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Notations

Equation

Ω = RN

Aεuεdef
= − ∂

∂xk

(
αε

k`(x)
∂uε

∂x`

)
= f in RN
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Notations

The reference cell
Y = (0,2π)N

Conductivity
αε

k`(x) = αk`(
x
ε )

For a given γ ∈ [0,1], we consider all measurable sets T ⊆ Y such that

|T |
|Y |

= γ.

For all y ∈ Y , we consider

αk`(y) =
(
α0χχT C (y) + α1χχT (y)

)
δk`

Definition

A = − ∂

∂yk

(
αk`(y)

∂

∂y`

)
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Homogenization problem

Let {uε} ⊆ H1(RN) and f ∈ L2(RN)
such that

− ∂

∂xk

(
αε

k`(x)
∂uε

∂x`

)
= f in RN

If uε ⇀ u weakly in H1(RN), then u
satisfies

− ∂

∂xk

(
qk`

∂u
∂x`

)
= f in RN

q = (qk`) can be characterized using Bloch wave decomposition.

In dimension N = 1: q depends only on γ.
In dimension N ≥ 2: q lies in a non-trivial set as T varies.

Using Bloch waves,
we define another parameter d : the dispersion or Burnett tensor,
we look for the set where d lies when T varies preserving the volume
proportion γ.
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Bloch waves

For η ∈ RN : find λ(η) ∈ R and ψ(y ; η) 6= 0 such that{
Aψ(·; η) = λ(η)ψ(·; η) in RN ,

ψ(·; η) is (η; Y )-periodic.

(η; Y )-periodicity

ψ(y + 2πm; η) = eiη·(2πm)ψ(y ; η) ∀m ∈ ZN , y ∈ RN

By Floquet theory,

ψ(y ; η) = eiy ·ηφ(y ; η) ⇒
{

A(η)φ(·; η) = λ(η)φ(·; η) in RN ,
φ(·; η) is Y -periodic.

A(η) = −
(

∂

∂yk
+ iηk

) (
αk`(y)

( ∂

∂y`
+ iη`

))
.

There exists a sequence of finite multiplicity eigenvalues:

0 ≤ λ1(η) ≤ λ2(η) ≤ · · · ≤ λm(η) ≤ · · · → ∞.

{φm(·; η)}m≥1 form an orthonormal basis in L2
#(Y ).

Loredana Smaranda (University of Pite,sti) ICMPDE Bangalore, India, August 2010 6 / 36



Bloch waves

For η ∈ RN : find λ(η) ∈ R and ψ(y ; η) 6= 0 such that{
Aψ(·; η) = λ(η)ψ(·; η) in RN ,

ψ(·; η) is (η; Y )-periodic.

(η; Y )-periodicity

ψ(y + 2πm; η) = eiη·(2πm)ψ(y ; η) ∀m ∈ ZN , y ∈ RN

By Floquet theory,

ψ(y ; η) = eiy ·ηφ(y ; η) ⇒
{

A(η)φ(·; η) = λ(η)φ(·; η) in RN ,
φ(·; η) is Y -periodic.

A(η) = −
(

∂

∂yk
+ iηk

) (
αk`(y)

( ∂

∂y`
+ iη`

))
.

There exists a sequence of finite multiplicity eigenvalues:

0 ≤ λ1(η) ≤ λ2(η) ≤ · · · ≤ λm(η) ≤ · · · → ∞.

{φm(·; η)}m≥1 form an orthonormal basis in L2
#(Y ).

Loredana Smaranda (University of Pite,sti) ICMPDE Bangalore, India, August 2010 6 / 36



Bloch waves

For η ∈ RN : find λ(η) ∈ R and ψ(y ; η) 6= 0 such that{
Aψ(·; η) = λ(η)ψ(·; η) in RN ,

ψ(·; η) is (η; Y )-periodic.

(η; Y )-periodicity

ψ(y + 2πm; η) = eiη·(2πm)ψ(y ; η) ∀m ∈ ZN , y ∈ RN

By Floquet theory,

ψ(y ; η) = eiy ·ηφ(y ; η) ⇒
{

A(η)φ(·; η) = λ(η)φ(·; η) in RN ,
φ(·; η) is Y -periodic.

