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|. Motivations

e Differential geometry (Prescribing curvature)
e Mathematical biology (Chemotaxis model)

e Physics (Statistical physics, Chern-Simons model)



1. Prescribing curvature

Let (S, go) be a compact Riemannian surface
Let Kp be the Gauss curvature relative to gy

After conformal change of the metric g := e®“gy, the
Gauss curvature K, becomes

—Agu + Ko(x)

2 = Kg(x).

Equivalent to:
—Agu = Kg(x)e*" — Ko(x)

Kazdan-Warner (1970), main paper (1975).



Set U := ‘—};' Js u, and let us write equation for U := 2(u — @)

1 _
—5AU = Kg(x)ePeY — Ko(x)

Integrate on (S, go):
i Js Ko

- fs Kgel ’

“AU= 2(/S Ko) <f:(f<:ZU - sz;)(0>

e




We are led to the PDE

U
—AU_)\< ngu— K°>, /U_O.
szge szO S

On the sphere, problem of prescribing curvature leads

K,eV 1
~AU = 8r g - >
(fsz KgeV |52




2. Minimal surface

K. Uhlenbeck, Closed Minimal surface in hyperbolic 3-manifolds
(1983).

Hyperbolic manifold: Riemannian manifold with sectional
curvature —1.

Consider a closed surface S of genus > 2, a 3-hyperbolic manifold
and an immersion S — M3,

Let (S, g) be the surface S with the induced metric, and set gp to
be a metric such that:

e g conformally equivalent to go;

e Gauss curvature of gg is —1.



Using isothermal coordinates, we have
go=¢€"id g=e"g
Furthermore, the second fundamental form is the real part of a
holomorphic quadratic differential « on (S, go).
Fix «, and consider ta(x).

The function u := v + v satisfies the Gauss equation:

—Agu—1

2 2 —
2 —1— t?|a(x)Pe .



Equivalently
—Aou=1—e?" — ?|a(x)|?e2".
Realization theorem:

Any solution of the Gauss equation, can be realized locally as the
data for some embedding in a hyperbolic 3 manifold.

Remark: The 3-hyperbolic manifold is not necessarily complete.



3. Chemotaxis model

Keller-Segel model (1970):
Macroscopic model to describe the positive chemotactic behavior
of the slime molds in its aggregation phase:

u(t,x) := density of the cellular slime mold,
v(t,x) := chemoattractant concentration.
% = V(Vu — qu), in Q,
% = Av+au—1v, in Q,
e = &=, on 99,

u(0,) = wo, v(0,:) = vy, in S



Following Jager, Luckhaus (1992), we introduce the new functions

u(t, x)

M9 Tuess
Q

V(t,x) = v(t,x) — §12|/v(t, s)ds
Q

and setting X\ := «a [, u(0, -) we get

& = v(VU-UVV), inQ,
& = AV+A(U- m|) vV, inQ,
&g = g =y, on 99,

on on
U(0,-) = Uy, V(0,) = Vo, in Q.



As in Jager, Luckhaus, we consider the case v small.
We are led to the system:

U = v(VU-UVV), inQ
G% = AV+AU-rg), inQ
?Tg = %—‘; = 0, on 09,

U(0,) = Uy, V(0,) = Vo, inQ.

What are the steady states ?



Steady states

-AV = A(fgvdx_|
Q

n = s

JaV

S
o

o

Remark: V = 0 is a trivial solution

Question: When is the solution unique ?



I1.1 Minimal surface in hyperbolic space
Gauss equation
—Au=1-e%—t*|a(x)|?e "

Uhlenbeck: Applying implicit function theorem, existence of a
branch of solution

Applying maximum principle, we deduce 0 < 1 — €?, hence
Solutions are negative.

With Z. Huang:

(1) no solution for t large.
(2) Problem admits a variational structure for which Palais-Smale
is satisfied.

(3) Functional admits a mountain pass geometry.
Hence existence of a second solution.



1.2 A meanfield equation with constant boundary data

Given Q cC R2, we consider

e 1
—Au:)\<—>, oscypo(u) = 0.
e 12 (v)

A general result: Given

g€ CHR), g>g' >0, A>0, (1)

Theorem B
Assume (1) and let u € C?(Q) N C%(Q) satisfying

—Au=g(u)— A, oscpa(u)=0.

If
/g(u) = A|Q| < 8.
Q

then u is necessarily constant.



CONSEQUENCE:

Theorem (with L. Zhang, 2005)

Consider Q cC R2. Then for A\ < 8w the constant functions are
the unique solution of

—Au=A ::XS%)’
(ffz s (2)

ue C3(Q)NC%Q), oscya(u) =0.

Particular case: In a disk Q, for A < 87 the constant functions are
the unique radial solutions of (2).



e If A < 8w and €2 simply connected, result follows from Suzuki
(1992).
Main point: NO topological assumption on the domain, and
result applies at A = 8.

e Generalized with D. Horstmann (2010) to

e®) 1

under suitable assumptions on .



Result is optimal | Beyond 87 we always have solution (M.L.
2007).

Variational formulation

J(\, ) /|vuy2 A log (/ ) /u, u e H (Q).

Main difficulty: Palais-Smale is not satified. Can be overcome:

> either using the monotonicity trick of Struwe
(general formulation given by Tintarev (1994), and jeanjean
Toland (1998))

» or using an appropriate pseudogradient flow (M.L., 2006).



