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Let {uF} € H'(RN) and f € L2(RN) | If u* — uweakly in H'(RN), then u

such that satisfies
0 c Ous . . N 0 @ - . N
~oxe <akz(X)8X€> =f in R x, (Cmax) =f in R

@ g = (gks) can be characterized using Bloch wave decomposition.

@ In dimension N = 1: g depends only on ~.
@ In dimension N > 2: g lies in a non-trivial set as T varies.

Using Bloch waves,
@ we define another parameter d: the dispersion or Burnett tensor,

@ we look for the set where d lies when T varies preserving the volume
proportion .
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For n € RN: find A\(n) € R and v (y; ) # 0 such that
Ap(-m) = Xn)w(n) inRN,
¥(+m) is (n; Y)-periodic.

(n; Y)-periodicity

w(y + 27Tm; ,’7) — ei7]-(27rm)w(y; 77) vm c ZN7 y c ]RN

By Floquet theory,

j n)o(n) = Xn)o(-; in RN
v(yin) =e""e(yin) = { 2((/)77(;;( vié) Y-F?ér%(z(iéﬁ) "

There exists a sequence of finite multiplicity eigenvalues:
0 < A(n) < A2(n) <--- < Am(n) < -+ — 0.

{ém(in)} >4 form an orthonormal basis in Li(Y).
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We introduce Bloch waves at the =-scale:

Xn(€) = e 2hm(m),  din(X:€) = dm(yin),

where

, n = e€.
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We introduce Bloch waves at the =-scale:
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where

y:

X
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€

Taylor expansion for the first Bloch eigenvalue A (¢):

1 92\ 1 %\

Xj(€) = O &kt + 21 Gnedmanmany

(0) &k&ebméns® + -+
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We introduce Bloch waves at the =-scale:

An(&) = 2Am(n), (X&) = dm(yin),
where

X
y==
€

Taylor expansion for the first Bloch eigenvalue Aj(&):

. 1 82\ 1 N )
Aj(€) = zankaw(o) ke + 4jm(o) Ek&o€ménes + -
| A
Qkf dkémn
Remarks

@ If |¢|*c? = o(1), then gy, is alone important.
@ If |¢|*? = O(1), then dksm, need to be considered too.

d = (dkemn) is called Burnett or dispersion tensor.

Loredana Smaranda (University of Pitesti) ICMPDE Bangalore, India, August 2010 7/36



0000

Outline oo

0 Introduction

@ Cell functions

edana Smaranda (University of Pitesti) ICMPDE Bangalore, India, August 2010 8/36



0000
000

Characterization of q(7) o

Theorem
The homogenized quantity

i 19PN
q(1)=Qqkenkne = ol 377k3774(0)nkw

q(n) = |Y\/ ake(y <+77k)77€dy7

where the cell function X((T) is defined as solution of

(1)
5, aX(T)) 9, N
2 -7 in RV,
o <Oéke(}’) e Y, (ake(Y)ne)

(1) _ o1 1 (1) 4, _
X7 € HL(Y), Y|/YX(T)dy

is given by
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Theorem
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L A E— )

def
d(1)= dkemnknenmin =

is given b
e 1 ox%) ox®
d(n) = V] k(Y) Ve Ve dy,

where the cell function X((T; is defined by

(2 (1) (1)
9 X X X |
~ o5 (e D) = auatn) (G2 + ) (G2 + ) - goyin B

Oy 8}/61 Oyk
(2) 1 @) 4, _
X&) e Hy(v), m/yX(T)dy )
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Questions on bounds

For a given v € [0,1] and 1 € ( — 3, 1)", we consider all measurable sets
T C Y such that

\'

7]
(L.
Y]
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For a given 7 € [0,1] and n € ( — 4, 4)", we consider all measurable sets
T C Y such that 7

\'

~<

For all T, we consider the map

T d(n) = —m(a(y)VXE) - VX3)
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Questions on bounds

For a given 7 € [0,1] and n € ( — 4, 4)", we consider all measurable sets
T C Y such that 7

\'

~<

For all T, we consider the map

T d(n) = —m(a(y)VXE) - VX3)

(

Questions
o Is {d(n) : | T| = 4| Y|} bounded?
@ There exists max {d(n) : |T| =~|Y|}?

