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We will mainly be concerned by the following problem :

( def

up — Apu = =5 + f(t,z) in Qr = (0,T] x ©
u=0on=1[0,T] x 002, u>0in Qr
u(0,z) = ug(x) in

i) Q) is an open bounded domain in RY with smooth boundary,

i) 1<p<oo,0<9,T >0,
iii) f e L®(Qr).
We assume in addition that uy € L>®(Q) N W, (Q).




Such problems arise in different models:

1) non Newtonian flows,

2) chemical heterogeneous catalyst kinetics.
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Questions relative to Problem (P;):

. Existence of solutions (strong solutions? mild solutions? weak

solutions?) — regularity,
. Uniqueness of solutions.

Difficulties : Equation in (P;) involves a nonlinear degenerate

operator and a singular term —
def

Let A(u) = —Apu— -5, X = LI(Q), 1 < ¢ < o0.

def

D(A) = {ue WyP(Q)| A(u) € X}?

Then, Semi-group Theory for nonlinear operators (V. BARBU,
Non-Linear Differential Equations of Monotone Type On Banach
Space, Springer Monographs in Mathematics) can not directly
applied.




Netherveless, we use a similar method to get existence of weak
solutions to (P;): semi-discretization in time method. Precisely,

— construction of a discrete approximated solution by an iterative
scheme via the study of a quasilinear elliptic and singular equation
posed in {2,

— Energy estimates and the weak comparison principle to pass to
the limit and get one solution to (P;).

Definition.

V(Qr) < {u: ue L®Qr), u € L2(Qr), |Vu| € L®(0,T; LP(Q))}




We look for weak solutions to (F;), that is for functions u € V(Qr)
satisfying

1. for any compact K C Qr, eSSKinf u > 0,

2. for every test function ¢ € V(Qr),

[ 0% = 19up29uT0 (5 + S| dz =0, 2 = (t.0)

ud

3. for every ¢(z) € Wy P (Q)

/gzqﬁ(fﬂ)U(:v,t)e /Q o(x)uo(x) as t — OF.




We need to control the singular term % Let the cone C be the set
of functions v € L*°(§2) such that d¢1,co > 0 with

Qd(l‘) if 0 < 1,
crd(w)logy (75) < v < cad(x)logr (g5) if 6 =1,

crd(z) 7T < v < cod(x)TP T if § > 1,

\

where d(z) & dist(z, 59).
Remark. v € C = & € W17 (Q) if and only if § < 2 + p—il (by

v

Hardy Inequality)!




One of the main result is the following theorem :
Theorem 1.[M. Badra-K. Bal-G] Let 1 < p < 400, p/ det 2%,

0<d<2+ p—il, f e L>*®@Qr) and ug € Wol’p(ﬂ) N C. Then, there
exists a unique weak solution u € V(Qr) to (P;) such that

(i) for any t € [0,T], u(t) € C (uniformly),

(ii) L € L0, T; WP (Q)), 24 € L>=(0,T; W12 (Q)).

(iif) uw € Cyp(0,T; Wy () and lim u(t) = ug in W, P(Q).

t—0T

Remark. u € V(Qr) = u e C([0,T]; L1(2)) for any 1 < g < oc.
we C([0, T); Wi (@))?




We recall that (by the Minty-Browder Theorem, or by variational
methods) for any g € W17 (Q), there exists a unique v € Wy *(Q)
satisfying

—Ap,u = g in ()
u|8Q = 0.

Similarly, we can prove
Theorem 2. Let g € L*(Q), A>0and 0 < <2+

there exists a unique u) in WP (Q) N C such that
el b 0

. Then

1
p—1

w—MAyu+ ) =gin Q
(P)\) ( p u5)

u‘ag = 0.




Theorem 3. Let g € L>°(Q2), A >0 and § > 2+ . Then there

exists uy in W,2P(Q) N C such that
loc

1
p—1

u—MApu+ 5)=gin Q

u|ag = 0.

is satisfied in the sense of distributions. uy &€ I/VO1 P(Q).

Remarks.

1. The restriction 0 < 2 + zﬁ is sharp.

2. If 0 < 1, the solution v in Theorem 2 is the unique global
minimizer of the strict convex energy functional E defined by

of 1 1 1 _
E(u) e Y A= | VulP = — ()10 — | gu.
2 Ja pJa 1-9Jg Q

3. If0<d<1and 0<ge L>®(Q) then u € CH*(Q) (from
|[G,SCHINDLER, TAKAC] Annali Sc. Sup. Pisa 2007).




Idea of the proof: sub and supersolution method, monotonicity
of —Apu — % ;

. if 0 < 6 < 1 : variational method and convexity arguments,

existence of a supersolution;

L1 <o< 2+ p—il: approximated problem, existence of a

subsolution and a supersolution;

ifo>2+ Zﬁ: . T €2, monotone iterative scheme in domains
Q.

Remark. If 6 < 1, the solution to (Py) (A > 0) is unique and
belongs to C.




