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The problem Definition
Examples
Problem

Pullback

Let 0 < k < nandlet Qy,Q, C R" be open. Let g € C>(Q2; A¥) be written as

g=> agdx

€T

where
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Pullback

Let 0 < k < nandlet Qy,Q, C R" be open. Let g € C>(Q2; A¥) be written as

g=> agdx

€T

where
@ T is the set of all strictly increasing k-tuples i.e.

Te={(iy,...,ix) eNF: 1 <ip <--- < i < n}.
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Examples
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Pullback

Let 0 < k < nandlet Qy,Q, C R" be open. Let g € C>(Q2; A¥) be written as

g=> agdx

€T

where
@ T is the set of all strictly increasing k-tuples i.e.

Te={(iy,...,ix) eNF: 1 <ip <--- < i < n}.

@ g, € C(Qy), forall / € Tx and
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The problem Definition
Examples
Problem

Pullback

Let 0 < k < nandlet Qy,Q, C R" be open. Let g € C>(Q2; A¥) be written as

g=> agdx

€T

where
@ T is the set of all strictly increasing k-tuples i.e.

Te={(iy,...,ix) eNF: 1 <ip <--- < i < n}.

@ g, € C(Qy), forall / € Tx and
@ dx; = dx; A...Adx,where = (it,..., ).
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The problem Definition
Examples
Problem

Pullback

Let 0 < k < nandlet Qy,Q, C R" be open. Let g € C>(Q2; A¥) be written as

g=> agdx

€T

where
@ T is the set of all strictly increasing k-tuples i.e.
Te={(,...,ik) e NF: 1 iy <+ < g <N}
@ g, € C(Qy), forall / € Tx and

@ dx; = dx; A...Adx,where = (it,..., ).

Then, the pullback of g via ¢ € C>(Q4; Q2), is defined as, denoted by
p*g € C=(Q; NF),
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The problem Definition
Examples
Problem

Pullback

Let 0 < k < nandlet Qy,Q, C R" be open. Let g € C>(Q2; A¥) be written as

g=> agdx
1T

where
@ T is the set of all strictly increasing k-tuples i.e.

Te={(iy,...,ix) eNF: 1 <ip <--- < i < n}.

@ g, € C(Qy), forall / € Tx and
@ dx; = dx; A...Adx,where = (it,..., ).
Then, the pullback of g via ¢ € C>(Q4; Q2), is defined as, denoted by
p*g € C=(Q; NF),
©*(9) = > _(grop)d e, in Q.

€Ty
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The problem Definition
Examples
Problem

Examples

p*(g)=goyp
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The problem Definition
Examples
Problem

Examples

©*(g@)=goe
¢*(9) = XL <Q o %f> ax;.
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The problem Definition
Examples
Problem

Examples

©*(g@)=goe
¢*(9) = XL <Q o %f> ax;.

. Opi Opj _ Opi I¢;
c@= 3 | X @eo - o A .
1<k<r<n | 1<i<jg<n Xk OxXr OXr OXk
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The problem Definition
Examples
Problem

Examples

° ¢r(g)=gov
° ¢*(9) = XL <Qoso: %f> dx;.
.

@)= > {Z (gjow) (6(’0/8%6%8@/)} axy A dx;.

1<k<r<n | 1<i<jg<n Xk OxXr OXr OXk

@ For a k-form, pullback is a homogenous polynomial of the gradient of  of degree
K.

Saugata Bandyopadhyay PULLBACK EQUATION: A SURVEY



The problem Definition
Examples
Problem

Examples

° ¢r(g)=gov
° ¢*(9) = XL <Qoso: %f> dx;.
.

@)= > {Z (gjow) (6(’0/8%6%8@/)} axy A dx;.

1<k<r<n | 1<i<jg<n Xk OxXr OXr OXk

@ For a k-form, pullback is a homogenous polynomial of the gradient of  of degree
K.