A(η) = −
(

∂

∂yk
+ iηk

) (
αk`(y)

( ∂

∂y`
+ iη`

))
.

There exists a sequence of finite multiplicity eigenvalues:

0 ≤ λ1(η) ≤ λ2(η) ≤ · · · ≤ λm(η) ≤ · · · → ∞.

{φm(·; η)}m≥1 form an orthonormal basis in L2
#(Y ).

Loredana Smaranda (University of Pite,sti) ICMPDE Bangalore, India, August 2010 6 / 36



Bloch waves

For η ∈ RN : find λ(η) ∈ R and ψ(y ; η) 6= 0 such that{
Aψ(·; η) = λ(η)ψ(·; η) in RN ,

ψ(·; η) is (η; Y )-periodic.

(η; Y )-periodicity

ψ(y + 2πm; η) = eiη·(2πm)ψ(y ; η) ∀m ∈ ZN , y ∈ RN

By Floquet theory,

ψ(y ; η) = eiy ·ηφ(y ; η) ⇒
{

A(η)φ(·; η) = λ(η)φ(·; η) in RN ,
φ(·; η) is Y -periodic.

A(η) = −
(

∂

∂yk
+ iηk

) (
αk`(y)

( ∂

∂y`
+ iη`

))
.

There exists a sequence of finite multiplicity eigenvalues:

0 ≤ λ1(η) ≤ λ2(η) ≤ · · · ≤ λm(η) ≤ · · · → ∞.

{φm(·; η)}m≥1 form an orthonormal basis in L2
#(Y ).

Loredana Smaranda (University of Pite,sti) ICMPDE Bangalore, India, August 2010 6 / 36



Bloch waves at ε-scale

We introduce Bloch waves at the ε-scale:

λε
m(ξ) = ε−2λm(η), φε

m(x ; ξ) = φm(y ; η),

where
y =

x
ε
, η = εξ.

Taylor expansion for the first Bloch eigenvalue λε
1(ξ):

λε
1(ξ) =

1
2!

∂2λ1

∂ηk∂η`
(0)

1
2!

∂2λ1

∂ηk∂η`
(0)︸ ︷︷ ︸

qk`

ξkξ` +

1
4!

∂4λ1

∂ηk∂η`∂ηm∂ηn
(0)

1
4!

∂4λ1

∂ηk∂η`∂ηm∂ηn
(0)︸ ︷︷ ︸

dk`mn

ξkξ`ξmξnε
2 + · · ·

Remarks

If |ξ|4ε2 = o(1), then qk` is alone important.
If |ξ|4ε2 = O(1), then dk`mn need to be considered too.

d = (dk`mn) is called Burnett or dispersion tensor.
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Characterization of q(η)

Theorem
The homogenized quantity

q(η)
def
=qk`ηkη` =

1
2!

∂2λ1

∂ηk∂η`
(0)ηkη`

is given by

q(η) =
1
|Y |

∫
Y
αk`(y)

(∂X (1)
(T )

∂yk
+ ηk

)
η`dy ,

where the cell function X (1)
(T ) is defined as solution of

− ∂

∂yk

(
αk`(y)

∂X (1)
(T )

∂y`

)
=

∂

∂yk
(αk`(y)η`) in RN ,

X (1)
(T ) ∈ H1

#(Y ),
1
|Y |

∫
Y

X (1)
(T )dy = 0.
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Characterization of d(η)

Theorem
The dispersion quantity

d(η)
def
=dk`mnηkη`ηmηn =

1
4!

∂4λ1

∂ηk∂η`∂ηm∂ηn
(0)ηkη`ηmηn

is given by

d(η) = − 1
|Y |

∫
Y
αk`(y)

∂X (2)
(T )

∂yk

∂X (2)
(T )

∂y`
dy ,

where the cell function X (2)
(T ) is defined by

− ∂

∂yk

(
αk`(y)

∂X (2)
(T )

∂y`

)
= αk`(y)

(∂X (1)
(T )

∂yk
+ ηk

)(∂X (1)
(T )

∂y`
+ η`

)
− q(η) in RN ,

X (2)
(T ) ∈ H1

#(Y ),
1
|Y |

∫
Y

X (2)
(T )dy = 0.
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Questions on bounds

For a given γ ∈ [0,1] and η ∈
(
− 1

2 ,
1
2

)N , we consider all measurable sets
T ⊆ Y such that

|T |
|Y |

= γ.