Main tools used in the proof of Theorem 1: Let N > 2,

Ay = %, tn, = nA for n € [0, -+, N]. From Theorem 2 (with A = Ay,
g=f"+u"1A; € L>®(Q)), we define by iteration

u” € VVO1 P(Q) N C with the following scheme:

un_un—l

. . def ni, .
) A— — Apu —sz = + | f(s,-)dsin €

u" oo =0

and u’ = ug € Wol’p(Q) NC. From ug € C, we can show the
existence of u, u € C independent of A; such that

u<u" <u, Vvn €10, N]

(by the weak comparison principle).




(TL — 1)At,nﬁt), Vn e [1, . -,N], let

[ def

n

ua, (t) = u",

’fLAt (t) déf (t—(nA—tl)At) (un _ un—l) 4 un—l’
def

fa,(t) = f".

we have

1 5 = fa, € L7(Qr). (1)

t

in the sense of distributions. We pass to the limit A; — 0T via

energy estimates.




Multiplying (P,) by u” and summing from n =1 to V:

= u" — un—l n " n o o.n a n\1—4o
At[z . A u —Z<Apu .U >—Z Q(u) | =
n=1 n=1 n=1

A3y Jo frum

Then, for € > 0 small, by Young Inequality, Sobolev imbedding and

Jensen inequality :

N N

S [ = (A= D [ gy~ A Y [ )

<C|fl&x"

N
<A @I

n=1

(@)




From above estimates together with

Ati/(u”)1‘5< T [u'™® < +o0 if5<1
— Ja | T [, ut? < 400 if1<5<2+p%1.

we get that ua,, ua, € C uniformly and are bounded in
LP(0,T; Wy P(Q)) N L®(0,T; L?*(Q)) independently of A,.

u”—u"

A and

We use a second energy estimate. Multiplying (P;) by

summing from n =1 to N,




From above and convexity arguments, we get the following

estimate:

N
#Z/ /WuNVO /Wuolp
Lcs [/ (u0)* fQ )10 < ‘Q‘THfHLoo(QT)-

Together with [, (u™)'™° < max{ [,(@)'7°, [,(u)!~°}, it follows

that 2 At is bounded in L?(Qr), ua,, @a, are bounded in
L=°(0, T, Wy P(Q)) uniformly in A;. In addition, 3C > 0
independent of Ay,

lua, = aa,llLe=(0,1; 12(0) < Lonax lu™ — w2 () < O(A)2,




Taking N — oo (= A; — 07) and up to a subsequence, we get that

* *

Un, — U, ua, —v in L*=(0,T; Wol’p(ﬂ)) and L*(Qr),

di .
ae- = 5 i L*(Qn),

from (2), u = v.
By compactness imbedding, and interpolation inequality as
At — O+
ua,,ua, — u in L(0,7T; L1(Q)), V1< g < 0.

and by Lebesgue Theorem

1 1
5 o

in L0, T; W11 (Q)).

UAt

Using (P,), ua, — w in LP(0,T; W, (Q)) and u satisfies equation

(P;) weakly. lifnzljp Hu(t)HWOl,p(Q) < Hu()HWOl,p(Q). Then, u is a
weak solution to (Py).




Remarks:

1. f(t,z) = f(z,u) : f:Qx IRT — IR" Caratheodory function

such that f(z,0) =0, f(z,-) is locally Lipschitz uniformly in
f(z, s)

= 0 (uniformly in z € Q) : Theorem 1

. def
. The nonlinear operator Au = —A,u — —

L>(€2),

=5 1S m-accretive in

D(A) = {u € L=(Q) N WEP(Q)|Au + % c L)},

Then from the theory of semi-group in convex sets (see
IBARBU| ”Nonlinear Differential equations of monotone type on

Banach space, Springer Monographs in Mathematics”, we get
that if ug € D(A) then u € C([0,T], L>(2)).




Concerning the case p = 2, using maximal regularity results for the
heat equation, we get additional properties:

Theorem 4 [M. Badra, K. Bal, G.] V0 < n small enough,
. If 6 < £ and up € CN H*(Q) then u € C(0,T; H*~"(Q)),

Iz <d<landug€eC N H29t271(Q), then
u € C([0,T]; H*+2771(Q)).

CIf1< 6§ and ug € CN H2 155 77(1), then

we C([0,T), HzT571-7(Q)).

Idea of the proof: Interpolation Sobolev spaces Theory 4+ Hardy
Sobolev Inequalities+ LP — L9 maximal regularity results for the
heat equation.

Remarks.

1. We don’t require any restriction on 0 > 0.

2. For § < 3, ue C([0,T], Hj()).




—A + homogeneous Dirichlet B.C.(D(—=A) = H*(Q) N Hi (Q))
obeys:

1. D((=A)?) = H¥(Q)if 0 < 0 < 1,

2. D((—A)1) ={v € H%(Q)\d;’m e LX)} = H2(Q).

3. D((-A)Y) ={ve H*Q)lv=00n00} if 1 <6 <1,
and for 6 € [0, 1],

—A is an isomorphism from D((—A)*~?) onto [D((—A)%)]'.
Definition. Let 1 < ¢ < oo, Xo C X; (densely), a € IR, / € IR™".

