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Plan of the talk

1. Models of Fluid-Structure-Interaction

e Review of existence and regularity results — Methods for
studying these models

2. Systems coupling N.S.E. with damped beam and
plate equations

e New way in analyzing the linearized system.

3. N.S.E. coupled with the Lamé system

e New regularity results for a linearized model



N.S.E. coupled with a damped beam equation
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N.S.E. coupled with a beam or a plate equation
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Known results

e H. Beirao da Veiga, On the existence of strong solutions to a
coupled fluid-structure evolution system, JMFM 2004.

e A. Chambolle, B. Desjardins, M. J. Esteban, C. Grandmont,
Existence of weak solutions for unsteady fluid-plate interaction
problem, J. Math. Fluid Mech. 2005.

e C. Grandmont, Existence of weak solutions for unsteady
interaction of a viscous fluid with an elastic plate, SIMA 08.

New results

e J.-P. Raymond, Feedback stabilization of a fluid—structure
model, 2009, SICON, to appear.

e J. Lequeurre, Existence of strong solutions to a
fluid—structure system, 2009, SIMA, to appear.

3D case (work in progress)



N.S.E. coupled with the Lamé system
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Several models for the structure

e Rigid body (Takahashi '03, San Martin, Starovoitov,
Tucsnak '02, Cumsille, Takahashi '09, ...)

e Deformable body described by a system of O.D.E. (San
Martin, Scheid, Takahashi, Tucsnak '08, Court '10)

e D. Coutand, S. Shkoller, Elastic structure modeled by the
Lamé system , Arch. Rational Mech. Anal. 2005, 25-102.

e G. Avalos, I. Lasiecka, R. Triggiani, Higher regularity of a
coupled parabolichyperbolic fluid structure interactive system,
Georg. Math. J. ,2008, Linearized model.



Methods for the existence of strong solutions

A change of variable associated with some velocity field
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¢ —— fluid velocity or

¢ —— velocity of structure deformation.
Y(X(y,t),t) =y forall y e Qg(0),
X(Y(x,t),t) =x forall x € Qg(t).

Make a change of unknowns

v(y,t) = u(X(y,t),t) and q(y,t) = p(X(y,t),1),

and

Uly,t) = Jy u(X(y,t),t) and q(y,t) = p(X(y,1),1).



The method

e Writing the equation for (U, q) or (v, g), we obtain a
strongly nonlinear coupled system.

e Linearize the system.
e Prove regularity results for the linearized system.

e Prove the existence of strong solution to the nonlinear
system by a fixed point method.



Result by Coutand and Shkoller

If wy € H3(Qs), wp € H2(Qs), up € HS(Q) + C.C., then the
solution to the nonlinear coupled system exists for T* > 0,

v e L®(0, T; H?(Qr)) N W222(0, T; L?(QF)),

Jov e L0, T; H*(QF)) and

w € L®(Ir; H?(Qs)) N W (I1; HY(Qs)) N W2>=(I7; L2(Qs)).

For the linearized system
v e L2(0, T; H3(QF)) N H?(0, T; HY(QF)).

Result by Avalos, Lasiecka, Triggiani '08

If wo € H*(Qs), wi € HY(Qs), uo € H/2(QF) + C.C., then
the solution to the linearized system obeys

w € L0, T; H*(Qs)), v € L2(0, T; H*(QF)) and

p € L2(0, T; HY(QF)).



2. N.S.E. coupled with a beam or a plate equation

Q1) N —




Notation

Domain occupied by the fluid at time ¢t
Quer) = {(x,y) |x € (0,L), 0 <y <1+n(x, t)} U Qo.
Boundary corresponding to the structure at time t
Fon = {06 ¥) [ x € (0,L), y =1+7(x )},

The space-time domain and boundary

= U Qo = |J e, Z0 =Tox (0, 7).

te(0,T) te(0,T)



We have

0:/Q divu:/r u(t)-n(t):/OLm:/snn
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because

_ —Tx 1 ’
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We choose 79 and 7, the In. Cond. in

L3(Ts) = {77 | /rsnzo},

and we denote by M the orthogonal projection on L3(I).