For all T , we consider the map

T 7−→ d(η) = −m
(
α(y)∇X (2)

(T ) · ∇X (2)
(T )

)
Questions

Is
{

d(η) : |T | = γ|Y |
}

bounded?

There exists max
{

d(η) : |T | = γ|Y |
}

?

There exists min
{

d(η) : |T | = γ|Y |
}

?
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Laminated structures

We consider

α(y) = α(y1)

and then
X (1)

(T )(y) = X (1)
(T )(y1) and X (2)

(T )(y) = X (2)
(T )(y1).

The equations of X (1)
(T ) and X (2)

(T ) become − ∂

∂y1

(
α(y1)

∂X (1)
(T )

∂y1

)
=

∂

∂y1
(α(y1)η1) in R,

X (1)
(T ) ∈ H1

#(0,2π), m(X (1)
(T )) = 0

and  − ∂

∂y1

(
α(y1)

∂X (2)
(T )

∂y1

)
= α(y1)

∣∣∣∣∂X (1)
(T )

∂y1
e1 + η

∣∣∣∣2 − q(η) in R,

X (2)
(T ) ∈ H1

#(0,2π), m(X (2)
(T )) = 0.
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Characterization of q(η) in laminates

By integrating equation of X (1)
(T ), we get

−α(y1)

(∂X (1)
(T )

∂y1
+ η1

)
= C1, where C1 = − η1

m(1/α)
.

Therefore, X (1)
(T ) satisfies

∂X (1)
(T )

∂y1
+ η1 =

η1

m(1/α)α(y1)
.

We obtain the homogenized quantity can be written as

q(η) = m

(
α(y1)

∣∣∣∣∂X (1)
(T )

∂y1
e1 + η

∣∣∣∣2)
=

η2
1

m(1/α)
+m(α)|η̃|2

where we have denoted η̃ = (0, η2, . . . , ηN)T .
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Characterization of d(η) in laminates

We recall
− ∂

∂y1

(
α(y1)

∂X (2)
(T )

∂y1

)
= α(y1)

∣∣∣∣∂X (1)
(T )

∂y1
e1 + η

∣∣∣∣2︸ ︷︷ ︸
RHS

−q(η) in R,

X (2)
(T ) ∈ H1

#(0,2π), m(X (2)
(T )) = 0.

The first term in the right hand side could be written

RHS = α(y1)

∣∣∣∣∂X (1)
(T )

∂y1
+ η1

∣∣∣∣2 + α(y1)|η̃|2

=
η2

1
m

2(1/α)α(y1)
+ α(y1)|η̃|2.

Therefore, the first equation of X (2)
(T ) yields

− ∂

∂y1

(
α(y1)

∂X (2)
(T )

∂y1

)
=

η2
1

m
2(1/α)α(y1)

+ α(y1)|η̃|2 −
η2

1
m(1/α)

−m(α)|η̃|2,
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Characterization of d(η) in laminates

Therefore, the first equation of X (2)
(T ) yields

− ∂

∂y1

(
α(y1)

∂X (2)
(T )

∂y1

)
=

η2
1

m
2(1/α)α(y1)

+ α(y1)|η̃|2 −
η2

1
m(1/α)

−m(α)|η̃|2.

By integration, one could obtain

−α(y1)
∂X (2)

(T )

∂y1
= C2+

η2
1

m
2(1/α)

∫ y1

0

(
1

α(s)
−m(1/α)

)
ds+|η̃|2

∫ y1

0
(α(s)−m(α))ds.

Therefore, the equation of X (2)
(T ) becomes

−α(y1)
∂X (2)

(T )

∂y1
= C2 +

[
η2

1
m

2(1/α)

(
1
α1

− 1
α0

)
+ |η̃|2(α1 − α0)

]
· aT (y1).
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0(1− γ).

By integrating we then get∫ y1

0
(αk (s)−m(αk ))ds = (αk

1 − αk
0)

∫ y1

0
(χχT (s)− γ)ds︸ ︷︷ ︸

aT (y1)

.