[1.3 Neumann case, or manifold

Sphere:

» Onofri (1982): For A < 8w, u = 0 is the unique minimizer of
the functional

1
J(u):2/52|Vu]2—)\log</526“>, /S2u:0

» Kiessling, Chanillo (1994): For A\ < 87, u =0 is actually the
unique critical point, i.e. unique solution of

e 1
—Au=>\|+———], / u=
<f52 e ‘52|> s2?

What happens on other Riemannian surfaces ?



Flat Torus:
Consider the flat torus T2 with fundamental cell (—1,1)2.

Struwe, tarantello (1998): Existence of a range (—oo, \*) for
which v = 0 is the unique solution.
Further investigations: With C. Cabré, M. Sanchén and C.S. Lin.

Theorem (with C.S. Lin)
For A < 8w, u= 0 is the unique solution to

e 1
“Au=A|———— |, / u=
<f52 e |52’> 52

Main ingredient: An inequality involving the isoperimetric function
of the torus.



I1.4 Solutions invariant under a group of isometry
(with D. Horstmann)

B disc of R? and G group of isometry of B,
NP (SR B L B
fze* |B| on

In a disc, can we find non-trivial solutions which are invariant
under a group of isometries G 7



EXAMPLES:
> the group SO(2);
> (Rp), the group generated by a rotation Ry of angle 0;
» Dihedral group



Define
He :={VeH (B): V=VogvgeG},

ﬁG:Z{VGHG:/vzo}.
B

If G =S0(2) we laready know the result (by section 1.2).

Theorem
Let G = (R2x), and assume there exists a non-constant solution

V € HS. Then
oA 8 ifn=2,
> Ny =
8mr ifn>3.



Theorem
Let G = (R2x). Then V =0 is the unique solution to

e 1 o
—Au:)\(—>, weh S,
Jpe" B

whenever
& ifn=2,
A< A, =
8r ifn>3.

Result is optimal for n > 3, since there are radial solutions for
A > 8.



11.5 Optimal inequalities

In dimension N > 3, best constants in the critical Sobolev
embedding is known (Lieb, Talenti).

Optimal inequality in dimension two for moser-trudinger functional

Consider the functional:

o e ves (1 [) - |
= [ [Vul"=AXlog | = [ €], u=0.
2 s‘ | 15| Js s

On Riemannian surface: Functional is bounded from below (and
minimizer achieved) whenever X\ < 8.

On a bounded domain: Bounded from below A < Aq.



Sphere

12| Js2 ™~ T

Flat torus R?/7Z?

1

iEl Ivul
T2| )12

e < etor
and equality holds iff u = 0.

Disk
Let G = (Rox/n) (n > 3). Then

1/ eV < e IVulB vy ef S,
|B| Jg

and equality holds iff u = 0.



I11.1 Isoperimetric profile

Definition
Let M be a two dimensional manifold without boundary. Consider
the class O of open subsets w C M satisfying

dw N M° is a 1 — submanifold of class C?.

The “isoperimetric profile” of M is the function
Im 2 [0,]22]] — (0, 00) defined as

Iu(s) :==inf {H'(0wNQ) : we O, H*(w)=s},

for all s € (0, |M|], and we set /y(0) = 0.



Isoperimetric profile for a domain

Definition
Given Q CC R?, let Oq be the class of open subsets w C Q
satisfying

w=uw'NQ, ' ccR?ofclass C .

The "“isoperimetric profile” of Q is the function
Ia : (0,|R2]] — (0, 00) defined as

lo(s) :=inf {H'(0wNQ) : we Oq, H*(w)=s}.



Definition
Given a group G of isometries of 2, we consider the class of open

subsets:
0§ ={we0q: glw)=w, Vg e G}.

The “G-isoperimetric profile” of € is defined as

1§ (s) == inf {Hl(ﬁw NQ):we0f, Hiw)= s} .

We set Io(0) = 1$(0) = 0.



[11.2 An integral inequality

Theorem
Let Q CC R? be a piecewise C1-domain, g a function satisfying

gec CYR), g>g >0,

and V € C?(Q) be a non-constant solution of the Neumann
Problem:

9V — on 9.

—AV =g(V)—-A inQ, }
On

Setting p(t) :== H2({V > t}), then the following inequality holds:

A / T (0 u(e)(19) - p(t)) dt > / g(2) B(u(1)) dt.

2 ) o o



“G-equivariant formulation”

Theorem
SAME ASSUMPTIONS, and let G be a group of isometries of Q.

If V€ C3(Q) N H® is a non-constant solution

—AV =g(V)—A inQ,
%—\,{ =0 on 011,

then

o0

2| e@uo(sl-nw) de= [ g0 USuo) d

— 00 —00



Application when Q is a disk and G = (Ry./). Let u be a
non-constant solution to

e 1 o
_Au:A<_>, wellS.
Jge" 1B

u

Define < \
e

g(s) = Ar— A= —

Toe B

Inequality previous Theorem yields:

A, e UEw@)P e

Bl = %, et u(t)(1B] — (1) dt




Lemma
For a disc B C R? it holds

/s ()2 16 B

vs € (0,121,
s(B|—s) ~ 7|B| s€(0.57)

If G = (R2x) we have

USSP g4 16n
s(Bl—s) ~ {|B|’w|8|}'



THANK YOU !
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