@ k=n: ©*(9) = (g o p)det(Dy) dxy A - -+ A dxp.
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The problem Definition
Examples
Problem

Statement of the problem
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Given two k-forms f,g : Q — AK(R"),
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The problem Definition
Examples
Problem

Statement of the problem

Given two k-forms f, g : Q — AK(R"), does there exist a diffeomorphism ¢ : Q@ — Q
such that

©*(g) =1, inQ.
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The problem Definition
Examples
Problem

Statement of the problem

Given two k-forms f, g : Q — AK(R"), does there exist a diffeomorphism ¢ : Q@ — Q
such that

©*(g) =1, inQ.

@ This can be seen as the change of variable formula for differential forms.
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The problem Definition
Examples
Problem

Statement of the problem

Given two k-forms f, g : Q — AK(R"), does there exist a diffeomorphism ¢ : Q@ — Q
such that

©*(g) =1, inQ.

@ This can be seen as the change of variable formula for differential forms.
@ Existence, both local and global, regularity, Dirichlet problem....
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Local result: Darboux Theorem

Historical notes I
Global r

Darboux Theorem [1882]
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X Local result: Darboux Theorem
Historical notes "

Global re

Darboux Theorem [1882]

In even-dimensions i.e. n = 2m, any closed non-degenerate two-form is locally
equivalent to the standard symplectic form

m
wm = Z ax; A dy;.

i=1
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Lo sult: Darboux The

Historical notes
Global results

Moser’s flow method

e Introduced by Moser (1965).
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Local result: Darboux Theorem

Historical notes
Global results

Moser’s flow method

e Introduced by Moser (1965).

{ %Sat = UT(@T)7 te [07 1]X €Q
wo(X) X.

Saugata Bandyopadhyay PULLBACK EQUATION: A SURVEY



Local result: Darboux Theorem

Historical notes
Global results

Moser’s flow method

e Introduced by Moser (1965).

{ %Sat = UT(@T)7 te [07 1]X €Q
wo(X) X.

The solution ¢4 satisfies
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result: Darboux Theorem

Historical notes .
Global results

Moser’s flow method

e Introduced by Moser (1965).

{ %Sat = UT(@T)7 te [07 1]X €Q
wo(X) X.

The solution ¢4 satisfies
¢i(g) =1, inQ.
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result: Darboux Theorem

Historical notes .
Global results

Moser’s flow method

e Introduced by Moser (1965).

{ %Sat = UT(@T)7 te [07 1]X €Q
wo(X) X.

The solution ¢4 satisfies
¢i(g) =1, inQ.

How do we construct the vector field u;?
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Local result: Darboux Theorem

Historical notes
Global results

Moser’s flow method: Constituent Equations

The vector field u; : Q@ — R" is recovered through the following
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Local result: Darboux Theorem

Historical notes
Global results

Moser’s flow method: Constituent Equations

The vector field u; : Q@ — R" is recovered through the following

d
dar = ——H,
at dt t
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Local result: Darboux Theorem

Historical notes
Global results

Moser’s flow method: Constituent Equations

The vector field u; : Q@ — R" is recovered through the following
d
dat = ——H;,
ot dt t
and

wuH = oy,

where
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Local result: Darboux Theorem

Historical notes
Global results

Moser’s flow method: Constituent Equations

The vector field u; : Q@ — R" is recovered through the following
d
dat = ——H;,
ot dt t
and
tuHy = ay,

where
@ H; is a closed, non-degenerate homotopy joining f and g and
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result: Darboux Theorem

Historical notes .
Global results

Moser’s flow method: Constituent Equations

The vector field u; : Q@ — R" is recovered through the following
d
dat = ——H;,
ot dt t

and
L He = oy,
where
@ H; is a closed, non-degenerate homotopy joining f and g and
@ .y, denotes the interior product or contraction operator.
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result: Darboux Theorem

