1 ij—lH(t’w”’g"_l)dt)v(wo)Hdwg’dﬁj
|Aro|—0\ 27Th R2d(J+1) j=0

with £ = xy1. In other words, if we consider U (T, 0, x, &) satisfying
1

d .
U 0u(e) = (5] [, eH U0, 60)v(e0)daudéo,

then we can write

et @207 (T, 0, 2, £)

R2dJ

|Ag|—0 \ 27Th ,
J=1

Now we introduce the position path ¢(t) and the momentum path p(t) with

q(T;) = z; for 3 =0,1,...,J + 1 and p(T;) =&, for 3 =0,1,...,J.



According to Feynman(1951), we formally write U (T, 0, x, &) as
e%(m—mo)-éoU(T’ 0, x, 50) — /e%(b[q’p]'D[q,p] .
Here (q,p) : [0, T] — R2??is the path with q(0) = x¢, ¢(T) = « and p(0) = &,

olg,p] = /[0 T)p(t) - dq(t) — H(t,q(t),p(t))dt,

[0,T)
and the phase space path integral / ~ DJq, p] is a sum over all paths (g, p).
However, in mathematics, the measure of path integral does not exist. Even

in quantum physics, we can not have q(t) and p(t) at the same time t.

(T, x)

(0, g Continuous ? (0, &) Jump 7

0 T 0 T
The position path g(t) ? The momentum path p(t) ?



Mathematical definitions via Fourier integral operators of / er?lap ]D[q, D]

e H. Kumano-go-Kitada(1981)
e N. Kumano-go(1995)
e W. Ichinose(2006)

Other mathematical definitions of / e%¢[q’p]D[q, D]

e Daubechies-Klauder(1985)

via analytic continuation from Wiener measure.

e Albeverio-Guatteri-Mazzucchi(2002) via Fresnel integral transform.
e Smolyanov-Tokarev-Truman(2002) via Chernoff formula



Our results Using piecewise bicharacteristic paths, we prove

the existence of the phase space Feynman path integrals

/ ei%97 p(q. pDlq, pl,

with general functional F'[q, p| as integrand. More precisely, we give a fairly
general class F such that for any F'[q, p| € F, the time slicing approximation

converges uniformly on compact subsets with respect to (x, &).

Remark Using broken line paths g(t) and piecewise constant paths p(t),
W. Ichinose gave some examples F'|q,p| = Hszl By (q(7k), p(T1)),
O0< 7 <:++ <71 <T which do not converge as an operator. Note that we

will exclude F|q,p] = B(t,q(t),p(t)) at the time t from our class F.

Remark Piecewise bicharacteristic paths naturally lead us to the

semiclassical approximation h — 0 of Hamiltonian type.



2. Existence of phase space Feynman path integrals

Assumption

Examples

H(t,z,£) : R x R? x R — R, angﬂ(t, x, £):continuous,

020 H (t,z,€)| < Cap(l + |z| + [€])mx@latBl0),

A d A h A
H(t, z, ;3.1:) =) (aj,k(t)gamjgawk + bj,k(t)wjgawk + cjr(t)zjTr)

7,k=1

F 3 (@5(050s, + bi(0)2) + elt, ).

J=1

Here a;(t), b x(t), c;r(t), a;(t), bj(t) and 85c(t, ) are real-valued

continuous bounded functions.



We can produce many Flq,p| € F

We will define the class  in the last section. Because, even if we do not

state the definition of F here, we can produce many functionals F'|q, p| € F.

Examples of F[q,p] € F

(1) If |09B(t,x)| < Cuo(1 4 |x|)™, then the functional independent of p,
Flq,p] = B(t,q(t)) € F. Flg,p] =1 € F.
(2) If |820.B(t, @, £)| < Cap(1 + |z| + |€])™, then
Fla.p) = [ Blt.a®).p(t)dt € F.
[T7,T")

(3) If |8202 B(t, @, £)| < Cag, then Flq,p] = elra Bta®»®)dt ¢ 7

Theorem 1| F(q,p],G|q,p] € F — Flq,p| + Glq,p], Flq,p]G|q,p] € F.