The fluid equation
ue+ (u-Vyu—divo(u,p) =f, divu=0 in Qx,
u=n:€& on ¥° u=0 on Y, u(0) = up in Qo,
o(u,p) =v(Vu+VuT)—pl.
The structure equation
Mt = Blhoc — 0Mpoc + AMigooe = M(p + H(u, 7)) on T,
=0 and 7,=0 on {0,L} x (0,00)
n(0) =mo and 17:(0) =20 inTs,

and
H(u,n) = —v(Vu+ VUT)(—T]Xa + &) - 6.



We make the change of variable

_ Yy
et erdn)
transforms €,y onto Q = (0, L) x (0,1) U . Setting
Z\I(X7Z’ t) - U(X7.)/7 t)? ﬁ(X7Z7 t) :p(X7.y7 t)?

the nonlinear system is rewritten in the form
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b+ (0-V)o—vAD—Vp=F
0=mné& onX, =0 onXy, L“/(O) = up in £,
tt = Bl — 0w + e = P+ FI(@1,) on T,
n(0) =mo and 7:(0) =m0 inTs,



where
F(n, o, Vp)

= —ni; + (znt + vz (ffﬂ — 77XX>> i,

z2n2— A
+v (—Zanflxz + Nl + ( 1”%") uzz>
+Z(7]X:62 - nﬁx)él - (]- + n)alax + (anal - Z\12)1/—\127

A

G(na Z\I) = _nal,x + anal,z = div (_7]&151 + analé2)7
and
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u,p, 77) =V <1jnu1,z+7]xu2,x - 1+T]XU2,2 .



The linearized system (around 0 in 2D) is
ve —divo(v,p) = f,
divv=0 in Q,
v=1p& onX®, v=0 onXy, v(0)=wvin,
Me=12 onXxy,
M2t — BN — 0o + WMo = P ON X7,
+ B.C.
m(0) =mo and 12(0) =10 inTs.
Observe that

Vix+ Vo, =0 implies vo.|r, =0.



The linearized system in 3D is
v —divo(v,p) = f,
divv=0 in Q,
v=1p6 onX®, v=0 onXy, v(0)=winl,
M, =1"2 oON 1,
e — BAsm — 0D +alZm = p on I,
+ B.C.

m(0) =m0 and 12(0) =20 inTs.



Definition of the semigroup

Vo(Q) = {ye L2(Q) |divy =0, y-n=0on F},
L2(Q) = V3(Q) @ grad H(Q),

P L2(Q) — VO(Q).

We denote by Ay either the Stokes operator in V9(Q2) with
domain

VZ(Q) N V5(Q) = H2(Q) N Hy(Q) N V(Q),

or its extension to (V2(Q) N VE(Q)) (by extrapolation) as an
unbounded operator with domain V9(Q).



Take f = 0. The equation satisfied by v can be split
PVt = AOPV+(—A0)PD(7’]2§2 er) in LZ(O, T; (D(Ao))/),

v0) =v in Q
(I = P)v = (I = P)D(n2& xr,) = Va,
(I = P)we(t) = (I = P)D(n2.e(t) & xr,),
(I =P =(I—PW(0) e v-&=10 on T,

and D(7,6 xr.) = w is the solution to

—vAw+Vp=0, divw=0inQ, w=(m6xr,)onT.

|dea: Eliminate (/ — P)v in the beam equation.



