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The Theorem of Gidas, Ni and Nirenberg (1979)

Let us consider a solution u ∈ C2(Ω) ∩ C(Ω) of the problem
−∆u = f (u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

where Ω ⊂ IRN is a bounded domain which is convex with respect to
x1, .., xN and is symmetric with respect to the planes x1 = 0, .., xN = 0
and f is a locally Lipschitz function.
Then the solution u verifies

Symmetry: u(xi ) = u(−xi ) for any i = 1, ..,N.
Monotonicity: ∂u

∂xi
> 0 se xi < 0 e ∂u

∂xi
< 0 if xi > 0 for any

i = 1, ..,N.

Corollary

A consequence of the previous theorem is that 0 is the unique critical
point of u.
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What does it happen if Ω is not symmetric?

Let x0 ∈ Ω be the point where u achieves its maximum, where Ω is
not necessarily symmetric.

Then, the generalization of the
monotonicity property is given by

"Monotonicity"

Let x = (x1, x2, .., xN) ∈ Ω. The we say that u satisfies the
monotonicity property

N∑
i=1

∂u
∂xi

(x)(xi − x0,i ) < 0 for any x ∈ Ω \ {x0}.

This implies that u is strictly decreasing on the straight lines starting
from x0.

x0
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Some question if Ω is not symmetric

There are some old (and difficult!) question on this subject.

Problem
Under which assumption on f and Ω does it hold the previous
property?

Conjecture

Let u be a solution of 
−∆u = up in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

with 1 < p < N+2
N−2 . Then, if Ω is (strictly) convex, the monotonicity

property holds.
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A brief history on the problem

There are few results about the monotonicity property of the solution.
Let us recall the following,

Cabré and Chanillo (1998)

Let Ω be a bounded, convex domain of IR2 where the boundary has
positive curvature. Suppose that f ∈ C∞(IR), f ≥ 0 and let u be a
semi-stabile solution of (i.e. the first eigenvalue of the linearized
operator is nonnegative)

(P)


−∆u = f (u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

Then u has a unique critical point x0 in Ω.

Applications

The previous result applies to the minimal solutions to f (s) = λes,
λ > 0, and f (s) = λ(1 + s)p, λ > 0 and p > 1.
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Other results

Here we recall some results of this type. Let us start with the case of
one-peak solution.

Grossi and Molle (2003)

Let Ω be a bounded, convex domain of IRN , N ≥ 3. Let us suppose
that uε is a positive solution of{

−∆u = u
N+2
N−2−ε in Ω,

u = 0 on ∂Ω,

which satisfies (S is the best constant in Sobolev embedding)∫
Ω
|∇uε|2(∫

Ω
|uε|

2N
N−2−ε

) 2(N+2)
2N+ε(N+2)

→ S

Then, denoting by xε the point where the maximum of uε is achieved,
we have that (x − xε) · ∇uε(x) < 0 for any x ∈ Ω \ {xε}, provided ε is
small enough.
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A problem in the plane: the case of one peak

Let us consider the following "model problem",

The Gelfand problem{
−∆u = λeu in Ω ⊂ IR2,

u = 0 on ∂Ω.

Theorem

For any Ω ⊂ IR2, there exists a solution uλ with one peak, i.e.

uλ(x)→ G(x , x0) as λ→ 0.

x0
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A problem in the plane: the case of k peaks.

According to the shape of the domain, we can have solution with
more peaks

Theorem, Esposito, Grossi e Pistoia (2005)

Under some suitable assumptions on Ω ⊂ IR2, there exist solution
with k peaks, for any k ≥ 2.

x2x1



Location of the peaks

The location of the peaks of the solution has been characterized.
Let us denote by P1,λ → P1,.., Pk,λ → Pk the peaks of the solution uλ.
We have the following result,

Theorem, Ma and Wei (2001)

Let us consider a solution uλ with k peaks of{
−∆u = λeu in Ω ⊂ IR2,

u = 0 on ∂Ω.

Recall that G(x , y) = − 1
2π log |x − y | − H(x , y) and R(x) = H(x , x).

If we have that
λ

∫
Ω

euλ → 8kπ as λ→ 0,

then
1
2
∇R(Pi )−

k∑
j=1,j 6=i

∇xG(Pi ,Pj ) = 0
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Corollary (the case of 2 peaks)
Let us suppose to have a 2-peak solution to{

−∆u = λeu in Ω ⊂ IR2,

u = 0 on ∂Ω.