W, (o, 6 Xo, X1) < {t*v € L9(0, 6 Xo)|t%v, € LU(0,6; X1)}

equipped with norm:

1
14 q
def
HUHWq(a,E;XO,Xl) — (/ (||to‘v(t)||§(0 + ta?}tng(l)dt)

0




Lemma.
Let 6 € [0,1) and g > +%5.

(i) The linear operator L defined by L(f) = z where z satisfies
zz—Az=fin (0,T] x Q, z=00ndN fort > 0, z(t = 0)

is bounded from L4(0,T; [D((—A)?)]’) onto
We(0,T; D((—=A)7), [D((=A)7)]).

(ii) The space W, (0, T; D((—A)1=9), [D((—A)?)]') is continuously
imbedded in C([0,T); D((—A)' =0~ 3)).

(In our situation, ¢ can be taken as large as necessary).




(ii) follows from the interpolation theory : We recall that for Ay,
A; two Banach spaces, we can define (by K-method, J. PEETRE)
for0<f<1,1<g<oocand g=o0:

(Ao, A1)og = {a € Ao+ Arlllallag.a,. = ( / 0K (¢, )]?)F < 0o)
0

(A0, A1)p.00 = {a € Ao + Allal(a5.41)5 o = SUP t7"K(t,a) < oo},
<t<oo

with

def

K(t,a) = _inf ([laolla, +tllailla,), ac Ao+ Ar.

a=ap+ai

Examples : Lorentz space LP4(Q2) = (LY(Q), L=(Q)) p-1 ”

LPP(Q) = LP(Q), LP>°()) = the weak LP space of Marcinkiewicz.




Properties of the interpolation space (Ap, A1)p 4 (for 0 < 6 < 1,
1 <qg<o0):
. AgN Ay C (Ao, A1)g,q C Ao+ A1, (Ao, A1)e.q = (A1, A0)1-0,4,
. if g < ¢ < o0, then
(Ao, A1)g,1 C (Ao, A1)g,q C (Ao, A1)e,g C (Ao, A1),00,

Cif Ag € Ay, thenfor 0 <0< 1,1<q< oo,
(AQ,Al)g’q C (AoaAl)é,q holds.

4. Jcg ¢ such that Va € Ag N A1, [lall(ay,41)9, < cequa||114;9||aH1941.

References : H. TRIEBEL, L. TARTAR, R. A. ADAMS




Definition (Space of traces, J. L. LIONS) [{ = o0]

T(q,a, Xo, X1) = {z € X1 : Ju € W, (e, Xo, X1), u(0)

endowed by the norm

def .

12| 7(q,0,%0,x0) = If{||ullw, (a,x0,x,) + u(0) =z}, is a Banach

space.

Some properties of T'(q, a, Xg, X1) :
1. Xy C T(q,a,Xo,Xl) C X1,
2. ue C([0,00); T(q,, Xo,X1)) for any u € W, (a, Xo, X1).

3. (Equivalence Theorem, P. GRISVARD) Let 0 < a + % < 1,
0=a+ % Then7 T(QaaaXOaXl) = (X07X1)9,q-




Using above properties, we have that for 6 € [0, 1)

(D((=A)77),[DU(=A)")])1 4 = (=A)(D(A), L*(Q)) 2

1
an q7q’

2

C (D(A), L*(Q))z, C D((-A) " 7),

(D(A), L*(9))

>.q
and by Hardy Inequalities for u € C

(D((—A)%))  with # > max(0, g — i) ifo <1

(D((—=A)%) with§ > 14 5555 if6 > 1

Theorem 4 follows.




Singular absorption case:

ug — Apu+ f(#) 2% =0 in Qr

u6

(St) .
u=0 on I, u(0,z) = ug(x) in Q

with f a nonnegative continuous function on IR™. We can prove :

1. For any ug € L=®(Q)NW, (), 0 < < 1, up(z) > a.e. in Q,

Problem (S;) admits at least one weak solution in V(Qr)
(method: Laydysenskaia type approximation +approximation

of the singular term).

. (quenching in a finite time) Under some additional conditions

2N
N+27

t >t* (t* depending on u).

on f and p > every solution to .S; satisfies u(t) = 0 for




Effect of singular absorption term:

—Apu = K(z)(—u? 4+ Au") in Q

(Px) .
ulgo =0, © >0 in Q

where K(z) ~d(z) " with0 <k <p, -1 <qg<r<p—1,A>0
large enough.
Theorem 5 |G., H. Maagli, P. Sauvy]

1. If k < 1+ q, there exists a positive solution uy € C*P(Q)
(0 < B <1),to(Py).

2. If k> 1+ q and q > 0, then there exists at least one non trivial
bounded solution and every bounded solution has a compact

support and belongs to C1:# ()




Existence of a supersolution to (Py): Let

—Ayu = K(z)u" in €
ulog =0, u >0 in Q

(P)

Proposition There exists a unique weak solution u to (P) such
that dco > ¢ > 0

CifkE <147, ad(x) <u < cad(x);

Cifk=14r, c1d(x) In(

Existence of a positive subsolution to Py (if k < 1+ 1r):

p—k
T2 5 g L.