Historical notes .
Global results

Moser’s flow method: Solution

Differentiation gives

d * * *d
E%H[ = SOrLUrHt'i‘%EHt

d
W;((dbu,Ht + wyd Hy) + SD?EHI
of (dat) — of (dat) = 0,
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Lo sult: Darboux The

Historical notes
Global results

Solution of Constituent Equations

How do we solve the constituent equations?
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How do we solve the constituent equations?
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Saugata Bandyopadhyay PULLBACK EQUATION: A SURVEY



Lo sult: Darboux The

Historical notes
Global results

Solution of Constituent Equations

How do we solve the constituent equations?
Constituent equations are "well-posed” when

k =2 when nis evenand k = n.
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Local result: Darboux Theorem

Historical notes
Global results

Solution of Constituent Equations

How do we solve the constituent equations?
Constituent equations are "well-posed” when
k =2when nis evenand k = n.

Example: (Positive volume forms)
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Local result: Darboux Theorem

Historical notes
Global results

Solution of Constituent Equations

How do we solve the constituent equations?
Constituent equations are "well-posed” when
k =2when nis evenand k = n.
Example: (Positive volume forms)

dva=f-g,
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Local result: Darboux Theorem

Historical notes
Global results

Solution of Constituent Equations

How do we solve the constituent equations?
Constituent equations are "well-posed” when
k =2when nis evenand k = n.
Example: (Positive volume forms)
diva=f-g,

and
«

“S o
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Local result: Darboux Theorem

Historical notes
Global results

Case of volume forms (k=n)

Reimann [1972], Banyaga [1974], Zehnder [1977], Tartar [1978] and Dacorogna [1981].
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Local result: Darboux Theorem
Global results

Historical notes

Case of volume forms (k=n)

Reimann [1972], Banyaga [1974], Zehnder [1977], Tartar [1978] and Dacorogna [1981].

Theorem (Dacorogna-Moser (1990))

Let Q C R" be a bounded, smooth domain. Letm € NU {0} and0 < o < 1. Let
f,g € C™(Q) with f,g > 0 in Q. There exists o € Diff™"*(Q) satisfying

fin Q
Id on 092

»*(9)
[
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Local result: Darboux Theorem
Global results

Historical notes

Case of volume forms (k=n)

Reimann [1972], Banyaga [1974], Zehnder [1977], Tartar [1978] and Dacorogna [1981].

Theorem (Dacorogna-Moser (1990))

Let Q C R" be a bounded, smooth domain. Letm € NU {0} and0 < o < 1. Let
f,g € C™(Q) with f,g > 0 in Q. There exists o € Diff™"*(Q) satisfying

fin Q
Id on 092

»*(9)
[

/Qf:/Qg.

if and only if

Saugata Bandyopadhyay PULLBACK EQUATION: A SURVEY



Local result: Darboux Theorem
Global results

Historical notes

Case of volume forms (k=n)

Reimann [1972], Banyaga [1974], Zehnder [1977], Tartar [1978] and Dacorogna [1981].

Theorem (Dacorogna-Moser (1990))

Let Q C R" be a bounded, smooth domain. Letm € NU {0} and0 < o < 1. Let
f,g € C™(Q) with f,g > 0 in Q. There exists o € Diff™"*(Q) satisfying

fin Q
Id on 092

»*(9)
[

/Qf:/Qg.

Technique: Moser’s flow method combined with a fixed point method.

if and only if
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result: Darboux Theorem

Historical notes .
Global results

Case of volume forms (k=n)

® Ye[1994] (on W™P(Q), for co > p > max {1, Z1),
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Local result: Darboux Theorem

Historical notes
Global results

Case of volume forms (k=n)

® Ye[1994] (on W™P(Q), for co > p > max {1, Z1),
@ Riviere-Ye [1996] (on C(Q), BMO(Q) , L=(Q)).
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Local result: Darboux Theorem

Historical notes
Global results

Case of volume forms (k=n)