The pressure p =1 — g; where

Ar=0 in €, @:APv-n on T,
on

99
on

Let N € L(L2(T,), H*2(Q)) and Ny € L(H™Y?(T), H()) be

Aqg(t)=0 in Q, —=mn on I =0 on Ty

No(APv-n)=m and N(n) =g,
and let v, € L(HY(Q), L3(Ts)) be

1

Ysq = qlr, —
’ e



For f = 0, we rewrite the system in the form
Pvi = AoPv + (—Ao)PD(m26> xr.), Vv(0)=wv in
(I = P)v = (I = P)D(126 xr,) = Va,
M, = 72,

772,1‘ - ﬁnl,xx - 5772,XX + anl,xxxx
= —vsN(m,t) + vsNo(APv - n) +f on 3,

m(0) =mo and 172(0) =m0 inTs.
The equation satisfied by 7, is
(I + s N2t — BN — 0M2,00 + N1 o0
= vsNo(APv - n) on X3,



We can rewrite the system in the form

Pv Pv
d
E m —./4 T 9
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I 0 0 A 0 (—Ay)PD
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D(Aoéﬂ) = H4(I—S) N Hg(rs) N Lg(rs): Aa,ﬁn = ﬁnxx — OMxxxx s



and in H =V%(Q) x (H3(I's) N L3(Ts)) x L3(Ts), we have
D(A) =
{(Pv.m,m) € VA(Q) x (H* 1 HZ 01 L3)(T) x (KB 1 L3)(T)
| Pvlr = =V.(I = P)D(n: & er)}‘
The compatibility condition

Pv|r = —=V.(I — P)D(126 xr.)
with
(I = P)v = (I —P)D(n286 xr.)

is equivalent to
v=r1pé&xr. on I.



Theorem. (JPR, 09) The operator (A, D(.A)) is the
infinitesimal generator of an analytic semigroup on

H = V%Q) x (H3(T's) N L3(Is)) x L3(Ts) and its resolvent is
compact.

Moreover if uy € HY(Q), n10 € H3(Is) N HZ(Ts) N L3(T),
Mo € Ha(ls) N L3(T), satisfying some C.C., the solution to

the linearized system belongs to
H?1(Q x (0, T)) x H*?(X,) x H*1(X,).



Theorem. (2D, Lequeure '10) For all vy € H(Q),

mo € H3(Ts) N H(Ms) N L3(Ts), 120 € Ha(Ts) N L3(Ts),
satisfying some C.C., there exists T* > 0 such that the system
coupling the N.S.E. with the damped beam eq. admits a
unique solution in H*! x H*2(¥,) x H*1(X,).

The extension to the 3D case is in progress.



3. N.S.E. coupled with the Lamé system
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The symmetric stress tensor o and the strain tensor ¢

o(w) = Atre(w) I +2ue(w),

(Vw+ (Vw) 7).

e(w) = %

The stress tensor o of the fluid

o(u,p) =v (Vu+ (Vu)") — pl.

The flow of the fluid velocity
X(-,t) © Qp(0) — Qf(2),

Xi(y, t) = u(X(y,t),t), X(,0)=y, yeQe0).



The fluid equation
ur+ (u-V)u—divo(u,p) =0, divu=0 inQg(t), t>0
u=0 onTgx(0,T)=X%Xg, u(0)=uoinQr(0),
u(X(y,t),t) = we(y,t) onXs. (eq. of velocities)
The Lamé system
Wy — dive(w) =
Wee — pAw + (A + p)V(divw) =0 in Qs(0) x (0, T),
w(0) =wy and wi(0) = wy in Qs(0),

o(w)n=o(u,p)o Xcof(VX)n=o(u,p)oXh on Xs.



The nonlinear model in the cylindrical domain Qg(0) x (0, T)

The Lagrangian velocity and the Lagrangian pressure
vy, t) = u(X(y,t),t) and q(y,t) = p(X(y,t).t),
X(Y(x,t),t)=x, xeQp(t),
Y(X(y,1).t) =y, y€Q(0).
ve — vV (JyVv+ Vv Jy) - Jy + JyVq =0,
Vv-Jy =0 inQg(0)x(0,T),
v=0 onXg, v(0)=upinQe(0),

V(.y7 t) = Wt(ya t) on Z57

o(w)n=v (JyVv+Vv'Jy)i—qgh on Zs.



