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Plan of the talk

1. Models of Fluid-Structure-Interaction

• Review of existence and regularity results – Methods for
studying these models

2. Systems coupling N.S.E. with damped beam and
plate equations

• New way in analyzing the linearized system.

3. N.S.E. coupled with the Lamé system

• New regularity results for a linearized model
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Known results

• H. Beirao da Veiga, On the existence of strong solutions to a
coupled fluid-structure evolution system, JMFM 2004.

• A. Chambolle, B. Desjardins, M. J. Esteban, C. Grandmont,
Existence of weak solutions for unsteady fluid-plate interaction
problem, J. Math. Fluid Mech. 2005.

• C. Grandmont, Existence of weak solutions for unsteady
interaction of a viscous fluid with an elastic plate, SIMA 08.

New results

• J.-P. Raymond, Feedback stabilization of a fluid–structure
model, 2009, SICON, to appear.

• J. Lequeurre, Existence of strong solutions to a
fluid–structure system, 2009, SIMA, to appear.

3D case (work in progress)



N.S.E. coupled with the Lamé system
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Several models for the structure

• Rigid body (Takahashi ’03, San Martin, Starovoitov,
Tucsnak ’02, Cumsille, Takahashi ’09, ...)

• Deformable body described by a system of O.D.E. (San
Martin, Scheid, Takahashi, Tucsnak ’08, Court ’10)

• D. Coutand, S. Shkoller, Elastic structure modeled by the
Lamé system , Arch. Rational Mech. Anal. 2005, 25-102.

• G. Avalos, I. Lasiecka, R. Triggiani, Higher regularity of a
coupled parabolichyperbolic fluid structure interactive system,
Georg. Math. J. ,2008, Linearized model.



Methods for the existence of strong solutions

A change of variable associated with some velocity field ζ

Xt(y , t) = ζ(X (y , t), t), X (y , 0) = y , y ∈ ΩF (0).
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ζ 7−→ fluid velocity or

ζ 7−→ velocity of structure deformation.

Y (X (y , t), t) = y for all y ∈ ΩF (0),

X (Y (x , t), t) = x for all x ∈ ΩF (t).

Make a change of unknowns

v(y , t) = u(X (y , t), t) and q(y , t) = p(X (y , t), t),

and

U(y , t) = JY u(X (y , t), t) and q(y , t) = p(X (y , t), t).



The method

• Writing the equation for (U , q) or (v , q), we obtain a
strongly nonlinear coupled system.

• Linearize the system.

• Prove regularity results for the linearized system.

• Prove the existence of strong solution to the nonlinear
system by a fixed point method.



Result by Coutand and Shkoller

If w0 ∈ H3(ΩS), w1 ∈ H2(ΩS), u0 ∈ H5(Ω) + C.C., then the
solution to the nonlinear coupled system exists for T ∗ > 0,

v ∈ L∞(0,T ; H2(ΩF )) ∩W 2,∞(0,T ; L2(ΩF )),∫ ·
0

v ∈ L∞(0,T ; H2(ΩF )) and

w ∈ L∞(IT ; H2(ΩS))∩W 1,∞(IT ; H1(ΩS))∩W 2,∞(IT ; L2(ΩS)).

For the linearized system
v ∈ L2(0,T ; H3(ΩF )) ∩ H2(0,T ; H1(ΩF )).

Result by Avalos, Lasiecka, Triggiani ’08

If w0 ∈ H2(ΩS), w1 ∈ H1(ΩS), u0 ∈ H
3/2
ΓE

(ΩF ) + C.C., then
the solution to the linearized system obeys
w ∈ L∞(0,T ; H2(ΩS)), v ∈ L2(0,T ; H2(ΩF )) and
p ∈ L2(0,T ; H1(ΩF )).



2. N.S.E. coupled with a beam or a plate equation
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Notation

Domain occupied by the fluid at time t

Ωη(t) =
{

(x , y) | x ∈ (0, L), 0 < y < 1 + η(x , t)
}
∪ Ω0.

Boundary corresponding to the structure at time t

Γs,η(t) =
{

(x , y) | x ∈ (0, L), y = 1 + η(x , t)
}
.

The space-time domain and boundary

Q̃T =
⋃

t∈(0,T )

Ωη(t), Σ̃T
s =

⋃
t∈(0,T )

Γs,η(t), ΣT
0 = Γ0 × (0,T ).