Therefore, the equation of X (2)
(T ) becomes

−α(y1)
∂X (2)

(T )

∂y1
= C2 +

[
η2

1
m

2(1/α)

(
1
α1

− 1
α0

)
+ |η̃|2(α1 − α0)

]
· aT (y1).
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Properties of function aT

Lemma
For any k ∈ Z and any ` ∈ N, we have

m(αka`
T ) = m(αk )m(a`

T ).

Proof: We recall that

αk = αk
1χχT +αk

0(1− χχ
T )

m(αk ) = αk
1γ +αk

0(1− γ)

}
⇒ αk −m(αk ) = (αk

1 − αk
0)(χχT − γ)

and aT (y1) =

∫ y1

0
(χχT (s)− γ)ds.

We obtain [
αk −m(αk )

]
a`

T = (αk
1 − αk

0)a`
T · a

′
T =

(αk
1 − αk

0)

`+ 1
(a`+1

T )′

and then
m

(
αka`

T −m(αk )a`
T

)
= 0.
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Characterization of d(η) in laminates

Using Lemma with k = −1 and ` = 1, the equation

−α(y1)
∂X (2)

(T )

∂y1
=

[
η2

1
m

2(1/α)

(
1
α1

− 1
α0

)
+ |η̃|2(α1 − α0)

][
aT (y1)−

m(aT/α)

m(1/α)

]
yields

−α(y1)
∂X (2)

(T )

∂y1
=

[
η2

1
m

2(1/α)

(
1
α1

− 1
α0

)
+ |η̃|2(α1 − α0)

][
aT (y1)−m(aT )

]

Since

d(η) = −m
(
α(y1)

∂X (2)
(T )

∂y1
·
∂X (2)

(T )

∂y1

)
,

we obtain

−d(η) =

[
η2

1
m

3/2(1/α)

(
1
α1
− 1
α0

)
+|η̃|2m1/2(1/α)(α1−α0)

]2[
m(a2

T )−m2(aT )

]
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Relation between laminates and 1D

We have

d(η) = −
[

η2
1

m
3/2(1/α)

( 1
α1

− 1
α0

)
+ |η̃|2m1/2(1/α)(α1 − α0)

]2

[
η2

1
m

3/2(1/α)

( 1
α1

− 1
α0

)
+ |η̃|2m1/2(1/α)(α1 − α0)

]2

︸ ︷︷ ︸
Term 1

[
m(a2

T )−m2(aT )

]

[
m(a2

T )−m2(aT )

]
︸ ︷︷ ︸

Term 2

Term 1 does not depend on the mi-
crostructure; it depends on N.

Term 2 depends on the microstructure:
aT → χχ

T .

For N = 1 and η = 1, we have

d1 = −
[

1
m

3/2(1/α)

(
1
α1

− 1
α0

)]2[
m(a2

T )−m2(aT )

]
= −q3

1

(
1
α1

− 1
α0

)2[
m(a2

T )−m2(aT )

]
= −q1 ·m

([
q1

(
1
α1

− 1
α0

)
(aT −m(aT ))︸ ︷︷ ︸

]2
)
.
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Term 2 depends on the microstructure:
aT → χχ

T .

For N = 1 and η = 1, we have

d1 = −
[

1
m

3/2(1/α)

(
1
α1

− 1
α0

)]2[
m(a2

T )−m2(aT )

]
= −q3

1

(
1
α1

− 1
α0

)2[
m(a2

T )−m2(aT )

]
= −q1 ·m

([
q1

(
1
α1

− 1
α0

)
(aT −m(aT ))︸ ︷︷ ︸

]2
)
.
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Characterizations of q1 and d1 in 1D

Theorem
The homogenized and the dispersion coefficients in 1D are given by

1
q1

= m
(
1/α

)
=

γ

α1
+

1− γ

α0
, d1 = −q1m

(
(X(T ))

2
)
,

with the cell function X(T ) defined by −
dX(T )

dy
= 1− q1

(
χχ

T
α1

+
1− χχ

T
α0

)
in R,

X(T ) ∈ H1
#(Y ), m(X(T )) = 0.

q1 does not depend on the mi-
crostructure.

d1 depends on the microstructure:
χχ

T → X(T ) → d1.
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Notations

Char(Y ) =
{
χχ : Y → {0,1}

}
, T (χχ) =

{
y ∈ Y : χχ(y) = 1

}
,

Cγ = {χχ ∈ Char(Y ) : |T (χχ)| = γ|Y |}.