@ There exists min {d(n) : |T| =~|Y|}?
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We consider

and then 1 1 ) )
X =xPw)  and  XBy)=xEB ).
The equations of X1 and X2 become
(T) (7

K

0 9 (T)> d :
_ —— ) = in R,
)% (a(y1) oY1 Y (aly1)m)

1 1
X9 € HL(0,2), m(x(7) =0
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We consider

and then 1 1 ) )
X =xPw)  and  XBy)=xEB ).
The equations of X1 and X2 become
(T) (7

(1)

0 aX(T) 0 .
. . R
x((‘g e H.,(0, 27r) m(X( D=0

and

2

2) (1)
9 X1 (9X(T)
8y<(y)8y ) (y)‘ By, &1 T

2
X2 e Hy(0,2r), mxZ)=0.
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Characterization of g(n) in laminates

By integrating equation of X((}g, we get

|
ax((Tg
—a(y1) T}ﬁ
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Characterization of g(n) in laminates

By integrating equation of X((}g, we get

(1
X

)
)

Oé(y1)<8y~| + 771) = C1, where C1 = —

Therefore, X((}g satisfies
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Characterization of g(n) in laminates 854000000

00000

By integrating equation of X((}g, we get

]
aX((T; M
—a(y1) E7 +m | =Ci,  where Cy= ~ )

Therefore, X((}g satisfies

(1)
aX(T) o= ™ .
oy m(1/a)a(yr)

We obtain the homogenized quantity can be written as

ax(U
_ (7)
a@) = mlaln) 5, e1+77‘)
2

_ M NTIL:

where we have denoted i = (0,72, ...,7n) -
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Characterization of d(n) in laminates 28 o

We recall

i (a(m)ax((%) =a(y) |
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Characterization of d(n) in laminates N
We recall

2

ax® oxM

_9 MY _ X
oy (a(y1) oy > - a(y1)‘ oy MO

X® e H,(0,27), m(X2)=0 i
(7')6 #( ) 77)a (ry) = Y-

The first term in the right hand side could be written

(1)
X
oy

S ST
72 (1/a)a(yr)

2

RHS = a(y) + a(y1)|7i?
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Characterization of d(n) in laminates 0500
We recall
(2) 5y (1) 2
o 8X(T)> ‘dX(T) _
- =a(yy)|——2ey +1| — in R,
- (am 5T ) =at)| 5 e+ g
(2) 2) e
X7y € H;E(O,Zw), m(X 7)) = 0.
The first term in the right hand side could be written
1
aX((T; 2 ~12
RHS = a(n)| 52 +m| +a(n)il
Y1
2
M ~12
= 5t :
(i ajaty) TV
Therefore, the first equation of X((% yields
(2)
0 3X(T)> i o 12
- = — 1 4 — — ,
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Characterization of d(n) in laminates 28 o

Therefore, the first equation of X((% yields

ox?2

Y N S S
oy (BN D) = s el - L = @i
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Characterization of d(n) in laminates 28 o

Therefore, the first equation of X((% yields

(2
0 oX 7 2 - n? -
(a0 = e el = s < @i

% m?(1/a)a(yr) m(1/a)
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Characterization of d(n) in laminates 28 o

Therefore, the first equation of X((% yields

9 8X((% _ 77‘12 <12 77'12 ~12
@%(a(yﬁ 1 ) = W+Q(Y1)W *W*m(a)w .

By integration, one could obtain

8X(2) 2 Y1 1 37
~an) D = Cat s [ (g ) a1l [ (als)-mie)ds

a(8)
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Characterization of d(n) in laminates 28 o

Therefore, the first equation of X((% yields

9 8X((% _ 77‘12 <12 77'12 ~12
@%(a(yﬁ 1 ) = W+Q(Y1)W *W*m(a)w .

By integration, one could obtain

8X(2) 2 Y1 1 37
~an) D = Cat s [ (g ) a1l [ (als)-mie)ds
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Characterization of dgn)@ﬂ" laminates 2% o

Therefore, the first equation o X(T) yields
()
9 8X(T)) 77‘12 ~2 77'12 &2
- = 5t — — M o .
8y1 (Oé(y1) 8_}/1 m2(1/a)a(y1) (%)W 7%(1/04) m( )W

By integration, one could obtain

8X(2) 2 32 1 3
~an) D = Cat s [ (i) ) a1l [ (als)-mie)ds

a(s)
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EresaretdiaSistieni el ) invelninates

