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Some Notations

e M(a,b,Q2) is the set of all matrices A = A(x) € (L°°(£2))"*",
such that

alé|? < A(z)E.£ < blE|?, V€ € R™ and a.e. on
where 0 < a < b. Q2 C R"™ a bounded open set.

e [ he energy functional
E?(’U) = /Q A:Vu.Vudz
and
Eél(v) = /Q AgVu.Vu dx



Energy Convergence

For any A: C M(a,b,2) which H-converges to Ag, the energies
converge, i.e.,

/Q AcVve. Ve dx =4 /Q AoVvg.Vug dx

where vg € H3(2) and v, is the solution of
—div(A:z(x)Vve) = —div(Ag(x)Vrvg) in Q
ve =0 on 052

The energy convergence is true as long as the data converge
strongly in H~1(Q).



A consequence of Energy convergence

For any sequence of symmetric matrices {B:} C M(c,d,2) G-
converging to Bp and any sequence we weakly converging to wq
in HA(Q2), we have

lim inf /Q BeVwe - Ve da > /Q BoVwg - Vwg da

e—0
In particular,

liminf [ B:Vue - Vued >/Bv . Vg d

© 0 o eV Uge Ve AT -~ o O VYo Vo ax
where v: and vg are as given in previous slide. Thus, when B = 1,
identity matrix, we have the usual weak lower semicontinuity of
norm.



Is there a better estimate?

A question of interest is: Is there a Bf > Bgp such that

lim inf /Q BeVvs - Vue da > /Q BiVug - Vugdz > /Q BoVug - Vg da.

e—0



Is there a better estimate?

A question of interest is: Is there a Bf > Bgp such that

lim inf /Q BeVvs - Vue da > /Q BiVug - Vugdz > /Q BoVug - Vg da.

e—0

We are motivated by some problems to answer the question in
two parts:

e When data converge strongly in H=1(Q).

e When data converge weakly in H~1(Q).



Strong Data
(S. Kesavan, M. Rajesh, J. Saint Jean Paulin, M. Vanninathan)

Let g- — g strongly in H=1(Q) and let v. € H}(Q2) be the weak
solution of

{ —dIV(A5V’U€) = ge IN Q2 (Ag’Ug _ gg)

ve =0 on 092,

then EB(v.) =9 Ef(vo) where vg € HA () is the unique solution
of
—diV(AoV’Uo) =g in £ L
{ vo =0 on 8. (Agvo = 9)
and Bf be the weak-* limit of {P!B-P-} in (L°())™*™ with {P.}
being the corrector matrix associated with {A.}.



On Bounds

If Ag & M(CL,b,Q), Bg < M(C,d,Q), then
2
o Ag € M(a,%, Q).
d2
[ BOGM(C,?,Q)

o Bl e M(c,d(2)*, ).



Conjecture

Let g — g weakly in H=1(Q) and let v- € HA(RQ), the weak

solution of A.ve = g, be such that ve — vg weakly in H(S2),

where vg € H3(S2) is the unique solution of Agug = g. Then
|iminf/Q BeVe - Ve ds > /Q BiVug - Vg da.

e—0



Conjecture

Let g — g weakly in H=1(Q) and let v- € HA(RQ), the weak
solution of A.ve = g, be such that ve — vg weakly in H(S2),
where vg € H3(S2) is the unique solution of Agug = g. Then

|iminf/Q BeVe - Ve ds > /Q BiVug - Vg da.

e—0

The conjecture is open, in general. In this talk we shall prove it
for the periodic case with additional hypothesis on g:.



Lemma 1 (M. Rajesh, TMK). Let Vv =2 Vg4 Vyv1(z,y) where
vo € H3(2) and vy € L?[Q2; H}e (V)] and let B(z,y) € M(c,d, Q2 x
Y), Y-periodic in y, be a symmetric matrix, then

liminf EZ (ve) > B(z,y) [Vvg + Vyv1] - [Vvg + Vyv1] dy de,
e—0 QxY

where B = B (:1:, %)



Lemma 1 (M. Rajesh, TMK). Let Vv =2 Vg4 Vyv1(z,y) where
vo € H3(2) and vy € L?[Q2; H}e (V)] and let B(z,y) € M(c,d, Q2 x
Y), Y-periodic in y, be a symmetric matrix, then
liminf EB(ve) > . B(z,y) [Vvg + Vyv1] - [Vvg + Vyv1] dy de,
E— X

where B = B (:1:, %)

Let & € (D[Q Cper(Y)])n. Then, by Fenchel's inequality,

/ ( )vfug Ve di
/ Ve - ( )d:c
e lD) o2



Step 2

We take Iliminf on both sides. By two-scale convergence of wvg,

the first term on RHS becomes,

lim / Ve - ( ) dx = /Q . [Vuvg + Vyvi(z,y)] - P(z,y) dy dz.
X

e—0
By the product of weak and strong two-scale convergence, we

have

lim B—l(,f)cb(,f).cb(,f)d =/ BNz, y)®(z,y)-d(z,y) d
e—0JQ wg 213‘8 2138 & OxY (iU y) (CB y) (x y)

Thus, we conclude

liminf I > / [Vug + Vyvi(z,y)] - P(x,y) dy dx
e—0 QXY
1

- B l(z,y)®(z,y) - P(z,vy) dy dz.
> s (z,y)P(x,y) - P(x,y) dydx
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Step 3

Taking supremeum over all ® € (D(2 x Y))"™ on the right hand
side and interchanging sup and integral, we obtain,

o 1 .1
I flo > £ — =B & dydx.
mipfle > [ sup {[Veo + Vyor(e )€~ 3B @ n)e € dyde

T hus,

lim inf BB (ve) > /Q _ B(@,y) [Vvo + Vyu1l - [Veo + Vyoi] dy da.
X

e—0
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Step 3

Taking supremeum over all ® € (D(2 x Y))" on the right hand
side and interchanging sup and integral, we obtain,

imipfr. > [ sup{[Vvo+vyv1(a:,y)]-5—%3‘1(:1;,@5-5} dy dz.

e—0 XY ¢€R”
T hus,
liminf EP (ve) > . B(x,y) [Vvg + Vyvu1] - [Vug + Vyvi] dy dez.
E— X

If we can show Vyvi(x,y) = P(x,y)Vvg, then our conjecture is
answered positively. However, such an equality is known only
when data converge strongly.