The bicharacteristic paths

Let Arg : T =Ty > Ty > -+ > Ty > Ty = 0 be any division of [0, T].
Let t; = T; — Tj_1 and |Arg| = maxj<j<ji1tj. Set £y = . Let x; € R?
and ¢; € R Let |Ary| small. Then we can define the bicharacteristic paths

qr;1;_,(t, x5, &i-1), Pr;1;_, (t, xj,§i—1) by the Hamilton canonical equation

8t(7Tj,Tj_1 (t) — (BEH) (t7 qu,Tj_lﬂ ﬁTj,Tj_l)ﬂ

8tﬁTj,Tj_1(t) — _(awH) (t? q_Tj,Tj_17I_)Tj,Tj_1)9 1—37'—1 S t S 177

with the boundary condition QTj,Tj_l(Ti) = x; and ﬁTj,Tj_l(fl}_l) =&;_1.

.(T’ 33)
o o o o
(Tj, ;)
K-. .
o [ ]
o
: (Tj-1,&5-1) )|

(0’ 330* (09 50).
To =0 T;—1 Tj T=T;.1To=0 T;—1 Tj T=T544

The bicharacteristic path gr, r._, The bicharacteristic path pr. r,_,



The piecewise bicharacteristic paths We define

Aare = Ayt Tir1,80, Ty - -+ 5 €05 T0)s PAry = PAry(t Tit1,80, T, .-, 80) by
dary(t) = qr; o, (L, x5, €5-1), Tj—1 <t < Tj, qa;,(0) = o,
Par(t) = Py (625, €5-1), Tj1 St <Tj, jg=1,2,...,J,J + 1.
Then the functionals ¢[qar,s Par,ls Flgarys Par,| are functions, i.e.,

¢[qAT,07 pAT,o] — ¢AT,0(CUJ—I—17 £J7 LJgeooy £17 L1, 607 370)9

F[qAT,oa pAT,O] — FAT,O(wJ+17 £Ja L Jgeoo 7517 L1, 509 .’130) .

(T, z2) @y(T , ) (T2, €&2) (TJK

(T17 x1) (T 51
(0, xo)P (0, €O)J

TO =0 T1 T2 TJ T = TJ_|_1 TO =0 T1 T2 TJ T = TJ_|_1
The piecewise bicharacteristic path ga,, The piecewise bicharacteristic path pa,,




The phase space Feynman path integrals exist

Theorem 2| Let T sufficiently small. Then, for any F'[q, p] € F,

/ er?'@P Fq, p|Dlq, p]

|AT,0|—0

. 1 \% i o
lim (%> /R - en? T Parol (AT s Par) H dgjdx; (%)

j=1

converges uniformly on compact sets of (x, &), i.e., well-defined.

Remark

Even when F'|g,p| = 1, each integral of the right hand side of (x)

does not converge absolutely (is an oscillatory integral).

/ 1d£jd:cj = 0.
R2d

Furthermore, the number J of integrals (division points) tends to oc.

OO0 X 00 X 00 X OO0 X +eeeeeees , J — oc.

We treat the multiple integral (x) directly to keep the paths dArgs PAgg-



Example: d =1, H(t,x,¢) = ©?/2 4+ £2/2, F[q,p] = 1

By the Hamiltonian canonical equation
O:qr;;_,(t) = pry1;_ () s OhDr, 1 (t) = —qry1;_ (t), Tj—1 <t < Tj,
arr;_(Tj) = xj, Pryoy_,(Tj—1) = &j-1,

we have the bicharacteristic paths

zjcos(t — Tj_1) — &1 sin(T; —t)