® Ye[1994] (on W™P(Q), for co > p > max {1, Z1),

o Riviere-Ye [1996] (on C(Q), BMO(S) , L>(Q)).
o When f € C(Q), we have u, u™" € My, CV*(Q).
°
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Local result: Darboux Theorem

Historical notes
Global results

Case of volume forms (k=n)

® Ye[1994] (on W™P(Q), for co > p > max {1, Z1),

o Riviere-Ye [1996] (on C(Q), BMO(Q) , L= ()).
o When f € C(Q), we have u, u™" € My, CV(Q).
o When f € BMO(R), we have u, u~' € C*#(Q), where
inff \ %
0< B < (7> s
7 <o T oo

for some constant ¢y, ¢, > 0 independent of f.
]
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Local result: Darboux Theorem

Historical notes
Global results

Case of volume forms (k=n)

® Ye[1994] (on W™P(Q), for co > p > max {1, Z1),

o Riviére-Ye [1996] (on C(%2), BMO(Q) , L (Q)).
o When f € C(Q), we have u, u™" € My, CV(Q).
o When f € BMO(R), we have u, u~' € C*#(Q), where

inff C2
0< B <c (7> ,
"\ 1+ [ fllamo

for some constant ¢, ¢, > 0 independent og‘.
e When f € L°(Q), we have u, u~' € C%7(Q), where
1 [+
0 min (inff, — ) ,
s < sup f)

for some constant ¢ > 0 independent of f.
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ult: Darboux Tk

Loz
Historical nott
storicat notes Global results

Case of volume forms (k

Weak formulation:
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Local result: Darboux Theorem

Historical notes
Global results

Case of volume forms (k=n)

Weak formulation:

For f > 0, find u such that, for all E C Q open, we have
LM(u(E)) = / f(x)dx
E

and
u =1d on 922.
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Our Work

We have considered are the following
o
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Our Work

We have considered are the following

@ Non-degenerate case: boundary value problem and the question of regularity for
the closed non-degenerate two-forms in even dimensions.
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Our Work

We have considered are the following

@ Non-degenerate case: boundary value problem and the question of regularity for
the closed non-degenerate two-forms in even dimensions.

@ Degenerate case: k =2whennisodd, k=n—1or3<k<n-2.
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Non-degenerate case: Global result

Theorem (Bandyopa -Dacorogna 1)
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Non-degenerate case: Global result

Theorem (Bandyopadhyay-Dacorogna I)

Letn>2beeven,r>3,0<a<1andletQ C R" be a bounded and smooth
domain.
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Non-degenerate case: Global result

Theorem (Bandyopadhyay-Dacorogna I)

Letn>2beeven,r>3,0<a<1andletQ C R" be a bounded and smooth
domain. Let f,g € C"»(Q; A2) N C"+2:%(09; A?) be two closed non-degenerate forms.
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Non-degenerate case: Global result

Theorem (Bandyopadhyay-Dacorogna I)

Letn>2beeven,r>3,0<a<1andletQ C R" be a bounded and smooth
domain. Let f,g € C"»(Q; A2) N C"+2:%(09; A?) be two closed non-degenerate forms.
Then, there exists o € Diff 1% (Q) satisfying

©*(g) = finQ
o = IdondQ
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Non-degenerate case: Global result

Theorem (Bandyopadhyay-Dacorogna I)

Letn>2beeven,r>3,0<a<1andletQ C R" be a bounded and smooth
domain. Let f,g € C"»(Q; A2) N C"+2:%(09; A?) be two closed non-degenerate forms.
Then, there exists o € Diff 1% (Q) satisfying

¢*(g) = finQ
o = IdondQ

if and only if
°
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Non-degenerate case: Global result

Theorem (Bandyopadhyay-Dacorogna I)

Letn>2beeven,r>3,0<a<1andletQ C R" be a bounded and smooth
domain. Let f,g € C"»(Q; A2) N C"+2:%(09; A?) be two closed non-degenerate forms.
Then, there exists o € Diff 1% (Q) satisfying