9 XN\ _ Ui 2T 12
(‘))/1(0‘(”) ays ) = W+Q(Y1)W ~ /) — ma)|iif?.

By integration, one could obtain

8X(2) 2 32 1 3%
~aln) D = Cat s [ (i) ) a1l [ (als)-mie)ds

a(8)
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Characterlzaupn of d(n) |n laminates
(a(y) ”’) i T e
“on dy (/a) on) Y T a) n
By integration, one could obtain
8X<2) 2 Y1 1 iz
—« i: 7771 [ e 712 « — (6% .
)50 = ot alires [ (i m1/) ) as+il? [ (a(s)-mta))ds
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(2)
Ch -Qéln f if | ooooooooo
‘%@W e },%/a aminagesi -

By integration, one could obtain

6X<2) 2 32 1 3%
m _ Ui ~
~an) D = Cat s [ (g ) a4l [ (als)-mie)ds

Loredana Smaranda (University of Pitesti) ICMPDE Bangalore, India, August 2010 15/36



Characterization of df\)/inddminates’  7A(1/a)  ikos

By integration, one could obtain

BX(z) 2 1 1
—aln) 5 = Cot ot [ (ent/a) ) asi? [ (ato)-mta)as.

a(s)
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Characterization of dﬁn) in laminates 8557220
By integration, one could obtain

8X(2) 2 32 1 3%
m _ Ui ~
~atn) D = Cot s [ (i) ) a1l [ (als)-mie)ds
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Characterization of d(n) in laminates 28 o

aX(z) 2 Y1 1 1
~an) D = Cat s [ (g ) a1l [ (als)-mie)ds

a(8)
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Characterization of d(n) in laminates see°
aX(z) 2 32 1 3%
(v Ui 1 a A2 [ (a(s)—m(a))ds.
)50 = ot alires [ (g m1/) ) asil? [ (a(s)-mta)ds

Let us observe that for k € {—1,1},

ak(s) = aq(XT(S) +O¢é(1—XT(S)),
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Characterization of d(n) in laminates 28 o
8X(2) 2 37 1 g
(T) _ Th - le% 7|2 07 — (6% .
~aln) D = Cat s [ (gt )as il [ (als)-me)ds
Let us observe that for k € {—1,1},
ak(s) = afx (s) +ab(1—x.(9)),
m(ok) = oy +ag(1 ).
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Characterization of d(n) in laminates 28 o

aX(z) 2 32 1 3%
(m _ Ui ~
~an) D = Cat s [ (g ) a1l [ (als)-mie)ds

Let us observe that for k € {—1,1},

ak(s) = qu(XT(S) +O¢é(1—XT(S)),
m(ak) = aly +ag(1 - 7).

By integrating we then get

[ (@49 = et = (e — o) [ 0cy() - 7).
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Characterization of d(n) in laminates 28 o
8X(2) 2 37 1 g
(T) _ Th - le% 7|2 07 — (6% .
~aln) D = Cat s [ (gt )as il [ (als)-me)ds
Let us observe that for k € {—1,1},
ak(s) = afx (s) +ab(1—x.(9)),
m(ok) = oy +ag(1 ).

By integrating we then get

[ (@49 = et = (e — o) [ 0cy() - 7).

ar(y1)
Therefore, the equation of X((?; becomes
ox® 2 1 1
_ (T _ Ui v .12 _ ]
a(y1) 3y, Co + |:m2(1/a)<a1 040) + |77 (e Oéo)] ar(y1)-
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Characterization of d(n) in laminates 28 o
8X(2) 2 37 1 g
(T) _ Th - le% 7|2 07 — (6% .
~aln) D = Cat s [ (gt )as il [ (als)-me)ds
Let us observe that for k € {—1,1},
ak(s) = afx (s) +ab(1—x.(9)),
m(ok) = oy +ag(1 ).

By integrating we then get

[ (@49 = et = (e — o) [ 0cy() - 7).

ar(y1)
Therefore, the equation of X((?; becomes
ox® 2 1 1
_ (T _ Ui v .12 _ ]
a(y1) 3y, Co + |:m2(1/a)<a1 040) + |77 (e Oéo)] ar(y1)-
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Characterization of d(n) in laminates 28 o

ox® 2 /oA 7
(m _ Ui ~
~aln) D = Cat s [ (i) ) a1l [ (as)-me)ds

Let us observe that for k € {—1,1},

ak(s) = afx.(s) +af(1 —x.(s)),
m(aX) = o/f'y +aé(1f’y)‘

By integrating we then get

[ (@49 = maas = ok~ af) [ (x7(5) = 0.