Then, we have that

λ

∫
Ω

euλ → 16π per λ→ 0,

{
1
2∇R(P1) = ∇xG(P1,P2)
1
2∇R(P2) = ∇xG(P2,P1).
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The main result

Theorem, Grossi and Takahashi (2010)

Let Ω be convex and uλ be a solution of

(Pλ)

{
−∆u = λeu in Ω ⊂ IR2,

u = 0 on ∂Ω,

with ||uλ|| → +∞ as λ→ 0. Then we have that,

λ

∫
Ω

euλ → 8π per λ→ 0.

Hence, for λ small enough, all the solutions have just one peak.



The key lemma

Lemma
Let G(x , y) be the Green function of −∆ with zero Dirichlet boundary
condition.

Then, the following identity holds,∫
∂Ω

(x −Q) · ν(x)

(
∂G(x ,P1)

∂νx

)(
∂G(x ,P2)

∂νx

)
dsx

= (2−N)G(P1,P2) + (Q−P1) · ∇xG(P1,P2) + (Q−P2) · ∇xG(P2,P1)

where Q ∈ IR2 and ν(x) is the unit outer normal to x ∈ ∂Ω.
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Idea of the proof

recall the result∫
∂Ω

(x −Q) · ν(x)

(
∂G(x ,P1)

∂νx

)(
∂G(x ,P2)

∂νx

)
dsx

= (2−N)G(P1,P2) + (Q−P1) · ∇xG(P1,P2) + (Q−P2) · ∇xG(P2,P1)

Recall that the Green function G(x ,P2) satisfies −∆G(x ,P2) = δP2 .
Let us introduce the function

(1) w(x) = (x −Q) · ∇xG(x ,P1),

which satisfies −∆w = (x −Q) · ∇δP1 + 2δP1 . Let us multiply the
equation by G(x ,P2) and integrate,

−
∫

Ω

∆wG(x ,P2) = −
∫

Ω

∆G(x ,P2)w +

∫
∂Ω

∂G(x ,P2)

∂νx
w

=

∫
Ω

δP2w +

∫
∂Ω

∂G(x ,P2)

∂νx
(x −Q) · ∇xG(x ,P1)

= (P2 −Q) · ∇xG(P2,P1) +

∫
∂Ω

∂G(x ,P2)

∂νx
(x −Q) · νx

∂G(x ,P1)

∂νx
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= (2−N)G(P1,P2) + (Q−P1) · ∇xG(P1,P2) + (Q−P2) · ∇xG(P2,P1)

Recall that the Green function G(x ,P2) satisfies −∆G(x ,P2) = δP2 .
Let us introduce the function

(1) w(x) = (x −Q) · ∇xG(x ,P1),

which satisfies −∆w = (x −Q) · ∇δP1 + 2δP1 . Let us multiply the
equation by G(x ,P2) and integrate,

−
∫

Ω

∆wG(x ,P2) = −
∫

Ω

∆G(x ,P2)w +

∫
∂Ω

∂G(x ,P2)

∂νx
w

=

∫
Ω

δP2w +

∫
∂Ω

∂G(x ,P2)

∂νx
(x −Q) · ∇xG(x ,P1)

= (P2 −Q) · ∇xG(P2,P1) +

∫
∂Ω

∂G(x ,P2)

∂νx
(x −Q) · νx

∂G(x ,P1)

∂νx



Proof of the main result

Sketch of the proof

Let Ω be convex and uλ be a solution of

(Pλ)

{
−∆u = λeu in Ω ⊂ IR2,

u = 0 on ∂Ω,

with ||uλ|| → +∞ as λ→ 0.
Then there is no k -peak solution with k ≥ 2.

Sketch of the proof

Step1: boundedness of λ
∫

eu

Step2: nonexistence of k -peak solution with k ≥ 2 via the
integral identity.
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The case of the critical Sobolev exponent

Theorem
Let Ω be convex and uε be a solution of

(Pε)


−∆u = u

N+2
N−2−ε in Ω ⊂ IRN ,

u > 0 in Ω,

u = 0 on ∂Ω,

Then, for ε > 0 small enough, all solutions have just one peak.



Sketch of the proof

Proof
The proof is very similar: we point out the main differences

Bounds on energy. In this case the Pohozaev identity seems
difficult to use. However, Y.Y. Li (1995) proved that all solutions to
(Pε) satisfy the a-priori estimate

∫
Ω
|∇uε|2 ≤ C.

Location of the peaks. It is (almost) the same of the two
dimensional problem, (Bahri,Li e Rey (1995)).
Convexity of the Robin function. In dimensions N ≥ 3 the
convexity of the Robin function was proved by Cardaliaguet and
Tahraoui (2002).
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Thank you

Thank you!!!!!!!!!!


