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!H!! ‘ntro!uctlon

While dealing with a heat conducting body Q C R9, one may
have to investigate the temperature profile

u(x,t), xeQ t=>0,

from the known data at a particular time, say t = 7.

From this knowledge, one would like to know the temperature
for the time t < 7 as well as for t > 7.

It is well known that the latter is a well-posed problem.

However, the former, the so called backward heat conduction
problem (BHCP) is an ill-posed problem.
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BHCP: Introduction

While dealing with a heat conducting body Q C RY, one may
have to investigate the temperature profile

u(x,t), xeQ, t=>0,

from the known data at a particular time, say t = 7.

From this knowledge, one would like to know the temperature
for the time t < 7 as well as for t > 7.

It is well known that the latter is a well-posed problem.

However, the former, the so called backward heat conduction
problem (BHCP) is an ill-posed problem.



In this talk, we shall discuss the case of the ill-posedness of the
backward heat conduction problem (BHCP).
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In this talk, we shall discuss the case of the ill-posedness of the
backward heat conduction problem (BHCP).

Recall that the heat equation associated with Q2 is given by

@:CZAU, xeQ, t>0, (1)
ot

where u(x, t) represents the temperature at the point x € Q at
time .

We have the following two situations:

Direct Problem: From the knowledge of the temperature at
time t = ty, that is, u(x, ty), determine the temperature at a later
time t = 7, thatis, u(x, 7) for 7 > t.

Inverse Problem: From the knowledge of the temperature at a
particular time 7 > 0, that is, u(x, 7), determine the temperature
at an earlier time t = fy, that is, u(x, ) for fo < 7.



We shall see that the direct problem is well-posed in the setting
of L2(Q):

Given u(-, ty) in L2(Q) for some ty > 0 and t > ty, there
exists a unique solution u(-, t) which depends
continuously on the data u(-, ty),

whereas the inverse problem, the BHCP, is ill-posed:

A solution need not exist unless the data u(x, r) is too
smooth, and even if a unique solution exists, it does
not depend continuously on the data.

In fact, the BHCP belongs to a class of problems called
severely ill-posed problems.



¢ In order to obtain stable approximate solutions for the
BHCP, some regularization methods have to be used.

e For obtaining error estimates, it is necessary to assume
some a priori source conditions on the unknown entities.

e The derived error estimates are usually compared with
certain known stability estimates based on the source
conditions.

« Standard result in this regard’ is for determining stability
estimates for u(-, ty) for ty > 0.

e Such results are not valid for f; = 0.

¢ To deal with the case of {y = 0, advanced analytic tools,
developed recently?, have to be employed.

'See, e.g., Kirsch (1996)
2Tautenhahn (1998), Nair, Schock and Tautenhahn (2003), Nair,
Pereverzev and Tautenhahn (2005)



[lI-Posedness of the Problem: Illustration

Let us first look at the form of the solution.

We consider the cases of Q = R? and Q ¢ RY a bounded
domain separately.

Case (i): Q =RY:
In this case, applying Fourier transform to the equation

ou >
= 2N
5 = C AU

with fy := u(-,0), we get

ou
FTA

with 8(¢,0) = 7(¢).

&, 1) + 42 c®|EPu(E, 1) = 0,



The solution of the above ODE is given by
b(e, 1) = fo(e)e I,
Then, for 0 < t < 7, we have
(e, 7) = O, tye P,
Thus, 0 <ty <,

U(E, ) = b€, 7)™ CleP(r—),

From this it follows that

e small error in the data u(-, 7) leads to large deviation in the
solution u(-, ty).



An lllustration

For instance, let & € RY and g € L?(RY) be such that

) - 6ol > 1
9(5)‘{ D(E,T) + 6 /g 1€ — &0 < 1.

where n4 is the volume® of the sphere in RY. Then we have

lg — u(-,7)II5 = 11§ — (- )3 2/ ngd2d¢ = 6°.
[€—&ol <

If f is the solution corresponding to the noisy data g, then we
have
H6) = g(e)e*m o).

o(d+1)/2,(d—1

3Jason D.M. Rennie, Nov. 22 (2005): Ford > 2, ng = Wﬂ)/z for d

d/2
Odd, and Nd = m for d even.