The nonlinear model in the cylindrical domain Q£(0) x (0, T)
for a general transformation X and Y

v —divo(v,p) =T, divv =g in Qg(0) x (0, T),
v=0 onXg, v(0)=upinQe(0),
vy, t) = wi(y,t) onXs,

and

o(w)n+h=o(v,q)n on Xg,

Xe(y, t) =0(y)v(y,t), X(y,0)=y, y€Qs(0)



where
f=1~(v,q)

_F 82Yk %8\/, aYk 82V,' 8YJ %
N Ox? " dyi Ox;” Ox; Oy dy, Ot Jy;’

?’ J’@yk Ox; " Oy,

g:g(V):(/—J;—)VV,

B B aY; dv; 0Y;0v, 9Y;
h— h(v7q)_H(@X;78yk, aX,' ayJ, 8Xi7q)

= (N Vv+ (V) Iy )n — (Vv + (Vv))n + g(n — cof(VX)n).

oYy 8v,_8Y Gq)

There is a better way for writing h(v, q).



The linearized model

vi —divo(v,q) =f,

dvv=g inQg(0), t>0

v=0 onXg, v(0)=upin Qe(0),

v(y,t) = wi(y,t), on Zs,

Wi — pAw + (A + p)V(divw) =0 in Qs(0) x (0, T),
w(0) =wp and we(0) =w; in Qs(0),

o(w)n+h=oc(v,q)n on Xs.



Idea for proving regularity results useful for studying the
nonlinear system

e Prove optimal regularity results for the Lamé system
e Prove optimal regularity results for the Stokes system

e Determine the spaces in which we can prove the existence of
a fixed point



A new writing of the linearized model

vi —divo(v,q) =T,
dvv=g inQg(0), t>0

v=0 onXg, v(0)=upin Qg(0),

t
w(y, t) = wo —|—/ v, onZXs,
0

Wi — pAw + (A + p)V(divw) =0 in Qs(0) x (0, T),
w(0) =wp and we(0) =wy in Qs(0),

o(w)n+h=o(v,q)n on Xs.



Analysis of the Lamé system
Wi — AW + (A + p)V(divw) = F in Qs x (0, T),
t
W:szo\r5+/ v on Xg,
0

w(0) =wy, and we(0) =wy in Qs.

Theorem. (B. Dehman, JPR, '10)
If G € Hr+1(25), Wy € Hr+1(Q5), wy € Hr(Qs) + C.C., then

o(w) € H'(Xs).



Theorem. (B. Dehman, JPR, '10)

If
F e Y0, T; H*(Qs)) n WhL(0, T; HY(Qs)) N W2(0, T; L2(Qs)),
wo € H3(Qs), wi € H*(Qs),
G € H*(Xs), Gli=o = wolrs, Gtlt=o = volrs = ma|rs
and  Gyt|i—o = (Awo + F(0))|rs,
then the solution to the Lamé system satisfies
w e C([0, T]; H3(Q2s)) N C([0, TT; H*(Q2s))
NC2([0, T]; HY(Qs)) N C3([0, T]; L2(s))
and
o(w) € H*(Xs).



|dea of proof. (Lasiecka, Lions, Triggiani, waves '86)

If

Fcl}0,T; %)), w € HYQs), w € L*Qs),
G € H(Xs), Gli=o = wolrs,

then the solution to the Lamé system satisfies

w e C([0, T]; HY(Qs)) N CL([0, TT; L3(s)),
ow

B divw|z, and o(w) € L*(Zs).

The proof is based on energy estimates with a multiplier
(T —t)H-Vw, where H=non .



Boundary estimate by the energy

;
,u/ / 8—W M+)\/ divw|*> < CE(0).
0 s on s




To improve the regularity

g—vr‘;, divw|z, and o(w) € H(Zs),

the idea is to write the equation satisfied by w, it gives
ow . 1 2
o divw|s,, and o(w) € H*(0, T; L*('s)).

By writing the equation satisfied by Hw, where H = ¥ ;h;0,.
with 2;h;n; = 0, we prove that
ow

i wls, and o(w) € L3(0, T; H(T's)).