91;.1;-4(8) = cos(Tj — Tj_1) ’
5 (1) = — % sin(t — Tj_1) + &1 cos(T; — 1)
T:,T;_ = .
s cos(T; — Ty 1)
.(T,a:)
o o o o
(Tj, =) l
o ! [ ]
: (Tj-1,&-1) )|
(0, QZ()* (07 50).
To =0 T 1; T = T4 To = 0 T 1; T =Ty

The bicharacteristic path gr, r._, The bicharacteristic path pr. r,_,



If we use the piecewise bicharacteristic paths ga,, and pa,,, the functional

®|qAary> PAr,] becomes the function

quT,o — / PAgy ® quT,O(t) - H (t, dArs pAT,o)dt
[0,T) [0,T")

J+1

— Z ¢Tj,Tj_1(fI3ja §i—1,Tj-1) 5
j=1
where
2z &1 — (2 + &) sin(Tj — Tj-1)
2 cos(T; — Tj_1) |
First we consider the multiple integral for the division T' =1 > T; > T, =0

¢Tj,Tj_1(€Uja §i—1,Tj—1) = —Tj_1-&-1+

when J = 1. Performing the oscillatory integration with respect to (&1, 1),

we have

( 1 ) / eh o111 (@2€121) 4561 0(21.60:20) g dg
2mwh/) JRr2

— e%d?T,o(wz,éo,wo)
cosT

cos(Ty — Ty) cos(Ty — TO)) 1/2



Next we consider the multiple integral for the general division Ary. Using
this relation inductively and taking |Aro| = maxi<j<j1(T; — Tj—1) — 0, we

obtain the function U(T, 0, x, &y) of the fundamental solution U (T, 0).

e%(w—wo){OU(T, O, w) 50)

— /e%cb[q,p]p[q,p]
J i —~J J

= lim (i> / eh Zj;rl1 ¢Tj,Tj_1(wjv€j—1awj—1) Hdmjdfj (*),

|Aro|—0 \ 27Th R2J .

1/2
J+1 R o)

— lim e%be,o(w,&o,wo) Hj:l COS(TJ TJ—l)

|A,0|—0 cosT

1 t 2 - £ — (x? 4 &3) sinT

— exp—\|\ — o o

(cosT)'/2 ph< 0- Lot 2cosT )



Remark This also implies that Theorem 2 is not valid when T is large
(T = =/2).

Remark If we regard (%)’ as composition of many operators

1

I'(Ty, Tj—1)v(zs) = (?ﬁ) ./R2 e%¢Tj’Tj—1(wj’gj_l’wj_l)fu(ajj_l)da:j_ldfj_l

in L2(RY), the composed operator
I,(Ta TJ)I,(TJa TJ—l) Tt I,(TZ’ Tl)I,(Tla 0)

converges to U (T, 0) in the uniform topology as |Ary| — 0 even when T is

large. Note that the case of I(T;,T;_1) is the strong topology.

Remark The approach via operators is very powerful. However it treats
the integrals one by one as an operator and its convergence does not seem
to distinguish between the position £y and the momentum £&;. On the other

hand, our approach converges with respect to q(T') = = and p(0) = &,.



3. Interchange of the order with integrals | ~ dt

Theorem 3| Let T sufficiently small. Let m > 0, B(t,z) : R x R — C,

0SB (t, x):continuous, |05B(t,z)| < Ca(1 4 |z|)™. Then we have

/ eidlar] ( /[T,,T”) B(t, q(t))dt> Dlq,p] = /[T,’T”) ( / 6%¢[q’p]B(t,q(t))D[q,p]> dt .

Remark| In order to avoid the uncertain principle, we do not treat

B(t,q(t),p(t)) at the time t.

Remark| As a merit to treat general functional F'[q, p] as integrand, we

give a perturbation expansion formula. If |05B(t,xz)| < C,, we have

/ e#la+E fo.) Bram)drpro )

= Z (3) / dTn/ dr,_1-- / dr
—\J Jpm [0,75) [0,72)

X /e%‘“q’p]B(Tn, q(7))B(Tn-1,9(Th-1)) - - - B(71,q(71))DPlaq, p] .