Note that

Y 1221 £ (r—
If— u, )3 = |IF — 8- )2 :ndgz/ S PIEP(r—) ge.
|€—&ol<

Since €] > || — | — &o|, it follows that

IF-uC B = mot [ el g
[§—&ol<1

_ 52e8m2c3(lel-1)?(r—1o)

Thus,

lg—u(-,7)[2<d but |[f—u(,)|2> st (gl —1)2(r—to)

« The error gets amplified by a factor of e*w>¢*(l%l-1)*(r—b)



Form of the solution
Case (i): Q =R

Note that the right hand side of
b(e, ) = O(e, et -,
is a product of convolution of the functions u(x, t) and

1 2 2
— —|x|¢ /4w (T—t)
v = g — )92 ® ’

the so called heat kernel. Therefore,
1

= —|x—y|?/4mc?(r—t)
u(x, ) Anc2(r — ]2 /Rd e u(y,t)dy.

To obtain the above, we used the following result:
1 rlei/a

f(x) = e @ — F(e) = g



Thus, for 0 < fy < 7, we have

1

- — —|x=y[P/Anc®(r—t0) £, av.
fT : U(X7 T) [471'02(7' _ to)]d/2 /]Rd € fo(y) y

The above equation also shows that small error in the data
u(-, ) leads to large deviation in the solution u(-, ty).



Case (ii): Q c R is a bounded domain with smooth boundary
00 and the solution u(x, t) is required to satisfy the boundary
condition

ux,t)=0, xe€0Q,t>0. (2)

In this case, by method of separation of variables, for every
fo := u(-,0) € L2(Q), the solution is given by

ZeA fO SOnSDn( )7 xeQ, t>0. (3)

Here, () is a sequence of positive real numbers such that
An — 00 a@s n — oo and (¢n) in L?(Q) is a complete orthonormal
sequence in L?(Q). In fact,

Apn+ 220, =0 VYneN.



Remark: It can be seen that if Q = [0, /] for some ¢ > 0, then
cnm 2 .
An = 7 and  ¢p(x) = \/; sin(nmx/¢), x€[0,¢, neN.

Now, let 0 < fy < 7 and let us denote

Then, from (3), it follows that
Ze Xalr= to (fry5 ©n)en (4)

so that

Ze A(T=0)(f on)on. (5)



From expressions (4) and (5), we can infer the following.
e The problem of finding f; := u(-, ) from the knowledge of
fy, == u(-, fp) for {h < 7 is a well posed problem.
e The BHCP of determining f;, := u(, &) from the knowledge
of fr ;== u(-,7) for T > ty is an ill-posed problem.

More precisely, we have the following:
(i) The problem has no solution unless f. := u(-, 7) satisfies the
Piccard condition

ST eMTO|(f pn) 2 < oo 6)
n=1

(i) Also, (5) shows that closeness of f. to f. does not imply
closeness of f; to f, as A\p — oo as n — oo.



lllustration

For example, if
fT,k = fT + e_Ak(T_IO)(Pk

then the solution at ty is given by

o = > @O 4 onyon,

n=1
Then we have
”fT,k - fTHZ = ei/\k(TitO) —0 as k— o

but
|fo.k — fiyll2 — 00 @s k — oo.



BHCP as an Operator Equation

Case (i): Q = RY.
Recall that

1
T [Ancd(r — t)]9/

u(x,7) / e /A= u(y, 1) dy.
R

Thus, the problem is to solve the operator equation
Af = f,
where A : [2(R9) — L2(RY) is defined by

1

(AN0) = [4wc?(r — 1)]9/2

/ e~ Iy R/4ncE (=) (1)) dly.
Rd



We observe that R
A=FTAF,
where F is the Fourier transform operator,
_ 1 —2mix.£
(FNE) = oyarz |, (0002

and Ais the multiplication operator

~

(Af)(€) = e 4 FUFT—0)f(e) e [3(RY).