First consequence (Avalos, Lasiecka, Triggiani '08) If

wo € H*(Qs), w1 € HY(Qs), wo € H?f(QF), then the solution
to the linearized system obeys w € L*°(0, T; H*(Qs)),

v € L2(0, T; H*(QF)) and p € L%(0, T; H(QF)).

Idea of the proof.

If wo € H?(Qs), wi € HY(Qs), and [ v € H%(Xs), then
O’(W) S Hl(ZS)

If up € H?f(Q) + some C.C., since o(w) € H}(Xs), then
v € L2(0, T; H52(QF)) N HY4(0, T; L2(Q2F)).



Analysis of the Stokes system
v —divo(v,q) =T,
dvv=g inQex(0,T),
v=0 onXg, v(0)=v inQF,

o(v,q)n=oc(w)+ h= h on ¥s.



With the intial data

f(0) = —v (A Yk Okvo + 9 Yo, Y,0; Vo — Avp)

—0:Y;0jvo — 0; Yk voj Ok v,
g(0)=0, g(0)=-Jy,:Vw=—/:Vy=0,
gi(0) = JY o Vg — JT,t : Vv (0)

= -2Vy] : Vv — 1 : Vv(0) = -2V, : V,

h(0) = o(wo),  he(0) = o(wn) + v(IF Vo + (Vo) Ty o).



Theorem.
If
f e L2(Ir; H32(QF)) N H¥2(I7; L2(QF))
+L2(17; H2(QF)) N HY2(I7; HA(Q6)) N HY (I HY(QE)),
f(0) is regular,
vo € H*(QF) N HE (QF), divig =0,
he L2(Ir; H3(T's)) N H¥2(I7; HY2(Ts)) N H4 (175 L2(T's)),
g € L2(I1; H¥2(QF)) N H32(I1; HX(QF)) N H2(I7; L2(QF)),
g(0)=0, g(0)=0,
and if f, /i;, vo obeys some C.C. at t =0,

then the solution to the Stokes system satisfies
v € L2(0, T; H/2(QF)) N H32(0, T; H*(QF)) N H?(0, T; H(QF))

Vq belongs to the same space as f.



Regularity of g and h

time

A

2
7/4
3/2 1
e(v) ad v v
on ZS
+ 3 Space
1 2 52 712



Regularity of f and Vg

time

A

3/2

e(v)

3 space
1 312 2 512 72 P



More generally
If
f e L2(Ir; H7Y2(QE)) N HSY2(17; L2(QF))
FL2(I; HSTY2(QE)) N HE =321 H2(QE)) N H (I HY(QF)),
f(0) is regular,
vo € HH3(Qr) N HE (), divg =0,
h e L2(I7; H5(Ts)) N HSY2(Ir; HY2(Ts)) N H=Y4(I7; L2(Ts)),
g € L2(Ir; HTY2(QE)) N H=Y2 (I HYQE)) N HE (I3 L2(Q2F)),
g(0) =0, g(0)=0,
and if f, /i;, vo obeys some C.C. at t =0,

then the solution to the Stokes system satisfies
v E L2(/T; HS+3/2(QF)) N Hs—1/2(/_,_; H2(QF)) N HS(IT; HI(QF))

Vq belongs to the same space as f.



We look for the solution v in the form v = v + v where

divv=g and divvi=0 inQFx (0, 7).

Equation for v
v, —divo(v,q) =T,
divi=0 inQF x (0, T),
v=0 onXg, Vv(0)=v inQF,

(V,§)n=0c(w)+h=h on Zs.

Q



Maximal space regularity for v (Grubb, Solonnikov, 91)
If

f e 120, T; H32(QF)) N H¥4(0, T; L3(QF)), £(0) is regular,
vo € HE () N H¥2(Qf), divig =0,
h e 120, T; H2(Ts)) N HY(0, T; L3(Ts)),
2v (e(vo)n) - 7 = h(0)n- 7 = o(wo)n-7 onTs,
+ an additional C.C. for f
then the solution to the Stokes system satisfies
V€ L2(0, T; H/2(Qr)) N H/*(0, T; L2(2F)),

G € L2(0, T; H2(QF)) N H¥4(0, T; HY(QF)).