We define
J0 : Char(Y ) −→ R

χχ 7−→ J0(χχ)
def
= m

(
(X(T (χ)))

2),
then the dispersion coefficient can be rewritten as follows

d1 = −q1 J0(χχT ).

Moreover,

−q1 sup
χ∈Cγ

J0(χχ) ≤ d1 ≤ − q1 inf
χ∈Cγ

J0(χχ) ∀χχT ∈ Cγ .
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Relaxation

We define

Dγ =
{
θ ∈ L∞# (Y ; [0,1]) : m(θ) = γ

}
and

J : L∞# (Y ; [0,1]) −→ R
θ 7−→ J(θ)

def
= m

(
(Xθ)

2).

Xθ is the solution of

 −dXθ

dy
= 1− q1(m(θ))

(
θ

α1
+

1− θ

α0

)
in R,

Xθ ∈ H1
#(Y ), m(Xθ) = 0,

where
1

q1(τ)
=

τ

α1
+

1− τ

α0
.

Loredana Smaranda (University of Pite,sti) ICMPDE Bangalore, India, August 2010 21 / 36



Relaxation

We define

Dγ =
{
θ ∈ L∞# (Y ; [0,1]) : m(θ) = γ

}
and

J : L∞# (Y ; [0,1]) −→ R
θ 7−→ J(θ)

def
= m

(
(Xθ)

2).
Xθ is the solution of

 −dXθ

dy
= 1− q1(m(θ))

(
θ

α1
+

1− θ

α0

)
in R,

Xθ ∈ H1
#(Y ), m(Xθ) = 0,

where
1

q1(τ)
=

τ

α1
+

1− τ

α0
.

Loredana Smaranda (University of Pite,sti) ICMPDE Bangalore, India, August 2010 21 / 36



Outline

1 Introduction
Setting of the problem
Bloch waves
Cell functions
References

2 Bounds
General questions
Laminated structures
Bounds in 1D
Main results

3 Proof in 1D
Minimization problem on Dγ in 1D
Maximization problem on Dγ in 1D
Proof of second result in 1D

4 Perspectives

Loredana Smaranda (University of Pite,sti) ICMPDE Bangalore, India, August 2010 22 / 36



First result on bounds in 1D

Theorem
For any γ ∈ (0,1), we have that

inf
χ∈Cγ

J0(χχ) = min
θ∈Dγ

J(θ), sup
χ∈Cγ

J0(χχ) = max
θ∈Dγ

J(θ),

min
θ∈Dγ

J(θ) = 0,

max
θ∈Dγ

J(θ) =
1
12

q2
1γ

2(1− γ)2|2π|2
( 1
α1

− 1
α0

)2
.

Moreover, ∃χχ∗max ∈ Cγ such that

J0(χχ
∗
max) = max

θ∈Dγ

J(θ).

C. Conca, J. San Martı́n, L. Smaranda and M. Vanninathan,
Optimal bounds on dispersion coefficient in one-dimensional periodic media,
Math. Models Methods Appl. Sci., 19 (2009).
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Consequence of the first result in 1D

Corollary

For any γ ∈ (0,1), the following inclusion holds:{
d1 : |T | = γ|Y |

}
⊆

[
− 1

12
q3

1γ
2(1− γ)2|2π|2( 1

α1
− 1

α0
)2

− 1
12

q3
1γ

2(1− γ)2|2π|2( 1
α1
− 1

α0
)2︸ ︷︷ ︸

dmin(γ)

,0
)
.
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− 1

12
q3

1γ
2(1− γ)2|2π|2( 1

α1
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α0
)2− 1

12
q3

1γ
2(1− γ)2|2π|2( 1

α1
− 1

α0
)2︸ ︷︷ ︸

dmin(γ)

,0
)
.

y = dmin(x)

0

y = d(T )

x = |T |
|Y |1
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Second result in 1D