4. Semiclassical approximation 7 — 0 of Hamiltonian type

Let T small. For any (zs,1,&) € R% x R%, there exists the stationary point
(x5, &35 -+ x], &]) of the phase function ¢a,, = Plqasy Par,], i-e.,
(8(€J,$J,---,€1,$1)¢AT,0)(wJ—f—]_? 537 w;) ) €>1k7 CBT, €O) — O .

We define Da,  (Ts4+1,&0) by

Dary(@s11,60) = (1) det (e, o) 6101 PAr) (11,255 €55 -+ -, 15 €5 60) -

Lemma| We have

|3§3g)(DAT,o(=’Ba &) —1)| < Ca,ﬁTz ’
1070, (Dary (&) — D(T, ,&))| < Ca,gl ArolT -
We use this limit function D(T,x,&) = lim Dag(x,&) as a

| A7, 0|—0
Hamiltonian version of the Morette-Van Vleck determinant.



Theorem 4|(A remainder estimate of Semiclassical approximation 7 — 0)

Let T sufficiently small. Then, for any F|q,p] € F,

| 447 Flg, piDla,pl = et (D(T, 2, 60) 2 Flara, prol+1T (1 2. . 20).

Here gro = qro(t, x, &, o) and pro = pro(t, z,&) are the piecewise
bicharacteristic paths for the simplest division 0 < T' and

1020, X (h, @, €0, 20)| < Cap(1 + |2] + [€o| + [2o])™ -

0

— (T, x)

(0, i) (07 50)t

T():O T:TJ+1T():0 T:TJ+1
The path gro for the division 0 < T The path pr for the division 0 < T’



5. Proof of Theorems 1,2 and 4

In order to prove the convergence of the multiple integral

1 \4J . J
. FlAAT o PAp ]
* | _ h T,0 T,0' | d€..dax -
(%) |ATl,g|n—>0 (27‘!‘h> dej € [qAT,O’pAT,O] J];[l §idx;,
OO0 X 00 X 00 X OO0 X ¢eoeeeens , J — 00
we have only to add many assumptions for
FAT,O(mJ+19 £J9 LJgeeoygly, 503 CBO) — F[QAT,OapAT,O] .

The assumptions should be closed under 4, xX. Then F will be an algebra.
Do not consider other things. Then F will be larger as a set.
If lucky, 7 may contain at least one example F'[q, p| = 1.
Step 1. H. Kumano-go-Taniguchi’s theorem: C x C x C X --- as J — oo.
Step 2. Fujiwara’s stationary phase method: C independent of J — oo.

Step 3. My method: Convergence as |Apy| — 0.



6. Extension of H. Kumano-go-Taniguchi’s theorem

We consider the multiple oscillatory integral

1\ i J
— 7¢
(2 h) /2dJ e O F gy (T 11, €055 -+ + 5 €15 1, €0, To) H dx;dg;

71' R 1

— e%¢T’0(x,€O,xO)qAT,O(h7 wJ+17 60, wO) .

Lemma KT| Let m > 0. Assume that for any integer M > 0, there exist

Apnry Xar > 0 such that for any |oy|, |81 < M, 3 =1,2,...,J,J + 1,

J+1
(T] 8507 ) Fagy(@ i1, €15 - - - 1, €0, 20)]
j=1
J+1
< Ap (X)) + ) (] + 1€5-10) + |@ol)™
j=1

Then we can control the multiple integral by C” independent of J — oo,

(a7, (s ®, €0, o) | < C7 (1 + |zy11] + [€o] + [20])™ -



Integrate by parts over and over again

For simplicity, we prove Lemma KT when m = 0.