We have

0 =

∫
Ωη(t)

div u =

∫
Γs,η(t)

u(t) · n(t) =

∫ L

0

ηt =

∫
Γs

ηt ,

because

n(t) =

(
−ηx√
1 + η2

x

,
1√

1 + η2
x

)T

.

We choose η1,0 and η2,0 the In. Cond. in

L2
0(Γs) =

{
η |
∫

Γs

η = 0
}
,

and we denote by M the orthogonal projection on L2
0(Γs).



The fluid equation

ut + (u · ∇)u − div σ(u, p) = f , div u = 0 in Q̃∞,

u = ηt~e2 on Σ̃∞, u = 0 on Σ∞0 , u(0) = u0 in Ω0,

σ(u, p) = ν(∇u +∇uT )− p I .

The structure equation

ηtt − βηxx − δηtxx + αMηxxxx = M(p + H(u, η)) on Σ∞s ,

η = 0 and ηx = 0 on
{

0, L
}
× (0,∞)

η(0) = η1,0 and ηt(0) = η2,0 in Γs ,

and
H(u, η) = −ν(∇u +∇uT )(−ηx~e1 + ~e2) · ~e2.



We make the change of variable

(x , y) 7−→ (x , z) =

(
x ,

y

1 + η(x , t)

)
,

transforms Ωη(t) onto Ω = (0, L)× (0, 1) ∪ Ω0. Setting

û(x , z , t) = u(x , y , t), p̂(x , z , t) = p(x , y , t),

the nonlinear system is rewritten in the form

ût + (û · ∇)û − ν∆û −∇p̂ = F̂ (·) + f̂ , div û = Ĝ (η, û)

û = ηt~e2 on Σ∞s , û = 0 on Σ∞0 , û(0) = u0 in Ω,

ηtt − βηxx − δηtxx + αηxxxx = p̂ + Ĥ(û, η) on Σ∞s ,

η(0) = η1,0 and ηt(0) = η2,0 in Γs ,



where

F̂ (η, û,∇p̂)

= −ηût +
(

zηt + νz
(

η2
x

1+η
− ηxx

))
ûz

+ν
(
−2zηx ûxz + ηûxx +

(
z2η2

x−η
1+η

)
ûzz

)
+z(ηx p̂z − ηp̂x)~e1 − (1 + η)û1ûx + (zηx û1 − û2)ûz ,

Ĝ (η, û) = −ηû1,x + zηx û1,z = div (−ηû1~e1 + zηx û1~e2),

and

Ĥ(û, p̂, η) = ν
(

ηx

1+η
û1,z + ηx û2,x − 2+η2

x

1+η
û2,z

)
.



The linearized system (around 0 in 2D) is

vt − div σ(v , p) = f ,

div v = 0 in Q∞,

v = η2~e2 on Σ∞s , v = 0 on Σ∞0 , v(0) = v0 in Ω,

η1,t = η2 on Σ∞s ,

η2,t − βη1,xx − δη2,xx + αη1,xxxx = p on Σ∞s ,

+ B .C .

η1(0) = η1,0 and η2(0) = η2,0 in Γs .

Observe that

v1,x + v2,z = 0 implies v2,z |Γs = 0.



The linearized system in 3D is

vt − div σ(v , p) = f ,

div v = 0 in Q∞,

v = η2~e3 on Σ∞s , v = 0 on Σ∞0 , v(0) = v0 in Ω,

η1,t = η2 on Σ∞s ,

η2,t − β∆s η1 − δ∆s η2 + α∆2
s η1 = p on Σ∞s ,

+ B .C .

η1(0) = η1,0 and η2(0) = η2,0 in Γs .



Definition of the semigroup

V0
n(Ω) =

{
y ∈ L2(Ω) | div y = 0, y · n = 0 on Γ

}
,

L2(Ω) = V0
n(Ω)⊕ grad H1(Ω),

P : L2(Ω) 7−→ V0
n(Ω).

We denote by A0 either the Stokes operator in V0
n(Ω) with

domain

V2(Ω) ∩ V1
0(Ω) = H2(Ω) ∩H1

0(Ω) ∩ V0
n(Ω),

or its extension to (V2(Ω) ∩ V1
0(Ω))′ (by extrapolation) as an

unbounded operator with domain V0
n(Ω).