Theorem (d1 fills up the interval)

For any γ ∈ (0,1), the following converse inclusion holds:{
d1 : |T | = γ|Y |

}
⊇

[
− 1

12
q3

1γ
2(1− γ)2|2π|2( 1

α1
− 1

α0
)2

− 1
12

q3
1γ

2(1− γ)2|2π|2( 1
α1
− 1

α0
)2︸ ︷︷ ︸

dmin(γ)

,0
)
.
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Main result for laminates

Since {
d1 : |T | = γ|Y |

}
=

[
− 1

12
q3

1γ
2(1− γ)2|2π|2

(
1
α1

− 1
α0

)2

,0
)
,

and

d1 = −
[

1
m

3/2(1/α)

(
1
α1

− 1
α0

)]2(
m(a2

T )−m2(aT )

)
,

one can prove that

Theorem (Result for laminates)

For any γ ∈ (0,1) and for any η ∈ Y ′, the following equality holds:{
d(η) : |T | = γ|Y |

}
=[

− 1
12
γ2(1− γ)2|2π|2

[ η2
1

m
3/2(1/α)

( 1
α1
− 1

α0
) + |η̃|2m1/2(1/α

)
(α1 − α0)

]2
,0

)
.
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Minimization problem

We have

J(θ) ≥ 0 ∀θ ∈ Dγ .

If J(θ∗min) = 0, then Xθ∗min
= 0.

Due to the equation of Xθ∗min
, we get

q1

(
θ∗min(y)

α1
+

1− θ∗min(y)

α0

)
= 1,

that is,

θ∗min(y) = γ.

Remark

All minimizers are equal to θ∗min.
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Maximization problem

Step 1: Lagrange multipliers

Since Dγ is defined with the constraint m(θ) = γ, we introduce the Lagrangian

L(θ, λ) = J(θ) + λ(m(θ)− γ)

for all θ ∈ L∞# (Y ; [0,1]) and λ ∈ R.

Proposition

For each θ∗ ∈ Dγ with J(θ∗) = max
θ∈Dγ

J(θ), there exists λ∗ ∈ R such that

D
θ
L(θ∗, λ∗)(θ − θ∗) ≤ 0

for all θ ∈ L∞# (Y ; [0,1]).
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Maximization problem

D
θ
L(θ∗, λ∗)(θ − θ∗) =

q1 ( 1
α1
− 1

α0
)m

([
Pθ∗ +

λ∗

q
1
( 1

α1
− 1

α0
)
− q1(

1
α1
− 1

α0
)m(Pθ∗ · θ∗)

−p∗︷ ︸︸ ︷
λ∗

q
1
( 1

α1
− 1

α0
)
− q1(

1
α1
− 1

α0
)m(Pθ∗ · θ∗)

]
· (θ − θ∗)

)
,

where Pθ∗ is solution of the adjoint state equation −dPθ∗

dy
= 2Xθ∗ in R,

Pθ∗ ∈ H1
#(Y ), m(Pθ∗) = 0.

The condition D
θ
L(θ∗, λ∗)(θ − θ∗) ≤ 0 becomes:∫

Y

(
Pθ∗(y)−p∗

)(
θ(y)− θ∗(y)

)
dy ≤ 0 ∀θ ∈ L∞# (Y ; [0,1]).
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Maximization problem

Step 2: Optimality condition

We define
A (θ∗,p∗) = {y ∈ R : Pθ∗(y) = p∗},

B(θ∗,p∗) = {y ∈ R : Pθ∗(y) > p∗}, C (θ∗,p∗) = {y ∈ R : Pθ∗(y) < p∗}.

Proposition

For each θ∗ ∈ Dγ with J(θ∗) = max
θ∈Dγ

J(θ), there exists p∗ ∈ R such that the

optimality condition (O.C.) holds:{
θ∗ = 1 a.e. in B(θ∗,p∗),

θ∗ = 0 a.e. in C (θ∗,p∗).
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Maximization problem

Step 3: New expression of J(θ∗)

We denote

Θγ =
{
θ∗ ∈ Dγ : ∃p∗ ∈ R such that O.C. holds

}
.