We introduce the differential operators of the first order
- 1—4(0;9ar5,)9 N 1T (0z;0A7,) 0z,
S R e T L B U (790 O L
for 9 =1,2,...,J. Note that

MjeﬁquT,O — eﬁquT,O’ NjeﬁQSAT,O — eﬁquT,O .

Integrating by parts over and over again, we can write

1 dJ Z(ﬁ J 1 dJ qu J
7 _ 7 o
(ﬁ) /deJ eh AT’OFAT,O H d.’B]d€J = (ﬁ) /deJ eh AT,O_F‘AT,0 H dmgdgj )

j=1 j=1

where
FA = (N7)* oo (N N (M) H - (M) (M) Fay,

with the multi-product of the adjoint operators M]’.", NJ’.k of Mj;, Nj.



Expect different results

Generally speaking, we can not control the multi-product of J differential

operators by C”’ as J — oco. However

8€j¢AT,O — _(mj _ wj-l—l) + 8€ijj+1,Tj ($j+1, 5.7) 9
M; = a;(xj41, &5, )0, + aj(xj11, &) ;) -

have at most 3d-variables independent of .J. Therefore, only Bwj L1

g, Oa;

differentiate MJ’F, i.e., only N7

s M7, N7 differentiate M.

Hence, we can control this multi-product by C’ as J — oo, i.e.,

C
M;O i —1 2 1/2>< ?
(1 + 7718 0aq,%)
. C
N7~ o

J — —1 2\1/2 X
(1 + h |amj¢AT,O| )



Change all variables at one time

Let z; = O¢;pa,, and ¢ = Oy, Ppa,, for g =1,2,...,J. Then we have

1 1
- (14 At z5|2) @072 (1 4 At 2)(d+1)/2 °

[FR,,| < (C)’ H

Furthermore, we obtam

a(va'“awlang“-agl)
a(zJ7°°°7Z17CJ7°°°9C1)

Changing all variables at one time, we can write

1 \4J ‘g J
7PA ® I I .y
(27rﬁ> /RZdJ erTOF A, 1] 7498,

‘det < (c"’.

j=1
1\ i o(xry,...,x e
_ ( ) / eh(pAT’OFA‘TO det ( J 9 s L1 &gy - 951 Hd dCJ
27h R2dJ ’ O(zgy++921,C15+++5C1)
Integrating with respect to (z5,...,21,(j5,...,(1), We can control the multi-

ple integral by C’. O



7. Extension of Fujiwara’s stationary phase method

We consider the remainder term Y A, (%, , £o, o) of the multiple integral

1\ i J
_ 7¢
(2 ﬁ) /2dJ e’ AT’OFAT,O(5'3J+1, §1yTgy .- 5&1, %15 &0, To) H d§;dx

T R 1

= en?ro@L0) (D (2, €0) P Fro(es €0y @0) + WY agy (2, €0, 0)) -

Lemma F| Let m > 0. Assume that for any integer M > 0, there exist A/,

Xnr > 0 such that for any Ary, any |oy|, |Bj-1| < M,3=1,2,...,J,J +1,

J+1
(TT 8507 ) Fagy( 41,615 - - - 1, €0y 0)]
j=1
J+1 | J+1
< Apr(Xpn)? (] [ )Py (1 4+ D (] + 1€5-a]) + |@a])™
J=1 j=1

Then we can control the multiple integral by C, i.e.,

T agy (7 @5 €0, w0)| < CT(1 + |®g11] + [€ol + |20])™ -



Remark| For J = 0, 1, 2, the condition of Fa,, becomes the following:

For the division T'=T| > Ty = 0 with J = 0,
0219 Fro (21, €0y @) | < Ang(Xar)' (8)" 10D (1 4 |24 | 4 |€o] + |ao])™ -
For the division T' =15 > 17 > 1Ty = 0 with J = 1,
102201 0218° Fr 1, 0 (2, &1, T1, €0, T0) |
< At (Xag)? (o) ™m0 (g ) mindBob (1 i(lel + [&5-1]) + |xo])™ .

j=1
For the division T' =153 > T > 2 > T, > 1Ty = 0 with J = 2,

1923022022821 821 9 Pr1, 1 03, &3, T2, 1, @1, €0, T0) |

3
< AM(XM)B(tg)min(|52|,1)(t2)min(|51|,1)(tl)min(|50|,1)(1+Z(|wj| i |£j—1|)+ o)™ .

j=1

Remark| Since ga, () = x; — t;§;_1 when T; ; <t < Tj,

F|q,p] = B(t,q(t)) satisfies the above assumption.