ar(y)
Therefore, the equation of X((?; becomes
8X(2) 2 1 1
_ (M _ /AT L F12(q — .
a(y1) 3y, Ce + {MZU/Q)(OM ao) + |77 (e Oéo)] ar(y1)-
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Characterization of d(n) in laminates 28 o

(9X<2) 2 32 1 3%
m _ Ui ~
~an) D = Cat s [ (g ) a1l [ (als)-mie)ds

Let us observe that for k € {—1,1},
ak(s) = afxp(s) +ag(1—x(s)),
m(eX) = offy +af(1 - ).
By integrating we then get
Y1 P p P K "Y1
/o (ak(s) — m(o*))ds = (o — k) /0 (X (s) —7)ds.
—_— ——

ar(y1)

Therefore, the equation of X becomes

3X( ) 2 1 1
_ () _ 4 L 12 - )
a(yt) 3y, Ce + [mzu/a) <a1 ao) + |7} (e Oéo)] ar(y1)-
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Characterization of d(n) in laminates 28 o

8X((72-; c 7712 Y1 1 ] st 72 37 4
~an) D = Cat s [ (g ) a1l [ (als)-mie)ds
Let us observe that for k € {—1,1},

ah(s) = akxy(s) +ali(1 - X;(9))
afﬂ/ +aé(1 — ).

X
Q
=
I

By integrating we then get

[ (@ (s) = s = ok ) [ 0y(o) ).

(1)

Therefore, the equation of X( becomes

ax®

2
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Characterization of d(n) in laminates 28 o

02X e B P o) dssi? [ s
—a(y1)———= 2+/ (— oz)S—l—ﬁ/ a(8)—m(a))ds.
dy m?(1/a) Jo \a(s) 0
Let us observe that for k € {—1,1},
ak(s) = akxyls) +ak(l — xy(s)),
mak) = afy +af(1 =)
By integrating we then get
[t 0) ~ ey = (@ — o) [ 0cy(9) - )5

ar(y1)

Therefore, the equation of X( becomes

8X(2) 2 1 1
_ (T _ Ui v 12 _ )
o G = Gt | s (o = o)+ liPar = ao)| - ar().
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Characterization of d(n) in laminates

[e]o]e}
00000

8X((72-; c 7712 Y1 1 ] d o Y1 4
~an) D = Cat s [ (g ) a1l [ (als)-mie)ds
Let us observe that for k € {—1,1},

ak(s) = afixz(s) +af(1 —x7(s)),
mck) = ok

By integrating we then get
o4l K P K P Y1
[ @¥s) = mla*)as = (@ = o) [ (xr(s) = os.
0 0
b T
ar(y1)

Therefore, the equation of X((% becomes

ox %) 2 11
_ (M _ " r 20 )
o) 52 = Cot |t (= )+ fitas - ao)| - ar(y).
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Characterization of d(n) in laminates

[e]o]e}
00000

8X(2) 2 32 1 3%
m _ Ui ~
~an) D = Cat s [ (g ) a1l [ (als)-mie)ds

Let us observe that for k € {—1,1},

ak(s) = okxp(s) +ak(1—x.(s)),
mak) = oy +af(1—1).

By integrating we then get

/Dy‘ (ak(s) = m(a*))ds = (o — o) /Uy‘(xr(s) —)ds.
. ‘

ar(y)

Therefore, the equation of X(2g becomes

(T

8X(2) 2 1 1
_ (M _ Ui - 20 )
o) 52 = Cot |t (= )+ fitas - ao)| - ar().
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Characterization of d(n) in laminates 28 o

8X(2) 2 1 Y1
—Mm)m§%=@+"1)Ay(1ﬂmvw)%+wﬁé(mw—mwx&

(1)« a(s)
Let us observe that for k & {1, 1},

ak(s)
m(ak)
By integrating we then get

afxp(s) +a(1 - x7(s))
+af(1 - 7).