¢ Ais a non-compact operator with non-closed range.



Case (ii): Q c R% is a bounded domain in RY.

In this case, the equation to be solved is
Af =1, (7)

where A: [2(Q) — L3(Q) is given by

Af =Y e TO(f . (8)

n=1

e Ais a compact positive self-adjoint operator* on L?(Q).

“Nair (2002), Functional Analysis: A First Course, PHI, New Delhi



¢ In both the cases, the problem is ill-posed.
e Regularization methods are to be used®.

By a regularization method we mean a family of well-posed
problems (depending on certain parameter) whose solutions
approximate the solution of the ill-posed problem.

Before considering regularization methods, we shall discuss
stability estimates based on certain source conditions which
are used to measure the quality of a regularization method.

®Nair (2009), Linear Operator Equations: Approximation and
Regularization, World Scientific



Stability Estimates
We would like to have estimates of the form

Ju(- oo)ll2 < @(flu(-, 7)ll2) (9)
for some function ®(-) which satisfies the condition ®(\) — 0
as A — 0.

Since the problem of determining u(-, {p) from the knowledge of
u(-,7) is ill-posed, an estimate such as the above will not be
possible unless we restrict the solution u(-, fy) to certain source
setin L2(Q).

Thus, it is necessary to identify a source set M C L?(Q) and
obtain a function ® (-) such that
dp(A)—0 as A—0
and
lu- o)ll2 < Paq(llul-; 7)ll2) (10)
whenever u(-, ) € M.



Now, let us see how estimate of the form (10) is important when
we deal regularization methods.

Any continuous function R : L?(Q) — L2(f2) can be called a
regularization method for solving an operator equation

Af =g,

where A: L2(Q) — L2(Q) is a bounded operator with
non-closed range.

However, if the data is noisy, say g in place of g, with

lg—9l <3¢

for some noise level § > 0, then, in order that Rg approximate
the solution f, it is necessary that the R has to have some
additional properties with respect to certain appropriate source
set M.



So, given a function R : [2(Q) — L?(Q), a source set
M C [2(Q) and § > 0, consider the quantity

E5(M, R) = sup{l|f — R@lla : f € M. [|Af - g, < ).

Then the requirement is:

I R) = 0.
lim £5(M. R) = 0

A regularization method Ry is said to be order optimal for the
source set M, if there exists a constant x > 0 such that

If = Rogll2 < winf&s(M. R)

whenever f € M and f € [2(Q) is such that ||Af — §|» < 6.



The quantity N
55(./\/1) = igf 55(/\/1, R)

is called the worst case error estimate corresponding to the
source set M and error level 6.

It is known that® if M is a convex and balanced set, then
ws(M) < Es(M) < 2ws(M),

where

ws(M) = sup{||f]z - fe M, [[Af|2 <o}

SMichelli and Rivlin (1977)



Thus:

¢ A regularization method Ry is order optimal for the source
set M, if there exists a constant x > 0 such that

|f — Rogllz < kws(M)
whenever f € M and g € L?(Q) is such that ||Af — §||2 < 6.
e The source set M has to be identified in such a way that

ws(M)—0 as J—0.

In this regard we observe the following”:

o If Ais not bounded below and M = {f € L2(Q) : ||f|l2 < p},
then ws(M) = p.

o If f € M N N(A), then ws(M) > |f].
"Nair (2009)




Once we have an estimate of the form (10), i.e.,
1]l < ®Mm([|Af]]2) (11)
whenever f € M, it follows that

ws(M) < Dr(3). (12)

If we can show the relation (12) is sharp, then the efforts would
be to obtain a regularization method R which leads to an
estimate of the form

|If — RG> < kP aq(0)

so that the method R is order optimal.