Take f = 0. The equation satisfied by v can be split

Pvt = A0Pv+(−A0)PD(η2~e2 χΓs ) in L2(0,T ; (D(A0))′),

v(0) = v0 in Ω,

(I − P)v = (I − P)D(η2~e2 χΓs ) = ∇q,

(I − P)vt(t) = (I − P)D(η2,t(t)~e2 χΓs ),

(I − P)v0 = (I − P)v(0) i.e. v0 · ~e2 = η0
2 on Γs ,

and D(η2~e2 χΓs ) = w is the solution to

−ν∆w +∇ρ = 0, div w = 0 in Ω, w = (η2~e2 χΓs ) on Γ.

Idea: Eliminate (I − P)v in the beam equation.



The pressure p = π − qt where

∆π = 0 in Ω,
∂π

∂n
= ∆Pv · n on Γ,

∆q(t) = 0 in Ω,
∂q

∂n
= η2 on Γs ,

∂q

∂n
= 0 on Γ0.

Let N ∈ L(L2
0(Γs),H3/2(Ω)) and N0 ∈ L(H−1/2(Γ),H1(Ω)) be

N0(∆Pv · n) = π and N(η2) = q,

and let γs ∈ L(H1(Ω), L2
0(Γs)) be

γsq = q|Γs −
1

|Γs |

∫
Γs

q.



For f = 0, we rewrite the system in the form

Pvt = A0Pv + (−A0)PD(η2~e2 χΓs ), v(0) = v0 in Ω,

(I − P)v = (I − P)D(η2~e2 χΓs ) = ∇q,

η1,t = η2,

η2,t − βη1,xx − δη2,xx + αη1,xxxx

= −γsN(η2,t) + γsN0(∆Pv · n) + f on Σs
∞,

η1(0) = η1,0 and η2(0) = η2,0 in Γs .

The equation satisfied by η2 is

(I + γsN)η2,t − βη1,xx − δη2,xx + αη1,xxxx

= γsN0(∆Pv · n) on Σs
∞,



We can rewrite the system in the form

d

dt

 Pv

η1

η2

 = A

 Pv

η1

η2

 ,

with

A = I 0 0

0 I 0

0 0 (I + γsN)−1


 A0 0 (−A0)PD

0 0 I

γsN0(∆(·) · n) Aα,β δ∆s


D(Aα,β) = H4(Γs)∩H2

0 (Γs)∩ L2
0(Γs), Aα,βη = βηxx −αηxxxx ,



and in H = V0
n(Ω)× (H2

0 (Γs) ∩ L2
0(Γs))× L2

0(Γs), we have

D(A) ={
(Pv , η1, η2) ∈ V2

n(Ω)× (H4 ∩ H2
0 ∩ L2

0)(Γs)× (H2
0 ∩ L2

0)(Γs)

| Pv |Γ = −∇τ (I − P)D(η2~e2 χΓs )
}
.

The compatibility condition

Pv |Γ = −∇τ (I − P)D(η2~e2 χΓs )

with

(I − P)v = (I − P)D(η2~e2 χΓs )

is equivalent to
v = η2~e2χΓs on Γ.



Theorem. (JPR, 09) The operator (A,D(A)) is the
infinitesimal generator of an analytic semigroup on
H = V0

n(Ω)× (H2
0 (Γs) ∩ L2

0(Γs))× L2
0(Γs) and its resolvent is

compact.

Moreover if u0 ∈ H1(Ω), η1,0 ∈ H3(Γs) ∩ H2
0 (Γs) ∩ L2

0(Γs),
η2,0 ∈ H1

0 (Γs) ∩ L2
0(Γs), satisfying some C.C., the solution to

the linearized system belongs to
H2,1(Ω× (0,T ))× H4,2(Σs)× H2,1(Σs).



Theorem. (2D, Lequeure ’10) For all u0 ∈ H1(Ω),
η1,0 ∈ H3(Γs) ∩ H2

0 (Γs) ∩ L2
0(Γs), η2,0 ∈ H1

0 (Γs) ∩ L2
0(Γs),

satisfying some C.C., there exists T ∗ > 0 such that the system
coupling the N.S.E. with the damped beam eq. admits a
unique solution in H2,1 × H4,2(Σs)× H2,1(Σs).

The extension to the 3D case is in progress.



3. N.S.E. coupled with the Lamé system
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The symmetric stress tensor σ and the strain tensor ε

σ(w) = λ tr ε(w) I + 2µ ε(w),

ε(w) =
1

2

(
∇w + (∇w)T

)
.