/V‘ (0 (s) — m(a*))ds = (o — o) /V‘ (Xy(s) — s
o o

ar(y1)

Therefore, the equation of X((% becomes

2
8X() 1

2
o) 5P = Gt | s (o= o) 1 o) - arlyy)
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Characterization of d(n) in laminates 28 o

8X((72.; c 7712 Y1 1 ] d 5 7 )d
—ay1)—w— = Cot—57— — a) | ds+|i] a(8)—m(a))ds.
)50 = ot ol [ (g m1/) ) dstii? [ (o)

By integrating we then get

[y g —
B

Therefore, the equation of X((% becomes

ax?2) 2
~aln) D = Cot |t (= ) +fi(ar o) - ar(v)

Qq (67}
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Characterization of d(n) in laminates 28 o

a(8)

8X(2) 2 32 1 3%
~an) D = Cat s [ (g ) a1l [ (als)-mie)ds

Therefore, the equation of X((% becomes

Qq (67}

ax?2) 2
~al) D = Cot |t (= 1) fi(ar o) - ar(y)
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Characterization of d(n) in laminates 885°°
8X((72-; 771 iz 1 5 )3
~atn) 5D = Gttt [ (a()—mm/a))dsﬂm | (ats)-mtaryas
(

Therefore, the equation of X(% becomes

X2 2 1 1
_ (T _ 4 v 12 _ )
a(y1) 3y, Co + |:m2( )(a1 ) + |77 (v Oéo)] ar(y1)-

1/ Qg
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Characterization of d(n) in laminates see°
OX((% B C 771 iz 1 ’ d 12 )3 d
a5 = ot b / (a()’”( /a>) s+1il? [ (a(s)-ml))as

Therefore, the equation of X(% becomes

8X(2) 2
*Oé(}ﬁ)ﬁ =G+ |:7ﬂ2(n1)< L ) + |7 (ar — Oéo)] -ar(y).

1/ fo)

The constant C, is computed by taking the average on (0, 27):

Com(1/a) = -| i (o~ ) +liar - ao)| mtar/a)

m2(1/04) 0 (&%)
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Characterization of d(n) in laminates see e
(9X<2) 37 1 "
(T) 771 ~12
— — = Co+ / ( 1 >ds+ / a(8)—m(«))ds
a(y1) 3y, 2+ 2170 a(s) m(1/a) 7] ; (a(s)—m(a))
Therefore, the equation of X((% becomes
ox® 2 1 1
_ M _ _ _ .
a(y1) 3y, Co + |:m2(1/a)< 040) + 1772 (aq Oéo)] ar(y1)-

The constant C, is computed by taking the average on (0, 27):

Com(1/a) = -| i (o~ ) +liar - ao)| mtar/a)

m2(1/04) 0 (&%)
Thus,
X2 2 1 1
o () _ Ui L 5200 — o _ mar/a)
G2 = |t (o - oo ) + liEar = ao)| [art) - 22T,
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Properties of function ar Qoo meee
Lemma
Forany k € 7Z and any ( € N, we have
k k ¢
m(aat) = m(a*)m(ar).
ICMPDE Bangalore, India, August 2010 16/36




Properties of function ar =

000008000
[e]o]e}

00000

Lemma

Forany k € 7Z and any ( € N, we have

m(oar) = m(a*)m(ay).

Proof: We recall that

= ofx; +af(1—x;)
mak) = ofy +ag(1—7)
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Properties of function ar =

000008000
[e]o]e}

00000

Lemma

Forany k € 7Z and any ( € N, we have

m(oar) = m(a*)m(ay).

Proof: We recall that

_ ok ok(q —
(k) _ aa(:T iagg - :)T) } = af = m(a") = (af - ag) (X7 —7)

Loredana Smaranda (University of Pitesti)
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Properties of function ar =

Lemma
Forany k € 7 and any ¢ € N, we have
m(aat) = m(a*)m(ay).
Proof: We recall that
ok = ofx. +aok(1 —x
m(ak) = aa‘VT +a§E1 — W)T) } = o’ = m(a) = (af = ag) (X7 )

and

ar) = [ (er(e) - )ds.
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Properties of function ar 05008000

00000

Lemma
Forany k € 7Z and any ( € N, we have

m(oar) = m(a*)m(ay).

Proof: We recall that

of = ofx. +ak(1—x
m(ak) = a'}VT +a§E1 — W)T) } = o’ = m(a) = (af = ag) (X7 )
)2
and ar() = [ (x(9) = )es
We obtain
k k Kk Ky of (0‘?_0‘5) 041/

[a" — m(a )]azr = (af —ag)ay - dr = W(ar )

and then

m(akdr — m(ak)ar) = 0.
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Characterization of d(n) in laminates 28 o

Using Lemma with k = —1 and ¢ = 1, the equation

_a(y”aX((% = [mzmz <1 - 1> + 177[? (g — Oéo)} [ar(}ﬁ) - m(ezrﬁa)]

9% (1/a)\ 1 ap m(1/a)
yields
aX((% _ g 1 1 2
~a) 5D = |zt (o = o) +lias o) |ar(yn) - man)
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Characterization of d(n) in laminates 28 o