For the BHCP, we now derive estimates of the form (11) for
certain source set M and remark that the derived estimate is
sharp for the proposed source set M.



Case (i): Q = R?
(a) Assume t; > 0.

For 0 < t < 1, define

1 2 2
_ —|x=yl|*/4rc (1)
= e f(y)dy.
[47”_;2(7_ _ t)]d/2 /I‘{d (y) y

Then the equation to be solved is
Af =f. = u(-, 1),

(A )(x)

where A := Ay, ;.
In this case, we consider the source set as
M, == {u(:,to) € L2(RY) : [[u(-,0)]]2 < p},

M, ={Aosf - [Ifll2 < p}-



Note that with p > 1, g > 1 such that ; + ; =1 and using

Holder’s inequality, we have

lu(-, to)13

IN

(- )3 = /R [hle)e o g,

|, a(eyrremer et oliy(e) g

. 2 22 1/p . 1/q
</ fo(&)Pe 8 Kl t°p> </ fo(ﬁ)fzd-f)
Rd Rd



Note that with p > 1, g > 1 such that ; + ; =1 and using
Holder’s inequality, we have

lu(. )13 = IlaC- )| = /R NG

= [ To©R/Pe s ) plaa

. 2 22 1/p . 1/q
( / ho(€) et ¢lE ’op) ( / fo(s)rzde)
Rd Rd

Now, taking p = 7/t,, we obtain,

212 lo/T . 1—lfo/T
ot o)l < ([ Th@re® @) ([ (o))

2(1— L]
= Gl Il

IN



Thus,

h 4k
Ju(s to)ll2 < lu 73 ol -

Hence, if u(-, ty) € M,, equivalently, if ||u(-,0)||2 < p, then we

have .

1-% 2
[u(-, o)l < p = lu(- 7)ll5 -

In particular,
b o

ws(M,) < p'=7 07
Note that the above stability estimate is not useful for the case
of {y = 0.
In fact, if fy = 0, then
M, = {f € L3(R?) : ||fl|2 < p}.

In this case we have ws(M,) = p, since A is not bounded below.



(b): Let {p =0 and fp := u(-,0).
In this case, we consider the source set as

Mp,s == {f € H*(R?) : ||f]l2s < p},

for s > 0.

Here H5(RY) is the Sobolev space of order s, i.e., the space of
all f € L2(RY) such that

[ OB +1€Pyae < o.

and || - |2, is the Sobolev norm on HS(RY) defined by

1/2

IMlosi= | [ HOR(+1¢Pyde



Now, we write
IIfoH%:/ \?‘o(f)zdé:/ (1+1€13)S1T(€)1P(1 + [¢[?)5dg
Rd Rd

so that

2
o~ [ 4+ sduc)

1foll2,

where

o(&)P(1 +[¢P)°
Jra lo(©) (1 + [¢[2)5dg

du(§) =

is a probability measure.



Therefore, by Jensen’s inequality, we have

HfOHE o 2\—s
wQ%@j = [ (a+iEe) due)
Jaa ¥ (14 1€2)78) [B(OP(1 + |¢[?)°de

B I1fl13 s

for any convex function . We define v in such a way that

U ((1+16B)7°) B +[€)® = [a(e, )2

Recall that . o
U(E, 1) = fo(&)e 4 lelT,

Thus, the relation v has to satisfy is

6 ((14162)7°) (©P(1 + 612)° = e 8 IF fy(e) 2.



This is accomplished by defining (-) as
1/}()\) — eBﬂ'ZCzTAe*Sﬂ'ZCZT/)J/S’ A> 0.
It can be verified that

e 1) is convex, and
e A +— 1(A)/Ais increasing.

Thus,
2 . 2
y Hfol\22 < l|u( ,TZ)HZ_
1ol 1ol

Now, let us assume that fy € M, s so that ||f|2.s < p.