Lemma

For any (θ∗,p∗) ∈ Θγ×R satisfying O.C., there exists y
A
∈ A (θ∗,p∗) such that:

B(θ∗,p∗) ∩ (y
A

+ Y ) =

NB⋃
i=1

(ai ,bi), C (θ∗,p∗) ∩ (y
A

+ Y ) =

NC⋃
j=1

(cj ,dj),

where NB,NC ∈ N ∪ {+∞} and ai ,bi , cj ,dj ∈ A (θ∗,p∗), ∀i ∈ {1, . . . ,NB},
j ∈ {1, . . . ,NC }.

Loredana Smaranda (University of Pite,sti) ICMPDE Bangalore, India, August 2010 30 / 36



Maximization problem

Step 3: New expression of J(θ∗)

We denote

Θγ =
{
θ∗ ∈ Dγ : ∃p∗ ∈ R such that O.C. holds

}
.

Lemma

For any (θ∗,p∗) ∈ Θγ×R satisfying O.C., there exists y
A
∈ A (θ∗,p∗) such that:

B(θ∗,p∗) ∩ (y
A

+ Y ) =

NB⋃
i=1

(ai ,bi), C (θ∗,p∗) ∩ (y
A

+ Y ) =

NC⋃
j=1

(cj ,dj),

where NB,NC ∈ N ∪ {+∞} and ai ,bi , cj ,dj ∈ A (θ∗,p∗), ∀i ∈ {1, . . . ,NB},
j ∈ {1, . . . ,NC }.

Loredana Smaranda (University of Pite,sti) ICMPDE Bangalore, India, August 2010 30 / 36



Maximization problem

By integrating Xθ∗ and Pθ∗ in each (ai ,bi) and (cj ,dj), we prove

Proposition

For any (θ∗,p∗) ∈ Θγ × R satisfying O.C. and y
A
∈ A (θ∗,p∗):

J(θ∗) =
q2

1
12
γ2(1− γ)2|2π|2

( 1
α1
− 1

α0

)2

γ NB∑
i=1

x3
i + (1− γ)

NC∑
j=1

z3
j

 ,
where xi =

bi − ai

γ|Y |
and zj =

dj − cj

(1− γ)|Y |
.

We have

0 < xi , zj ≤ 1 and
NB∑
i=1

xi ,

NC∑
j=1

zj ≤ 1.

γ NB∑
i=1

x3
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Step 4: Conclusion
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NC = 1 and x1 = z1 = 1.
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Proof of second result

For any n ∈ N∗ and δ ∈ (0,1) we define θ∗n,δ in [0,2π] as follows:
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n
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(i − 1)2π
n i 2π

n(i − 1)2π
n +δ 2π

n

· · ·i 2π
n

2π
n · · · (i − 1)2π

n0 2π

a2i−1 = (i − 1)
2π
n b2i−1 = c2i−1 = (i − 1 + γδ)

2π
n

d2i−1 = a2i = (i − 1 + δ)
2π
n b2i = c2i = (i − (1 − γ)(1 − δ))
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n d2i = i 2π
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Proof of second result

For any n ∈ N∗ and δ ∈ (0,1) we define θ∗n,δ in [0,2π] as follows:

θ(y)

1

y
0

(i − 1)2π
n i 2π

n(i − 1)2π
n +δ 2π

n

· · ·i 2π
n

2π
n · · · (i − 1)2π

n0 2π

θ∗n,δ(y) =

8>><
>>:

1 if y ∈
2nS

i=1
[ai , bi ],

0 if y ∈
2nS

j=1
(cj , dj).
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(i − 1)2π
n i 2π
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n

· · ·i 2π
n

2π
n · · · (i − 1)2π

n0 2π

θ∗n,δ(y) =

8>><
>>:

1 if y ∈
2nS

i=1
[ai , bi ],

0 if y ∈
2nS

j=1
(cj , dj).

We have

J(θ∗n,δ) =
1− 3δ + 3δ2

n2 max
θ∈Dγ

J(θ).
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Perspectives

The behavior of the dispersion tensor for other structures with some kind
of symmetry.

Interesting particular cases are the spherical Hashin structures.

Properties on the dispersion for materials with ellipsoidal geometries.

Find bounds in higher dimensions for general materials.
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