Using Lemma with k = —1 and ¢ = 1, the equation

B [ (- ) it en] - 2]

oy (1)) a m(1/a)
yields
OX(3) 2 (11
_ (N _ Ui L s20 _
52 = |t (s - o) +liP(ar = ao)| |artyn) = mtar)]
Since @) )
oX'7) 0X,
M M
d(n) =-m — ),
() =-m(atr) 52 50
we obtain

00 = [t (e L) a2 (e )] [ ) )]

m3/2(

o)
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Relation between laminates and 1D

We have

2 1

din) = — 7771(7 _

#B2(1]a) \ o

.1

Qo

[e]e]
000000080
[e]o]e}

00000

2
) + 721 o) (s — ao)} [m(a%) - m%ar)]
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Relation between laminates and 1D 5550000
We have
7712 1 1 2,1/2 2 2 e
) = | sty (o = ag) + e (1 ) — )| | i) — we(an)
Term 1
Term 1 does not depend on the mi-
crostructure; it depends on N.
ICMPDE Bangalore, India, August 2010 18/36
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Relation between laminates and 1D 8a300°0%°
We have
d(n) = — —7712 (l _ l) + ‘ﬁ|2m1/2(1/a)(a1 _ 040):|2 [m(aZ) . mz(a_,_)]
7733/2(1/6!) Qq (7)) T
Term 1 Term 2

Term 1 does not depend on the mi- | Term 2 depends on the microstructure:
crostructure; it depends on N. ar — Xg
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Relation between laminates and 1D 8300009
We have
G 11 2,1/2 r o,
) = | sty (o = ag) + e (1 ) —aa)| | i) — we(an)
Term 1 Term 2

Term 1 does not depend on the mi- | Term 2 depends on the microstructure:
crostructure; it depends on N. ar — Xg

For N=1and n =1, we have

¢ = | o —Ol))ﬂm(a%)—%(ar)]
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Relation between laminates and 1D 8300009
We have
G 11 2,1/2 r o,
) = | sty (o = ag) + e (1 ) —aa)| | i) — we(an)
Term 1 Term 2

Term 1 does not depend on the mi- | Term 2 depends on the microstructure:
crostructure; it depends on N. ar — Xg

For N=1and n =1, we have

ot 2 o
= (L LY - vt

ag
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[e]e]

Relation between laminates and 1D 8300009
We have
G 11 2,1/2 r o,
) = | sty (o = ag) + e (1 ) —aa)| | i) — we(an)
Term 1 Term 2

Term 1 does not depend on the mi- | Term 2 depends on the microstructure:
crostructure; it depends on N. ar — Xg

For N=1andn =1, we have
e
- (- ) n(e) ~ n(ar)
S -M<[q1 (- 2 )ar - mar ).
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Characterizations of g; and d; in 1D

Theorem
The homogenized and the dispersion coefficients in 1D are given by

1 R e _ 2
a0 = 77?/(1/OC) = - & ; d1 = (.717%(()((7')) ),

with the cell function X1 defined by

aX 1
{ (”:1—q1<XT+XT> in R,

dy aq Qg
Xty € HL(Y), m(Xr)) = 0.
#
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Characterizations of g; and d; in 1D

Theorem
The homogenized and the dispersion coefficients in 1D are given by

1 R e _ 2
a0 = 77?/(1/OC) = - & ; d1 = (.717%(()((7')) ),

with the cell function X1 defined by

aX 1
{ (”:1—q1<XT+XT> in R,

dy aq Qg
Xty € HL(Y), m(Xr)) = 0.
#

g1 does not depend on the mi-
crostructure.
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[e]o]e}

Characterizations of g; and d; in 1D

Theorem
The homogenized and the dispersion coefficients in 1D are given by

1 R e _ 2
a0 = 77?/(1/OC) = - & ; d1 = (.717%(()((7')) ),

with the cell function X1 defined by

aX 1
{ (”:1—q1<XT+XT> in R,

dy aq Qg
Xty € HL(Y), m(Xr)) = 0.
#

g1 does not depend on the mi-| dj depends on the microstructure:
crostructure. X; — Xmn — di
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Outline

@ Bounds

@ Boundsin 1D
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Notations

00000

Char(Y)={x:Y —{0,1}}, T)={yeY:x(y)=1},

¢, = {xeChar(Y) : |T(x)| =Y} J
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[e]e]