Hence, using the property that A — (\)/\ is an increasing
function, we have

2 2 f 2 . 2
i, (Vi) _ I6lEs (W6l _ luC.0IE
1foll5 P 1oll5 1013, 1ol

Thus,
v 113 < lu(-,7)I3
2 = 2
so that
([ lluC,7)3
[foll2 < P\l¢ ! <p22
In particular,

slMs) < [t (%)



Remarks

It can be seen that

where

1 e87r2027 -S
o [den(ZE)]

Also, it can be verified that

Mos = {f = [o(A"A) 20 |2 < p}.

where A := Ay ;.



In regularization theory for the ill-posed operator equations
Af = g, it is known® that if a source set is given as

M = {f = [o(A"A)]2h: ||h|| < p},
where ¢(+) is increasing with AIim0 »(\) =0and
A= (X)) := A~ () is convex, then

ws(M) < py [ (Zi)

and this estimate is sharp.
Thus, for the BHCP: Aq .f = f. , the derived estimate for the
source set

M, s == {f € H*(R?) : ||f]l2s < p},

is sharp.
8Tautenhahn (1998), Nair, Schock & Tautenhahn (2003)




Case (ii): Q is a bounded domain in RY.
Let f, = u(-,0).

For 0 < t < 1, define

(Atf) Ze_’\ "Nu(-, to), on)en

Then equation to be solved is

where A := Ay, 7.

Note that the operator A is compact, positive and self adjoint,
with singular values (which are in fact eigenvalues)

—e M) peN.



Assume first that &) > 0. As in the previous case, we consider
the source set as

M, = {u( to) € L3(Q) - |u(-, 0)]2 < p},

i.e.,
M, = {Aof: [Ifll2 < p}.
Recall that

00
)2
U(', tO) = Z e Ant0<f07 90n>90n-
n=1



1 1
Using Hélder’s inequality with p)1 and g > 1 with b + q =1,
we have

lu(-, )13

> e 2| (fy, o) ?
n=1
e 1/p 00 1/9
2
< (Z e_2p>\”m<f0790n>|2> <Z| fo, n)| ) .
n=1 n=1

Then, taking p = 7/1, it follows that

T 1—ty/7
(- to)ll2 < 19112/ 1 foll5 0"

Hence, we obtain
h b

ws(My) < p'~7d7.



Since

fo = U Ze)\ to >90n
we have
u-h)eM, = |hll2<p

=Y N0(u(, 1), on)? < PP
Thus,
M, = {fe [3(Q Zez“ow o2 < 02}

In view of this, one look for estimates under a less restrictive
assumption.



Thus, consider the source set

M, :={f e L2(Q): > N2|(f.on)? < p?}.
n=1
We note the following:

e The requirement u(-, fp) € A7Ip is less restrictive than the

requirement u(-, ty) € M,.
o M, is independent of t,.

Hence, the estimates associated with M would be applicable to
the case of fy = 0 as well.



It can be seen that

on = e M(T—h) Ap = [ 1 In (l)r/z.

T—1 on

Hence, we have

n=1 %n Tl
e o |(f, on)|?
'Y , P
Mp - {f 2 (p(a:) 2}
where ] 1 \11/2
p(on) == [T—tol (U—nﬂ , neN

Note that {¢(on)} converges to 0 more slowly than {o}}.



Associated with the source set M, we have the following
stability estimate®.

where (1)) := Ao~ (N).

It can be seen that

o (5/0) = /7 o[ n(2)] 11+ o1

9Nair, Schock and Tautenhahn (2003)



Regularization
Suppose the available data is noisy, i.e., we have g in place of
g = u(-,7) with
19 —9ll2 <6

for some known noiseNIeveI 6 > 0. Then one would like to have
a regularized solution f in place of f := u(-, ty) such that

17l < copv™" (5)

whenever u(-, ty) € M,.

The above result has been proved in the context of Tikhonov
regularization'® and Lavrentiev regularization'! by appropriate
choices of the regularization parameter.

°Nair, Schock and Tautenhahn (2003)
""Nair and Tautenhahn (2004)
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