Distinguish the main term from the remainder term

For simplicity, we prove Lemma F when m = 0.
We must integrate with respect to (&1, 1), (&2, 22),. .., (€75 Ty).
First we integrate with respect to (&1, ;). By the stationary phase method,

we distinguish the main term (M Fj, ) from the remainder term (R1Fa,,).

1 \¢ i
(27r7i) /2d eh(bAT’OFAT’O(' c oy X2, &1, @1, €0y To)dE1dy
R

7o
= e” (AT’TTO)(MlFAT,O)(- © 529 L2y 509 wO)

L
+e” (AT’TTO)(RlFAT,O)(' c e 529 L2, 507 ZU()) .



The main term is ‘simple’ for (&3, x3) and given by
(MiFagy) (.- &2, X2, 80, o) = Day, ((22, 50)_1/2FAT,0(- vy &2, T2, &7, 7, &0y T0)
= D, o(@2, 50)_1/2F(AT,T2,0)(° .y &2, T2, &0, To) ,
where (Ar 1, 0) is the division given by
(Ar1,,0) : T =T541>T5>:-->Tp > Ty =0.
The remainder term (R1Fa;,) is ‘complicated’ for (£2, z2) but small, i.e.,

|(R1FAT,O)| < C(t2h) .

(Ty, @2) @J(T’ z) (T3, &)
(0, o )P (0, gO)J
T, =0 T, T T=T5;;1To=0 T, T T =Ty

The position path of (M;Fa,,) The momentum path of (M Fa,,)



Do only simple integrals

Since (M1Fa, ) is ‘simple’ for (§2, x2), we integrate it with respect to (&2, z2).

2mh

1 \¢ ig
( ) /2d eh (AT,T27O) (MIFAT,O)(° o o9 ',-B,?,, 52’ w2, 50’ wo)dézdwz
R

F
— el (AT,T3,0)(M2M1FAT’O)(. v oy €3, @3, Egy X0)

L
—|—6h (ATaT3’0) (R2M1FAT,0)(' .. 9639 L3, 509 330) ”

(Mo M1 FaL,) = Dag, (3, 50)_1/2F(AT,T3,0)(- ., &3, 3, &0, To) ,

[(R2M1Fay,)| < C(tsh).

(T, x)

)

(T2, 52) f@

— | ®
(T3’ 333)
(0, o)y (0, o)
T() =0 T2 T3 T = TJ_|_1 TO =0 Tz T3 T = TJ_|_1

The position path of (MyM Fa,,)

The momentum path of (MM Fp,,)



Since the main term (MM, Fn,,) is ‘simple’ for (£3,x3), we integrate it
further with respect to (£3,«3). Repeating this simple process, we get the

main term for Theorem 4,

(MsMj_1... MiFa.,) = Dag(, &0) 2 Fro(x, &, x0) -

= Dayo(x, €0) /*Flar,0, Pr,0] -

—o (T, x)

(0, xgo (0,40)¢"

T():O T:TJ_|_1T0:O T:TJ+1
The path gr for the division 0 < T The path pr for the division 0 < T



Skip all complicated integrals

Now, since (R1Fa,,) is ‘complicated’ for (&2, x2), we skip the integration

with respect to (&2, x2) and integrate it with respect to (&3, x3) beforehand.