Notations gﬁ:goooooo

00000

Char(Y)={x:Y —{0,1}}, T)={yeY:x(y)=1},

¢, = {xeChar(Y) : |T(x)| =Y} J

We define
Jo: Char( Y) — R
def

X — D00 = m(Xr)?),
then the dispersion coefficient can be rewritten as follows

di = —q1 Jo(x 7).
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Notations 828000000

00000

Char(Y)={x:Y —{0,1}}, T)={yeY:x(y)=1},

¢, = {xeChar(Y) : |T(x)| =Y} J

We define
Jo: Char( Y) — R
def

X = B(x) = (X))
then the dispersion coefficient can be rewritten as follows
di = —a1 Jo(X )
Moreover,

—gisup Jo(x) < di < —qiinf Jo(x) VX, eC,.
X€ECy X€Cy
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Relaxation S
We define

D, = {0eLP(Y;[0,1]) : m(0) =~} J
and

J:LO#O(Y;[O,‘I]) — R ‘
0 — J(O) = m((X)?).
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Relaxation

00000

We define

D, = {Peipvip)  MO=1) |

and
J:L;;(Y;[OJ]) — R

0 — J(O)E m((X)3?).

Xpy is the solution of

where

+ .
(of (T ) Q1 (e7s)
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@ Bounds

@ Main results
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First result on bounds in 1D e

[¢] le]e]e}

Theorem
For any v € (0,1), we have that

inf b(x) = gmin JO).  Sup k(x) = maxJ(0)
Jip 4©) = o

1 55 N2 |2 1_1 2
maxJ(6) = 15081 —7)len (O71 a—o).

Moreover, 3x; . € C, such that

Jo(X*... ) = max J(6).

max 7] ED-\/
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First result on bounds in 1D e

[¢] le]e]e}

Theorem
For any v € (0,1), we have that

inf b(x) = gmin JO).  Sup k(x) = maxJ(0)
Jip 4©) = o

1 55 N2 |2 1_1 2
maxJ(6) = 15081 —7)len (O71 a—o).

Moreover, 3x; . € C, such that

Jo(X*... ) = max J(6).

max 7] ED-\/

C. Conca, J. San Martin, L. Smaranda and M. Vanninathan,
Optimal bounds on dispersion coefficient in one-dimensional periodic media,
Math. Models Methods Appl. Sci., 19 (2009).
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Consequence of the first result in 1D

Corollary

For any v € (0,1), the following inclusion holds:

1
di 2 T =Y} C |[—55 @21 —v)P2aP(L - L)% 0).
12 1 ao
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Consequence of the first result in 1D

Corollary

For any v € (0,1), the following inclusion holds:

1
di : T =9Y|} C |—m5a372(1 — 7?2 A(L - L)?0).
12 ien

Amin ( 9 )

Ty—wﬂ
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Consequence of the first result in 1D

Corollary

For any v € (0,1), the following inclusion holds:

1
di : T =9Y|} C |—m5a372(1 — 7?2 A(L - L)?0).
12 ien

Amin ( 8 )
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Second result in 1D

Theorem (d; fills up the interval)

For any v € (0,1), the following converse inclusion holds:

1
i |T| = ¥1}2|~5a07(1 — 7)2nl( - £)°.0).
12 1 o
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Second result in 1D

Theorem (d; fills up the interval)

For any v € (0,1), the following converse inclusion holds:

1
di ¢ |T|=71Y| 2| -5 —v)2nP(E - 1)%,0).
12 1

dmin(ﬂf )
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[e]e]

Main result for laminates “fceassze

[e]e]e]e] }

Since

1 1 1)
{a c 1T1=aiv1} = | = gt s~ o) o),

a1 ag

and

o=ty (o ~a)] (- e,

one can prove that

Theorem (Result for laminates)

For any v € (0,1) and for any n € Y’, the following equality holds:

{am) 1=V} =

2
{— 11272(1 —7)%[2rl? [W(; = L)+ [P /2(1/a) (o1 - ao)] g o> .
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Outline

e Proof in 1D
@ Minimization problem on D, in 1D
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Minimization problem

We have

JO) >0 VoeD, J
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Minimization problem

We have

JO) >0 VoeD, J

If J (0

min

) =0, then Xg;;w_n = 0.
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Minimization problem
We have

JO) >0 VoeD, J

It J(67,,) = O, then Xy = 0.

