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The Theorem of Gidas, Ni and Nirenberg (1979)

Let us consider a solution u € C?(Q2) N C(Q) of the problem

— Au = f(u) in Q,
u>0 in Q,
u=0 on 909.

where Q c R" is a bounded domain which is convex with respect to
X1, .., Xy and is symmetric with respect to the planes xy = 0,..,xy =0
and f is a locally Lipschitz function.

Then the solution u verifies
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Corollary

A consequence of the previous theorem is that 0 is the unique critical
point of u.
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Let xo € Q be the point where u achieves its maximum, where Q is
not necessarily symmetric.
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Conjecture
Let u be a solution of

—Au=uP in Q,
u>0 in Q,
u=0 on 092.

with1 < p < N+2 Then, if Q is (strictly) convex, the monotonicity
property holds.
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Applications

The previous result applies to the minimal solutions to f(s) = Ae®,
A>0,and f(s) = A(1+s)’, A >0and p > 1.
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Here we recall some results of this type. Let us start with the case of
one-peak solution.

Grossi and Molle (2003)

Let Q be a bounded, convex domain of RV, N > 3. Let us suppose
that v, is a positive solution of

Ay =uynze in Q,
u=0 on 09,
which satisfies (S is the best constant in Sobolev embedding)
Jo VU2

(f I |%_6)$&212>
Q €

Then, denoting by x. the point where the maximum of v, is achieved,
we have that (x — x.) - Vu(x) <0 forany x € Q\ {x.}, provided e is
small enough.

— S

V.
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Theorem

For any Q C R?, there exists a solution uy, with one peak, i.e.

ux(x) — G(x,x) as X —0.

A




A problem in the plane: the case of k peaks.

According to the shape of the domain, we can have solution with
more peaks

Theorem, Esposito, Grossi e Pistoia (2005)

Under some suitable assumptions on Q c R?, there exist solution
with k peaks, for any k > 2.
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Theorem, Ma and Wei (2001)

Let us consider a solution uy with k peaks of

—Au=XeY iInQCR?
u=2~0 on 09.

Recall that G(x, y) = —5- log |x — y| — H(x,y) and R(x) = H(x, X).
If we have that
)\/e”A — 8km as A\ — 0,
Q

then
k

VR(P)— > VxG(P,P)=0
J=14#

U
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—Au=Xe' InQCR?
u=2~0 on 092.

Then, we have that

)\/euk—>167r per A — 0,
Q

IVR(Py) = VxG(P1, P2)
IVR(P2) = VxG(P2, Py).




The main result

Theorem, Grossi and Takahashi (2010)

Let Q be convex and uy be a solution of

—Au=Xe' iInQCR?
(Px)
u=20 on 09,

with ||ux|| — 400 as A — 0. Then we have that,
)\/ e» —8r per\—0.
Q

Hence, for A small enough, all the solutions have just one peak.
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The key lemma

Lemma

Let G(x, y) be the Green function of —A with zero Dirichlet boundary
condition. Then, the following identity holds,

[ -0 (P92) (%)

= (2—=N)G(Py, P2)+(Q— Py) - VxG(Py, P2)+(Q— P2) - VxG(P2, Py)
where Q € R? and v(x) is the unit outer normal to x € 9Q.
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. 0GP, 0G(x,Py)
—(P,- Q) vXG(Pz,P1)+/mT(x Q)1 20 P
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Sketch of the proof

Let Q be convex and u, be a solution of

—Au=XeY iInQCR?
(P»)
u=20 on 09,

with ||ux|| — +occas A — 0.
Then there is no k-peak solution with kK > 2.

v

Sketch of the proof

@ Step1: boundedness of A [ e

@ Step2: nonexistence of k-peak solution with k > 2 via the
integral identity.

\




The case of the critical Sobolev exponent

Let Q be convex and u, be a solution of

—Au=u"E"  inQcCRV,
(Pe) u>0 in Q,
u=0 on 09,

Then, for e > 0 small enough, all solutions have just one peak.
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The proof is very similar: we point out the main differences

@ Bounds on energy. In this case the Pohozaev identity seems
difficult to use. However, Y.Y. Li (1995) proved that all solutions to
(P.) satisfy the a-priori estimate [, |[Vu.[* < C.

@ Location of the peaks. It is (almost) the same of the two
dimensional problem, (Bahri,Li e Rey (1995)).

@ Convexity of the Robin function. In dimensions N > 3 the

convexity of the Robin function was proved by Cardaliaguet and
Tahraoui (2002).
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