The stress tensor σ of the fluid

σ(u, p) = ν
(
∇u + (∇u)T

)
− pI .

The flow of the fluid velocity

X (·, t) : ΩF (0) 7−→ ΩF (t),

Xt(y , t) = u(X (y , t), t), X (y , 0) = y , y ∈ ΩF (0).



The fluid equation

ut + (u · ∇)u − divσ(u, p) = 0, div u = 0 in ΩF (t), t > 0

u = 0 on ΓE × (0,T ) = ΣE , u(0) = u0 in ΩF (0),

u(X (y , t), t) = wt(y , t) on ΣS . (eq. of velocities)

The Lamé system

wtt − divσ(w) =

wtt − µ∆w + (λ + µ)∇(div w) = 0 in ΩS(0)× (0,T ),

w(0) = w0 and wt(0) = w1 in ΩS(0),

σ(w)n = σ(u, p) ◦ X cof(∇X )n = σ(u, p) ◦ X ñ on ΣS .



The nonlinear model in the cylindrical domain ΩF (0)× (0,T )

The Lagrangian velocity and the Lagrangian pressure

v(y , t) = u(X (y , t), t) and q(y , t) = p(X (y , t), t),

X (Y (x , t), t) = x , x ∈ ΩF (t),

Y (X (y , t), t) = y , y ∈ ΩF (0).

vt − ν∇
(
JT
Y∇v +∇vT JY

)
· JY + JT

Y∇q = 0,

∇ v · JY = 0 in ΩF (0)× (0,T ),

v = 0 on ΣE , v(0) = u0 in ΩF (0),

v(y , t) = wt(y , t) on ΣS ,

σ(w)n = ν
(
JT
Y∇v +∇vT JY

)
ñ − qñ on ΣS .



The nonlinear model in the cylindrical domain ΩF (0)× (0,T )
for a general transformation X and Y

vt − divσ(v , p) = f , div v = g in ΩF (0)× (0,T ),

v = 0 on ΣE , v(0) = u0 in ΩF (0),

v(y , t) = wt(y , t) on ΣS ,

and

σ(w)n + h = σ(v , q)n on ΣS ,

Xt(y , t) = θ(y) v(y , t), X (y , 0) = y , y ∈ ΩS(0).



where

f = f (v , q)

= F

(
∂2Yk

∂x2
j

,
∂vi

∂yk
;
∂Yl

∂xj
,
∂Yk

∂xj

∂2vi

∂yl∂yk
;
∂Yj

∂t
,
∂vi

∂yj
;

∂Yk

∂xj
, vj ,

∂vi

∂yk
;
∂Yj

∂xi
,
∂q

∂yj

)
,

g = g(v) = (I − JT
Y ) : ∇v ,

h = h(v , q) = H
(
∂Yj

∂xi
,
∂vi

∂yk
;
∂Yj

∂xi

∂vk

∂yj
;
∂Yj

∂xi
, q

)
= ν(JT

Y∇v + (∇v)T JY )n − ν(∇v + (∇v)T )n + q(n − cof(∇X )n).

There is a better way for writing h(v , q).



The linearized model

vt − divσ(v , q) = f ,

div v = g in ΩF (0), t > 0

v = 0 on ΣE , v(0) = u0 in ΩF (0),

v(y , t) = wt(y , t), on ΣS ,

wtt − µ∆w + (λ + µ)∇(div w) = 0 in ΩS(0)× (0,T ),

w(0) = w0 and wt(0) = w1 in ΩS(0),

σ(w)n + h = σ(v , q)n on ΣS .



Idea for proving regularity results useful for studying the
nonlinear system

• Prove optimal regularity results for the Lamé system

• Prove optimal regularity results for the Stokes system

• Determine the spaces in which we can prove the existence of
a fixed point



A new writing of the linearized model

vt − divσ(v , q) = f ,

div v = g in ΩF (0), t > 0

v = 0 on ΣE , v(0) = u0 in ΩF (0),

w(y , t) = w0 +

∫ t

0

v , on ΣS ,

wtt − µ∆w + (λ + µ)∇(div w) = 0 in ΩS(0)× (0,T ),

w(0) = w0 and wt(0) = w1 in ΩS(0),

σ(w)n + h = σ(v , q)n on ΣS .



Analysis of the Lamé system

wtt − µ∆w + (λ + µ)∇(div w) = F in ΩS × (0,T ),

w = G = w0|ΓS
+

∫ t

0

v on ΣS ,

w(0) = w0 and wt(0) = w1 in ΩS .