©*(g) = finQ
o = IdondQ
if and only if
o [ fAxh= [ygAxp, forally € HE(Q).
o
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Non-degenerate case: Global result

Theorem (Bandyopadhyay-Dacorogna I)

Letn>2beeven,r>3,0<a<1andletQ C R" be a bounded and smooth
domain. Let f,g € C"»(Q; A2) N C"+2:%(09; A?) be two closed non-degenerate forms.
Then, there exists o € Diff 1% (Q) satisfying

{ ©*(9)

P

fin Q
Id on 992

if and only if
o [ fAxh= [ygAxp, forally € HE(Q).
e fAv=gAwvondoQ and
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Non-degenerate case: Global result

Theorem (Bandyopadhyay-Dacorogna I)

Letn>2beeven,r>3,0<a<1andletQ C R" be a bounded and smooth
domain. Let f,g € C"»(Q; A2) N C"+2:%(09; A?) be two closed non-degenerate forms.
Then, there exists o € Diff 1% (Q) satisfying

{ ©*(9)

P

fin Q
Id on 992

if and only if
o [ fAxh= [ygAxp, forally € HE(Q).
e fAv=gAwvondoQ and
°f2.g2>0inq.
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Non-degenerate case: Local result

Theorem (Bandyopadhyay-Dacorogna II: Darboux theorem with optimal regularity)
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Non-degenerate case: Local result

Theorem (Bandyopadhyay-Dacorogna II: Darboux theorem with optimal regularity)
Letn=2m>2,r e NU{0} and0 < a < 1. Let 2 C R" be open and letp € Q.
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Non-degenerate case: Local result

Theorem (Bandyopadhyay-Dacorogna II: Darboux theorem with optimal regularity)

Letn=2m>2,rc NU{0} and0 < a < 1. Let 2 C R" be open and letp € Q. Let
f € CH(Q; N\?) be a closed two-form satisfying

rank f (p) = n.
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Non-degenerate case: Local result

Theorem (Bandyopadhyay-Dacorogna II: Darboux theorem with optimal regularity)

Letn=2m>2,rc NU{0} and0 < a < 1. Let 2 C R" be open and letp € Q. Let
f € CH(Q; N\?) be a closed two-form satisfying

rank f (p) = n.

Then, there exist a neighbourhood V of p and o € Diff+'-¢(V; R") such that

¢* (wm) =finV and ¢ (p) = p.
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Degenerate Case

@ No improvement in regularity of solutions in general.
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Degenerate Case

@ No improvement in regularity of solutions in general.
@ Almost all the available results are local in nature.
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Rank of an exterior form
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Rank of an exterior form

Definition (Rank of an exterior k-form)

Letne N, let 1 < k < nand letw € AK(R"). Then,
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Rank of an exterior form

Definition (Rank of an exterior k-form)

Letne N, let 1 < k < nand letw € AK(R"). Then,

rank w := dim {a € A'(R") : there exists b € AK—1(R") satisfying vpw = a}.
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Rank of an exterior form

Definition (Rank of an exterior k-form)

Letne N, let 1 < k < nand letw € AK(R"). Then,

rank w := dim {a € A'(R") : there exists b € AK—1(R") satisfying vpw = a}.

Theorem (Basic properties of rank of an exterior k-form)

Letn e N, let1 < k < nand letw € AK(R"){0}. Then,
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Non-degenerate case
Degenerate case
Our Work Idea of the proof

Rank of an exterior form

Definition (Rank of an exterior k-form)

Letne N, let 1 < k < nand letw € AK(R"). Then,

rank w := dim {a € A'(R") : there exists b € AK—1(R") satisfying vpw = a}.