1 \¢ ig
<_27Th) /d el (AT,T2a0) (RlFAT,O)(° e o9y, 53, L3 52’ o, 50’ mO)d€3d$3
R

= 6%¢(AT’T4’T2’O)(M3R1FAT,0)(- ey &4y T4y €2, T2, &0y T0)
—|—e%¢(AT’T4’T2’O)(R3R1FAT,O)(- .+ 5 &4, T4, &2, T2, E0, T0)
[(RsR1Far,)| < C(tsh)C(t2h) .
Since the main term (M3R1Fa;,) is ‘simple’ for (&4, 4), we integrate it
further with respect to (£, z4). But since the remainder term (R3R1Fa,,)

is ‘complicated’ for (&4, x4), we skip the integration with respect to (&4, x4)

and integrate it with respect to (&5, x5) beforehand.



Fujiwara’s rule is the following.

Integrate with respect to (§;, ;). By the stationary phase method,

we distinguish the main term from the remainder term.

The main term is ‘simple’ for (§;11,€j11).

Therefore, we integrate it further with respect to (&1, x;j41).

However, the remainder term is ‘complicated’ for (11, ;+1).
Therefore, we skip the integration with respect to (£;4+1,*;+1) and

integrate it with respect to (§;42,x;12) beforehand.



Carry out the rule until the end.

Then we have

/
QAT,O(ha Zy+15 €05 o) = qo(TJ+1, &0, To) + Z Dixcrig—1rmensit (TT+15 §05 T0) 5 -
Here qo(.115 &0y o) = Dagy(x, o) '/?Fro(z11, &0, o) is the main term for

/

Theorem 4, Z means the summation over all the sequence of integers

(Js+15Jss« -5 J1) such that
0=J0<n—-1<531<p—-1<gp<+<Jgg—1<gg < J+1,

and the summand g;, ;. ,....j;(Ts+1, &0, To) is the complicated integrals

i
+1,0(T741,60,T0) . . ,
en e qJKJK—l,---,.h (wJ—H’ €09 C130)

. K
?
FOT,T: Ty,0
= /RdK € K Djkcrin 1seeesit (BT+15 Ejges Tjges + + 5 &1 Tjy5 €05 To) | | dg; dx;,
k=1



where

ij,jK—1,---,j1 (wJ+17 €jK7 Ligseee €j17 Lj19 507 :130)

— (QJ Tt Q?’QleFAT,O)(wJ-I-l? EjKa Ljrrgees 7€j17 Ljis EOa m0) ’

with

/

Identity if 7 = gk, JK—1s+--571

Qj = 9 R ; if j =gk — 1L, jk-1—1,...,91 — 1

M,  otherwise

\

Therefore the integrand has many small terms (¢, h), i.e.,

|ij,jK—1,---,j1(wJ+1a éij Lips e €j17 Lj19 50’ 330)|

< CK( ﬁ(tjkh)) .



Force all complicated integrals on others.

We force on H. Kumano-go-Taniguchi’s theorem all the complicated integrals

which we skipped. Then we have

K
ircire1veis (@15 €0 0)| < (CV( T (#31)) -
k=1

The remainder term is the sum of g, j._,,...j;(Zs+1,&0s X0), i.€.,

Y ago (R g1, &0y o) = > D Gigcrin—1is (BI115 05 To) -

J+1
Using > t; =T, we take a sum. Note 0 < i < 1. Then we have
j=1

Yarg(rim )| <+ 3 ((€)F H(tgm)

J+1

1<H(1—|—C’t h)—l)

< (C’”)T O

I/\



8. Assumption of Flq,p| € F

Assumption of F[q,p] € F| Let m > 0, u; > 0, Z'J];Fll u; = U < oco. For any

integer M > 0, there exist Ay, Xas > 0 such that for any Ar, any |o;|,
Bi-1| <M,3=1,2,...,J,J+1and any 1 < k < J,