Theorem. (B. Dehman, JPR, ’10)

If G ∈ H r+1(ΣS), w0 ∈ H r+1(ΩS), w1 ∈ H r (ΩS) + C.C., then

σ(w) ∈ H r (ΣS).



Theorem. (B. Dehman, JPR, ’10)

If

F ∈ L1(0,T ; H2(ΩS)) ∩W 1,1(0,T ; H1(ΩS)) ∩W 2,1(0,T ; L2(ΩS)),

w0 ∈ H3(ΩS), w1 ∈ H2(ΩS),

G ∈ H3(ΣS), G |t=0 = w0|ΓS
, Gt |t=0 = v0|ΓS

= w1|ΓS

and Gtt |t=0 = (∆w0 + F (0))|ΓS
,

then the solution to the Lamé system satisfies

w ∈ C ([0,T ]; H3(ΩS)) ∩ C 1([0,T ]; H2(ΩS))

∩C 2([0,T ]; H1(ΩS)) ∩ C 3([0,T ]; L2(ΩS))

and

σ(w) ∈ H2(ΣS).



Idea of proof. (Lasiecka, Lions, Triggiani, waves ’86)

If

F ∈ L1(0,T ; L2(ΩS)), w0 ∈ H1(ΩS), w1 ∈ L2(ΩS),

G ∈ H1(ΣS), G |t=0 = w0|ΓS
,

then the solution to the Lamé system satisfies

w ∈ C ([0,T ]; H1(ΩS)) ∩ C 1([0,T ]; L2(ΩS)),

∂w

∂n
, div w |ΣS

and σ(w) ∈ L2(ΣS).

The proof is based on energy estimates with a multiplier
(T − t)H · ∇w , where H = n on ΓS .



Boundary estimate by the energy

µ

∫ T

0

∫
ΓS

∣∣∣∣∂w

∂n

∣∣∣∣2 +
µ + λ

2

∫ T

0

∫
ΓS

|div w |2 ≤ CE (0).



To improve the regularity

∂w

∂n
, div w |ΣS

and σ(w) ∈ H1(ΣS),

the idea is to write the equation satisfied by wt , it gives

∂w

∂n
, div w |ΣS

, and σ(w) ∈ H1(0,T ; L2(ΓS)).

By writing the equation satisfied by Hw , where H = Σihi∂xi

with Σihini = 0, we prove that

∂w

∂n
, div w |ΣS

and σ(w) ∈ L2(0,T ; H1(ΓS)).



First consequence (Avalos, Lasiecka, Triggiani ’08) If

w0 ∈ H2(ΩS), w1 ∈ H1(ΩS), u0 ∈ H
3/2
ΓE

(ΩF ), then the solution
to the linearized system obeys w ∈ L∞(0,T ; H2(ΩS)),
v ∈ L2(0,T ; H2(ΩF )) and p ∈ L2(0,T ; H1(ΩF )).

Idea of the proof.

If w0 ∈ H2(ΩS), w1 ∈ H1(ΩS), and
∫ t

0
v ∈ H2(ΣS), then

σ(w) ∈ H1(ΣS).

If u0 ∈ H
3/2
ΓE

(Ω) + some C.C., since σ(w) ∈ H1(ΣS), then

v ∈ L2(0,T ; H5/2(ΩF )) ∩ H5/4(0,T ; L2(ΩF )).



Analysis of the Stokes system

vt − divσ(v , q) = f ,

div v = g in ΩF × (0,T ),

v = 0 on ΣE , v(0) = v0 in ΩF ,

σ(v , q)n = σ(w) + h = ĥ on ΣS .



With the intial data

f (0) = −ν
(
∆Yk ∂kv0 + ∂jY`∂jYk∂

2
j ,kv0 −∆v0

)
−∂tYj ∂jv0 − ∂jYk v0,j ∂kv0,

g(0) = 0, gt(0) = −JT
Y ,t : ∇v0 = −I : ∇v0 = 0,

gtt(0) = −JT
Y ,tt : ∇v0 − JT

Y ,t : ∇vt(0)

= −2∇vT
0 : ∇v0 − I : ∇vt(0) = −2∇vT

0 : ∇v0,

ĥ(0) = σ(w0), ĥt(0) = σ(w1) + ν(JT
Y ,t∇v0 + (∇v0)T JY ,t).



Theorem.