Theorem (Basic properties of rank of an exterior k-form)

Letn e N, let1 < k < nand letw € AK(R"){0}. Then,

@ rank T*w = rankw, for all T € GLn(R). In orther words, the notion of rank is
natural.
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Non-deg
Degenerate case
Our Work Idea of the proof

Rank of an exterior form

Definition (Rank of an exterior k-form)

Letne N, let 1 < k < nand letw € AK(R"). Then,

rank w := dim {a € A'(R") : there exists b € AK—1(R") satisfying vpw = a}.

Theorem (Basic properties of rank of an exterior k-form)

Letn e N, let1 < k < nand letw € AK(R"){0}. Then,

@ rank T*w = rankw, for all T € GLn(R). In orther words, the notion of rank is
natural.

@ Whenk =1, rankw = 1.
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Non-deg
Degenerate case
Our Work Idea of the proof

Rank of an exterior form

Definition (Rank of an exterior k-form)

Letne N, let 1 < k < nand letw € AK(R"). Then,

rank w := dim {a € A'(R") : there exists b € AK—1(R") satisfying vpw = a}.

Theorem (Basic properties of rank of an exterior k-form)

Letn e N, let1 < k < nand letw € AK(R"){0}. Then,

@ rank T*w = rankw, for all T € GLn(R). In orther words, the notion of rank is
natural.

@ Whenk =1, rankw = 1.

@ rankw € {k,k+2,...,n}, when k > 3. In particular, when k = n — 1,
rankw = n— 1 and when k = n, rankw = n.
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Degenerate Darboux Theorem: Holder regularity

Theorem (Bandyopadhyay-Dacorogna-Kneuss)
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Degenerate Darboux Theorem: Holder regularity

Theorem (Bandyopadhyay-Dacorogna-Kneuss)

Letn>3,r,l e NU{0} and0 < a < 1. Let Q C R" be open, let p € Q and let w; be
the standard symplectic form of rank 2/ < n, namely

I
wy = ax® 1 Adx?
i—
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Degenerate Darboux Theorem: Holder regularity

Theorem (Bandyopadhyay-Dacorogna-Kneuss)

Letn>3,r,l e NU{0} and0 < a < 1. Let Q C R" be open, let p € Q and let w; be
the standard symplectic form of rank 2/ < n, namely

I
wy =Y ax®¥ " Adx?
i=1
Let f € C"*(Q; N\?) be a closed two-form satisfying

rank f = 2/, in a neighbourhood of p .
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Degenerate Darboux Theorem: Holder regularity

Theorem (Bandyopadhyay-Dacorogna-Kneuss)

Letn>3,r,l e NU{0} and0 < a < 1. Let Q C R" be open, let p € Q and let w; be
the standard symplectic form of rank 2/ < n, namely

I
wy =Y ax®¥ " Adx?
i=1
Let f € C"*(Q; N\?) be a closed two-form satisfying
rank f = 2/, in a neighbourhood of p .

Then there exist a neighbourhood V of p and € Diff”“(V; R") such that
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Degenerate Darboux Theorem: Holder regularity

Theorem (Bandyopadhyay-Dacorogna-Kneuss)

Letn>3,r,l e NU{0} and0 < a < 1. Let Q C R" be open, let p € Q and let w; be
the standard symplectic form of rank 2/ < n, namely

I
wy =Y ax®¥ " Adx?
i=1
Let f € C"*(Q; N\?) be a closed two-form satisfying
rank f = 2/, in a neighbourhood of p .