J+1
a; ~Bi_
|(H awjagj?_ll)FAT,o(wJ—l—la £1y -+ 521, 0, mO)l
j=1
J+1 . J+1
< AM(XM)J+1(H(tj)mm(lﬁj—ﬂ,l))(l i Z(|w3| +1&1]) + |zo))™,
Jj=1 j=1
J+1 3
|(H 81‘;85;__11)8mkFAT,0(wJ—i—lv £7y+++5T1, 80, To)]
j=1
J+1

< Apg (X)) (L[ @)™ Wby @ 4 Y (2] + 1€5-11) + |2ol)™ -

JF#k j=1



Consider integrals by paths

Then the estimates for the multiple integral become the following:

1 dJ i g
(2 h) /Zdj eh¢AT,0FAT,O(wJ+17£J7 L Jogeoo ’€19 331,50, :130) H déjdwj
7T R 1

— er®T0(@:€0,20)

qAT,o(ha x, &o, C'30)

— er%T0(@:€0,20) (DAT,O(CB, 50)_1/2FT,0(337 €0, o) + hTAT,o(ha x, &os 5130)) .

Lemma F’

Y aro(hs 5 €05 w0)| < CT(T + U) (1 + |2541] 4 |€o] 4 |20)™

|qAT,O(h7w9 509330)' S C,(l T |33J-|-1| T |£0| + |w0|)m .

Using paths, we consider this Lemma F’. For simplicity, we set m = 0.



(0, zo)p

T()ZO T:TJ+1T():0 T:TJ_|_1
— (T, x)

(Oa Lo (Oa 60)F

T()ZO T:TJ+1T():0 T:TJ+1

< CT(T + U)



(T, x) f@
SN GEInNE
of - L[ Jj ol j
<

In order to show the existence of the limit, we have only to make a Cauchy

sequence of multiple integrals (x) with respect to the division Ar.



Compare two integrals by two paths

For the two divisions
ATy T =T51>T5 > -+ - e >TY >Th =0,

(Arry, s AT, 10) : T =T > >Tnyg > Ty >0 > T =0,

we compare the multiple integral

J S ey jr:[ldgjdwj

— e%¢T’O(w,£O’wO)qATO(h7 a’,’, £0, 0,1:0) ’

and the multiple integral
J n—1
/ ...... / / ...... / H d¢;dzx; H d¢;dzx;
j=N+1 j=1

— eﬁﬁbT,o(w,éo,fBO)q(ATTNH, T, 1’0)(75 x, &o, 5130)



(Th—1yTn_1) @J(T’ z) (Tr—1,&n-1) f@
(0, zo)p (TN41y TN+1) (0, 50)"J> (TNy1,8N+1)

T, =0 T, TNt IT'=T5j11To=0 T, 1 TNy T =Tj544

(Th—1, Tn_1) (T, ) | (Tp—1, &n_1) f@
4 Lf o J D )

—

(0, zo)p (TN+1s TN+1) (0, 50)"J> (TN41,EN+1)

I, =0 T, TNt I'=T5411To=0 T, 1 TN T =Ty,

<C'XC(TNny1—Th-1)Tng1 — Tno1 + Uny1 — Uypq) X C



This implies the difference of two multiple integrals.

|qAT0(ﬁ z, &0, o) — d(Ar7N, AT, 10)(h z, &0, To)|

SC(Tny1 — T a)(ITngs —Ton + Unr — Up1) (X + || + [&o| + |20])™ -

Theorem 2’|(The phase space Feynman path integrals exist)

|qAT,0(h9 x, &o, CB0) — Q(Ta h, x, &o, m0)|
S ClAro|(U + T)(1 + || + [&| + [zo])™,

with a limit function q(T, ki, x, &0, ©o) = lim|a,. |0 qar,(Fs T, &0, To), i-€.,

the multiple integral (x) converges on compact subsets of R3¢ as |Ary| — 0.

Remark We added assumptions closed under + and X. Therefore F is an

algebra. Furthermore, by accident, /7 contains the previous examples.