If

f ∈ L2(IT ; H3/2(ΩF )) ∩ H3/2(IT ; L2(ΩF ))

+L2(IT ; H5/2(ΩF )) ∩ H1/2(IT ; H2(ΩF )) ∩ H1(IT ; H1(ΩF )),

f (0) is regular,

v0 ∈ H5(ΩF ) ∩ H1
ΓE

(ΩF ), div v0 = 0,

ĥ ∈ L2(IT ; H2(ΓS)) ∩ H3/2(IT ; H1/2(ΓS)) ∩ H7/4(IT ; L2(ΓS)),

g ∈ L2(IT ; H5/2(ΩF )) ∩ H3/2(IT ; H1(ΩF )) ∩ H2(IT ; L2(ΩF )),

g(0) = 0, gt(0) = 0,

and if f , ĥ, v0 obeys some C.C. at t = 0,

then the solution to the Stokes system satisfies

v ∈ L2(0,T ; H7/2(ΩF )) ∩ H3/2(0,T ; H2(ΩF )) ∩ H2(0,T ; H1(ΩF ))

∇q belongs to the same space as f .



Regularity of g and h

2

v
v(v)ε grad

space

time

1 2 5/2 7/2

on  
S

Σ

3/2

7/4



Regularity of f and ∇q

2

v

space

time

1 2

ε(v)

v
t

3/2 5/2 7/2

3/2



More generally

If

f ∈ L2(IT ; H s−1/2(ΩF )) ∩ H s−1/2(IT ; L2(ΩF ))

+L2(IT ; H s+1/2(ΩF )) ∩ H s−3/2(IT ; H2(ΩF )) ∩ H s−1(IT ; H1(ΩF )),

f (0) is regular,

v0 ∈ H s+3(ΩF ) ∩ H1
ΓE

(ΩF ), div v0 = 0,

ĥ ∈ L2(IT ; H s(ΓS)) ∩ H s−1/2(IT ; H1/2(ΓS)) ∩ H s−1/4(IT ; L2(ΓS)),

g ∈ L2(IT ; H s+1/2(ΩF )) ∩ H s−1/2(IT ; H1(ΩF )) ∩ H s(IT ; L2(ΩF )),

g(0) = 0, gt(0) = 0,

and if f , ĥ, v0 obeys some C.C. at t = 0,

then the solution to the Stokes system satisfies

v ∈ L2(IT ; H s+3/2(ΩF )) ∩ H s−1/2(IT ; H2(ΩF )) ∩ H s(IT ; H1(ΩF ))

∇q belongs to the same space as f .



We look for the solution v in the form v = ṽ + v̂ where

div ṽ = g and div v̂ = 0 in ΩF × (0,T ).

Equation for v̂

v̂t − divσ(v̂ , q̂) = f ,

div v̂ = 0 in ΩF × (0,T ),

v̂ = 0 on ΣE , v̂(0) = v0 in ΩF ,

σ(v̂ , q̂)n = σ(w) + h = ĥ on ΣS .



Maximal space regularity for v̂ (Grubb, Solonnikov, 91)

If

f ∈ L2(0,T ; H3/2(ΩF )) ∩ H3/4(0,T ; L2(ΩF )), f (0) is regular,

v0 ∈ H1
ΓE

(ΩF ) ∩ H5/2(ΩF ), div v0 = 0,

ĥ ∈ L2(0,T ; H2(ΓS)) ∩ H1(0,T ; L2(ΓS)),

2ν (ε(v0)n) · τ = ĥ(0)n · τ = σ(w0)n · τ on ΓS ,

+ an additional C.C. for f

then the solution to the Stokes system satisfies

v̂ ∈ L2(0,T ; H7/2(ΩF )) ∩ H7/4(0,T ; L2(ΩF )),

q̂ ∈ L2(0,T ; H5/2(ΩF )) ∩ H3/4(0,T ; H1(ΩF )).



With the compatibility condition

2ν (ε(v0)n) · τ = h(0)n · τ = σ(w0)n · τ,

we define q0 as the solution to

∆q0 = div f (0) in ΩF ,

∂q0

∂n
= f (0) · n + 2ν div ε(v0) · n on ΓE ,

q0 = 2ν (ε(v0)n) · n on ΓS .

We can verify that
q̂(0) = q0.



Maximal time regularity for v̂

We set
v̂t = û and q̂t = p̂.