Then there exist a neighbourhood V of p and € Diff”“(V; R") such that

¢*(w)="FfinV and ¢(p)=p.
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Degenerate Darboux Theorem for k-forms

Theorem (Bandyopadhyay-Dacorogna-Kneuss)
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Degenerate Darboux Theorem for k-forms

Theorem (Bandyopadhyay-Dacorogna-Kneuss)
Let2< k<n,reNandlet0 < a<1. LetQ C R" be open and let p € Q.
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Degenerate Darboux Theorem for k-forms

Theorem (Bandyopadhyay-Dacorogna-Kneuss)

Let2< k<nreNandlet0 < a<1.LetQ2 CR" beopenandletp c Q. Let
f,g € C*(Q; AX) be closed k-forms satisfying

rank f = rank g = k, in a neighbourhood of p .
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Degenerate Darboux Theorem for k-forms

Theorem (Bandyopadhyay-Dacorogna-Kneuss)

Let2< k<nreNandlet0 < a<1.LetQ2 CR" beopenandletp c Q. Let
f,g € C*(Q; AX) be closed k-forms satisfying

rank f = rank g = k, in a neighbourhood of p .

Then there exist a neighbourhood V of p and o € Diff>(V; R") such that

o (g)=f,inV and ¢(p)=p.
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Local structure of zero divergence maps

Theorem (Bandyopadhyay-Dacorogna-Kneuss)
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Local structure of zero divergence maps

Theorem (Bandyopadhyay-Dacorogna-Kneuss)

Letr e Nandlet0 < o < 1. Let Q C R" be open, let p € Q and let f be a C"*(Q2; R")
satisfy
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Our Work Idea of the proof

Local structure of zero divergence maps

Theorem (Bandyopadhyay-Dacorogna-Kneuss)
Letr e Nandlet0 < o < 1. Let Q C R" be open, let p € Q and let f be a C"*(Q2; R")
satisfy

f(p) #0 and divf= 0 ina neighbourhood of p.
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Local structure of zero divergence maps

Theorem (Bandyopadhyay-Dacorogna-Kneuss)

Letr e Nandlet0 < o < 1. Let Q C R" be open, let p € Q and let f be a C"*(Q2; R")
satisfy

f(p) #0 and divf= 0 ina neighbourhood of p.
Then there exist a neighbourhood V of p and ¢ € Diff”*(V; R") such that,

f:*(Vap1/\~~-/\Vga”’1), inV and ¢(p)=p.
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Proof in a nutshell
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Proof in a nutshell

Look for solutions
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Our Work Idea of the proof

Proof in a nutshell

Look for solutions
o(x) = x4+ u(x), i.e. p =Id+ u.
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Our Work Idea of the proof

Proof in a nutshell

Look for solutions
o(x) = x4+ u(x), i.e. p =Id+ u.

The problem is
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Our Work Idea of the proof

Proof in a nutshell

Look for solutions
o(x) = x4+ u(x), i.e. p =Id+ u.

The problem is
(1d + u)*(g) = f.
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Our Work

Proof in a nutshell

Look for solutions
o(x) = x4+ u(x), i.e. p =Id+ u.

The problem is
(1d + u)*(g) = f.

Linearize around the Identity to obtain
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Our Work

Proof in a nutshell

Look for solutions
o(x) = x4+ u(x), i.e. p =Id+ u.

The problem is
(1d + u)*(g) = f.

Linearize around the Identity to obtain

(L) d(wg) =f—-g+ Q(u),
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Our Work

Proof in a nutshell

Look for solutions
o(x) = x4+ u(x), i.e. p =Id+ u.

The problem is
(1d + u)*(g) = f.

Linearize around the Identity to obtain
(L) d(ewg)=f—g+ Qu),

where Q is quadratic and higher.
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Proof in a nutshell

Look for solutions
o(x) = x4+ u(x), i.e. p =Id+ u.

The problem is
(1d + u)*(g) = f.

Linearize around the Identity to obtain
(L) d(ewg)=f—g+ Qu),

where Q is quadratic and higher. Choosing ||f — g|| small, in a suitable lower order
hélder norm, we solve (L) by fixed point method.
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Proof in a nutshell

Look for solutions
o(x) = x4+ u(x), i.e. p =Id+ u.

The problem is
(1d + u)*(g) = f.