Weak Data
Theorem 1 (A. K. Nandakumaran, TMK). Let v < 1 be a fixed
real number. Let v. € H3(S2) be the weak solution of

—div(A (acg) Vve) = ge in Q
ve =0 on 092,

where g. € L2(2) is such that g — g weakly in H=1(Q) and £7g.
is bounded in L?(Q2). Then,

ve — vg weakly in H3(S2)
A:Vue — AgVug weakly in (L2(2))™.

is satisfied, where vg € H&(Q) is the unique solution of Agvg = g
and Aqg is given as

(A)ij = [, Ale,)(P(z,y)e; + e) - (P(a,y)e; + ;) dy.
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An Optimal Control Problem

Cost functional J: : U — R is:

1 N
J(0) = 3 /Q BeVue. Vue do + S 110]3
where us: = u:(0) solves Acus = f + 6.
e Does the minimizer 67 converge to some 6* in some topology?

e Is the limit 6* also a minimizer for some optimal control
problem?

13



Limit Control Problem

The limit cost functional is given as

1 N
J(6) = 5/9 BiVu.Vude + ~lo1i3

where u = u(0) solves Agu = f 4 6. In addition, 6 — 0* strongly
in L2().

14



‘“‘Low-Cost” Control Problems

Consider the optimal control problem whose cost of control is of
the same order as that of oscillations. Let the cost functional Jz
be defined over U C LQ(Q), closed and convex subset, as

1 €
Je(0) = E/Q BeVue. Vue dx + EHQH%

e No a priori bounds for minimizers 6 on L2().

&
SNIOZI3 < Je(02) < J=(6)

e However, the minimizers 6% — 6* weakly in H~1(Q).
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Equality for Optimal States
Lemma 2. For the optimal states u: and u*, we have

im [ B (mf) Vil - Vol do :/ BIVu* - Vu* do
Q € Y

e—0

A consequence of obtaining -limit is that 6* is a minimizer of
the limit problem and

2/ ( )Vu Yt dx—|——||6||2—> / Bivy* . Vu* dz.
Observe that,

2/ < )Vu Vulde < = / <x,f)vu;.vu;daz+g||e||§.
€

Now, taking limsup both sides we have,

lim sup B<x,f> vu;-vu;d:cgf B'YVu* . Vu* do
2 g 2

e—0
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Corrector result for Optimal States

Theorem 2. Let P(z,y)e; = Vyx;(x,y) be the corrector matrix
where x;(x,y) is defined as

—divy (A(z,y)[Vyxi(z,y) +€]) =0 inY
y — x;(z,vy) is Y-periodic,

where {eq1,--- ,en} is the standard basis of R". We also assume
that both A and B are in C[$2; Lg%, (Y)]"*™. Then,

Vu! — [P (ac f) + 1] Vu* — 0 strongly in L?(S).
g

€ S

Vul — [P <x f) 1 I] Vu*] - [vu; _ [P (:r; f) 1 1] Vu*] da
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Then (also using the symmetry of B),

I = /B(a: —)Vu - Vu dx—Q/ (x,f) [P(:E,g)—I—I]Vu*-Vu:dx

CL G2 [P w2+ ]

To simplify notation, we rewrite above equation as,
I. =11 — 212 + I3

Using equality for optimal states, we see that

lim I} = / Bivu* . Vu* da.

e—0 Q
Since A € C[2; Lge,(Y)]" "™ by the continuous dependence on
data for elliptic equation, we have P € C[; Lper(Y)]”X” and
hence BP in the class of admissible functions and thus, strongly

two-scale converges.
18



By product of weak and strong two scale
lim 162 — / B(z,y)(P(x,y) + DVu* - (P(z,y) + I)Vu" dy dx
e—0 QxY

— / BiVvu* . Vu* do
Q
Similarly, we compute the last term,

lim Ig’ = /QxyB(:c,y)(P(x,y) + DHVu* - (P(x,y) + )Vu* dy dz

e—0

— / Bivy* . Vu*do
xQ

T herefore, by the coercivity of B,

%k X %k 2
Vu; — [P (:13, —) —+ I] Vu < Ie.
S 2

Now taking limsup both sides, we have our desired result.

C
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Energy Convergence for Optimal States
Corollary 1. For the optimal states u: and u*, we have

lim | AVl Vuldo = /Q AoVu* - Vu* de

The sequence of corrector matrices P- is taken as P- = P (ac, f) -+
I. Therefore, by corrector convergence, we have

/Q AVl Vulde = /Q AcP-Va* - PoVau* dz + o(1)

/Q PtA.P.Vu* - Vu* da + o(1)
— /Q A o\ @l <= @l

where the last equality is due to the properties of corrector ma-
trices.
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Thank you for your attention

....and that ends our conference too!
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