ût − divσ(û, p̂) = ft ,

div û = 0 in ΩF × (0,T ),

û = 0 on ΣE , û(0) = div σ(v0, q0) + f (0) in ΩF ,

σ(u, p)n = ĥt on ΓS × (0,T ).



Maximal regularity for û

If

ft ∈ L2(0,T ; H1/2(ΩF )) ∩ H1/4(0,T ; L2(ΩF )),

û(0) ∈ H1
ΓE

(ΩF ) ∩ H3/2(ΩF ),

ĥt ∈ L2(0,T ; H1(ΓS)) ∩ H1/2(0,T ; L2(ΓS)),

2ν (ε(û(0))n) · τ = ĥt(0)n · τ = σ(w1)n · τ on ΓS ,

then the solution to the Stokes system satisfies

û ∈ L2(0,T ; H5/2(ΩF )) ∩ H5/4(0,T ; L2(ΩF ))

and

v ∈ H1(0,T ; H5/2(ΩF )) ∩ H9/4(0,T ; L2(ΩF )).



We have not obtained the desired result, but we have not used

ft ∈ H1/2(0,T ; L2(ΩF ))
and

ĥt ∈ H1/2(0,T ; H1/2(ΓS)) ∩ H3/4(0,T ; L2(ΓS)).

To recover the desired regularity we proceed by interpolation.

New time derivative

We set
ût = ζ and p̂t = χ.

ζt − divσ(ζ, χ) = f̂tt ,

div ζ = 0 in ΩF × (0,T ),

ζ = 0 on ΣE , ζ(0) = div σ(û0, p̂0) + f̂t(0) in ΩF ,

σ(ζ, χ)n = ĥtt on ΣS × (0,T ).



Maximal regularity for ζ

If
f̂tt ∈ L2(0,T ; L2(ΩF )),

ζ(0) ∈ H1
ΓE

(ΩF ),

ĥtt ∈ L2(0,T ; H1/2(ΓS)) ∩ H1/4(0,T ; L2(ΓS)),

then the solution to the Stokes system satisfies

ζ ∈ L2(0,T ; H2(ΩF )) ∩ H1(0,T ; L2(ΩF )).

We recover the final estimate for v̂ by interpolation

v̂ ∈ H3/2(0,T ; H2(ΩF )) ∩ H5/2(0,T ; L2(ΩF ))

↪→ H3/2(0,T ; H2(ΩF )) ∩ H2(0,T ; H1(ΩF )).



Fixed point method

Let (v0,w0,w1) satisfy the regularity assumptions and the
compatibility conditions. Let v and q be such that
(v , q)(0) = (v0, q0) and

v ∈ L2(0,T ; H7/2(ΩF )) ∩ H3/2(0,T ; H2(ΩF )) ∩ H2(0,T ; H1(ΩF ))

∇q ∈ L2(IT ; H3/2(ΩF )) ∩ H3/2(IT ; L2(ΩF ))

+L2(IT ; H5/2(ΩF )) ∩ H1/2(IT ; H2(ΩF )) ∩ H1(IT ; H1(ΩF )).



We consider the solution (v , q,w) to the system

vt − divσ(v , q) = f = f (v , q),

div v = g = g(v) in ΩF × (0,T ),

v = 0 on ΣE , v(0) = v0,

σ(v , q)n = σ(w) + h(v , q) on ΣS ,

wtt − µ∆w + (λ + µ)∇(div w) = 0 in ΩS × (0,T ),

w = w0|ΓS
+

∫ t

0

v , in ΓS × (0,T ) = ΣS ,

w(0) = w0 and wt(0) = w1 in ΩS ,

X t(y , t) = θ(y) v(y , t), X t(y , 0) = y ,

u = v ◦ Y , p = q ◦ Y .



For T ∗ > 0 small enough, depending only on (u0,w0,w1), the
mapping

M : (v , q) 7−→ (v , q)

admits a unique fixed point in the space of functions (v , q)
belonging to the space above defined, that is

v ∈ L2(0,T ; H7/2(ΩF )) ∩ H3/2(0,T ; H2(ΩF )) ∩ H2(0,T ; H1(ΩF ))

∇q ∈ L2(IT ; H3/2(ΩF )) ∩ H3/2(IT ; L2(ΩF ))

+L2(IT ; H5/2(ΩF )) ∩ H1/2(IT ; H2(ΩF )) ∩ H1(IT ; H1(ΩF )).

and satisfying the condition (v , q)(0) = (v0, q0).
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