Linearize around the Identity to obtain
(L) d(ewg)=f—g+ Qu),

where Q is quadratic and higher. Choosing ||f — g|| small, in a suitable lower order
hélder norm, we solve (L) by fixed point method.
Finally,
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Our Work Idea of the proof

Proof in a nutshell

Look for solutions
o(x) = x4+ u(x), i.e. p =Id+ u.

The problem is
(1d + u)*(g) = f.

Linearize around the Identity to obtain
(L) d(ewg)=f—g+ Qu),

where Q is quadratic and higher. Choosing ||f — g|| small, in a suitable lower order
hélder norm, we solve (L) by fixed point method.
Finally,

iterate the process to remove ||f — g|| small.
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Our Work

Schematic presentation of the proof

Schematically, the proof can be presented in the following way
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Our Work

Schematic presentation of the proof

Schematically, the proof can be presented in the following way

g° ®° fe

solution obtained by Moser’s flow method

solution obtained by l N el solution obtained by
fixed point method m fixed point method

g (final solution obtained by composition) f
P = (,ne)—1 o ‘PE Io) ,l/,e
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Fixed-point argument
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Fixed-point argument

Letn > 2 be even and Q2 C R" be a bounded and smooth domain. Letr € NU {0} and
O<a<<p<.
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Fixed-point argument

Theorem

Letn > 2 be even and Q2 C R" be a bounded and smooth domain. Letr € NU {0} and
0 < a < B < 1. Then, there exists v = ~(r, o, 3,2) > 0 such that for every
g € C22(Q; A%) and f € C"(Q; N?) satisfying the following hypotheses
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Fixed-point argument

Theorem

Letn > 2 be even and Q2 C R" be a bounded and smooth domain. Letr € NU {0} and
0 < a < B < 1. Then, there exists v = ~(r, o, 3,2) > 0 such that for every
g € C22(Q; A%) and f € C"(Q; N?) satisfying the following hypotheses

rank[g] =n, df =dg=0inQ, f Av =g Av ondQ,
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Fixed-point argument

Theorem

Letn > 2 be even and Q2 C R" be a bounded and smooth domain. Letr € NU {0} and
0 < a < B < 1. Then, there exists v = ~(r, o, 3,2) > 0 such that for every
g € C22(Q; A%) and f € C"(Q; N?) satisfying the following hypotheses

rank[g] =n, df =dg=0inQ, f Av =g Av ondQ,

/Q(f;z/;)dx:/ﬂ(g;@dx, Vi € H2 (ﬁ)
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Fixed-point argument

Theorem

Letn > 2 be even and Q2 C R" be a bounded and smooth domain. Letr € NU {0} and
0 < a < B < 1. Then, there exists v = ~(r, o, 3,2) > 0 such that for every
g € C22(Q; A%) and f € C"(Q; N?) satisfying the following hypotheses

rank[g] =n, df =dg=0inQ, f Av =g Av ondQ,

/Q(f;z/;)dx:/ﬂ(g;@dx, Vi € H2 (ﬁ)

and
i

1@) N0 @) Max { gl rsz.a @ 1@~ Nlgrt.ay 1 }

If — g”co,/i(ﬁ) <
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Fixed-point argument

Theorem

Letn > 2 be even and Q2 C R" be a bounded and smooth domain. Letr € NU {0} and
0 < a < B < 1. Then, there exists v = ~(r, o, 3,2) > 0 such that for every
g € C22(Q; A%) and f € C"(Q; N?) satisfying the following hypotheses

rank[g] =n, df =dg=0inQ, f Av =g Av ondQ,

/Q(f;z/;)dx:/ﬂ(g;@dx, Vi € H2 (ﬁ)

and
i
1@) N0 @) Max { gl rsz.a @ 1@~ Nlgrt.ay 1 }

If — g”co,/i(ﬁ) <

there exists o € Diff+1-%(Q) such that

{ ©* (gsé)7

f inQ,
Id onoQ.
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erate case
De se

Our Work Idea of the proof

Thank You.

ndyopadhyay
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