With the compatibility condition

2v(e(vo)n) - 7= h(0)n-7=0c(w)n-T,

we define go as the solution to

Ago =divf(0) in QF,

% — £(0) - n+2vdive(v) - n on e,

go = 2v (e(vo)n) - n on ls.

We can verify that
q(0) = qo.



Maximal time regularity for v

We set
Vt - /L7 and at - /[5

uy —divo(u,p) = f,
divi=0 inQFx(0,T),
u=0 onXg, u(0)=divao(v,qo)+f(0) inQp,

o(u, p)n = h, onTsx (0, T).



Maximal regularity for u

If
f, € 120, T; HY2(QF)) N HY4(0, T; L2(QF)),
u(0) € HE(QF) N H2(QF),
he € [2(0, T; HX(T's)) N HY2(0, T; L3(Ts)),
2v (e(@(0))n) - 7 = he(0)n - 7 = o(wi)n- 7 on T,
then the solution to the Stokes system satisfies
U L2(0, T; H2(QF)) N HY4(0, T; L2(QF))

and
v € HY(0, T; H>2(QF)) N HY4(0, T; L2(QF)).



We have not obtained the desired result, but we have not used

fr € HY2(0, T; L2(QF))
and
he € HY2(0, T; HY*(T's)) N H*/*(0, T; L*(T's)).-

To recover the desired regularity we proceed by interpolation.
New time derivative

We set
U =¢ and p:=x.

¢ —divo(C, x) = Far,
divi =0 inQF x(0,7),

¢=0 onXg, ((0)=divo(To, Po) + ~(0) in QF,

O-(C7X)n :/f;tt on ZS X (07 T)



Maximal regularity for ¢

If ~
foe € 12(0, T; L2(Q%)),

((0) € HE,(QF),
hee € L2(0, T; HY2(Ts)) N HY4(0, T; L3(T's)),
then the solution to the Stokes system satisfies
¢ € L2(0, T; H*(Q2F)) N HY(O, T; L2(Q2F)).
We recover the final estimate for v by interpolation
vV € H¥2(0, T; H*(QF)) N H2(0, T; L2(Q2F))
— H32(0, T; H*(QF)) N H?(0, T; H(QF)).



Fixed point method

Let (v, wo, wy) satisfy the regularity assumptions and the
compatibility conditions. Let v and q be such that

(v,9)(0) = (v, q0) and
v € 120, T; H2(QF)) N H32(0, T; H?(QF)) N H2(0, T; HY(Q2F))
Vg € L2(I7; H¥2(QF)) N H32(I1; L2(Q2F))
+12(17; HY2(Q6)) 0 HY2(I7; HA(QF)) N HY (I HY(QF)).



We consider the solution (v, g, w) to the system

v, —diva(v, q) = f = f(v,9),
dvv=g=g(v) inQrx(0,T),
v=0 onXg, v(0)= v,
a(v,q)n=o(w) + h(v,q) on Xs,

Wi — pAw + (A + p)V(divw) =0 in Qs x (0, T),
t
w = Wo|rS +/ v, inls X (0, T) = Zs,
0

w(0) =wp and wy(0) = wy in Qs,

(v, 1) =0(y)v(y. t), Xe(y,0)=y,

X

=vVoY, p=goVY.

|



For T* > 0 small enough, depending only on (ug, wp, wy), the
mapping
M : (v,q) — (v,q)

admits a unique fixed point in the space of functions (v, q)
belonging to the space above defined, that is

v € L2(0, T; H/2(QF)) N H32(0, T; H2(QF)) N H2(0, T; HY(QF))
Vq € L2(Ir; H32(QF)) N H3Y2(I7; 12(QF))
+L2(/T; H5/2(QF)) N H1/2(/T; HQ(QF)) N Hl(/T; HI(QF))

and satisfying the condition (v, g)(0) = (vo, o).
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