Due to the equation of Xj- , we get

o <H;7in(y) + 1 —0;"-”(}/)) =1,

Qv Qg

that is,

min(¥) = 7. J
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Minimization problem

We have

JO) >0 VoeD, J

If J (0

min

) =0, then Xg;;w_n = 0.

Due to the equation of Xj- , we get

o H;k‘nin(y) + 11— e;knin(y) -1
o g ’
that is,
;knin(y) =7. J
Remark

All minimizers are equal to 0},
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Outline

e Proof in 1D

@ Maximization problem on D., in 1D
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Maximization problem

Step 1: Lagrange multipliers J

Since D, is defined with the constraint 74(¢) = ~, we introduce the Lagrangian

L(6,X) = J(O) + A(7(0) — )
forall 0 € L3(Y;[0,1]) and X € R.
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Maximization problem

Step 1: Lagrange multipliers J

Since D, is defined with the constraint 74(¢) = ~, we introduce the Lagrangian

L(6,X) = J(O) + A(7(0) — )
forall 0 € L3(Y;[0,1]) and X € R.

Proposition

For each 6* € D., with J(6*) = max J(0), there exists \* € R such that
€Dy

DLE",A")(0—0") < O
forall¢ € L3 (Y;0,1]).
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Maximization problem
DL(O", N)(0 — 0%) =
1 1 m P A* 1 1 )m(P 0*)] (0_0*)
q1 (ai‘]_aio) |: 0*+ﬁ—q1(a—1 0670 9 * . ,
e g
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Maximization problem

D,L(6*,\*)(0 — 6%) =

e a( — D)) (0= 87,

(& - J(,)MQP@* +
1(a1 Oéo)

where Py- is solution of the adjoint state equation

{dpe* —2Xp- in R,

dy
Py- € H(Y), m(Py-) = 0.

Loredana Smaranda (University of Pitesti) ICMPDE Bangalore, India, August 2010 28/36



[e]e]

Maximization problem

D,L(6*,\*)(0 — 6%) =

,p*
A*
G (& — )l |Po-+ ———~ — G1(5 — =) 7Po- - 6%)| - (0 —6%) ),
° 9,(5; — ag)

where Py- is solution of the adjoint state equation

{dpe* —2Xp- in R,

dy
Py- € HL(Y), m(Ps-) = 0.

The condition D L(6*, A*)(¢ — 6*) < 0 becomes:

/Y (Po-(y)—p") (0(y) — 0*(y))dy <0 V6 e LF(Y;[0,1]).
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Maximization problem
Step 2: Optimality condition J

We define

A0, p") ={y €R: Pp:(y) =p*},

BO",p")={yeR:Pp-(y)>p"},  €(0°p°) ={y eR:Pp(y) <p’}.
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Maximization problem

Step 2: Optimality condition J
We define

A0, p") ={y €R: Pp:(y) =p*},
BO",p")={y eR: Pp(y) >p*}, GO ,p")={y cR:Pp(y)<p}.

Proposition

For each 0* € D., with J(6*) = max J(0), there exists p* € R such that the
€Dy
optimality condition (O.C.) holds:

0*=1 a.e. in A0, p*),
0*=0 a.e. iné(0%,p*).
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Maximization problem

Step 3: New expression of J(6*) J

We denote

©, = {0* € D, : Ip" € R such that O.C. holds}.
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Maximization problem

Step 3: New expression of J(6*) J

We denote

©, = {0* € D, : Ip" € R such that O.C. holds}.

Lemma

Forany (0%, p*) € © xR satisfying O.C., there exists y , € «/ (0", p*) such that:

N@ N%
BE".p )Ny, +Y) =@ b),  €p )Ny, +Y)=J(g d),
i=1 j=1

where Ny, Ny € N U {+oo} and a;, bj, ¢, dj € </(0*,p%), Vi € {1,...,Ngz},
je{l,....Ng}.

v
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Maximization problem

By integrating Xy and P,- in each (a;, b;) and (¢;, d;), we prove
Proposition

Forany (67, p*) € ©, x R satisfying O.C. andy , € «/ (0", p"):

Neg
N
J(e):éf( 7?23 ( _cTo {WZX 22,3],
=
bi—a d -
where xi = -~ andz; = 1 .
oY T (1 =9)Y]
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Maximization problem

By integrating Xy and P,- in each (a;, b;) and (¢;, d;), we prove

Proposition
Forany (67, p*) € ©, x R satisfying O.C. andy , € «/ (0", p"):
5 Neg
J(67) = TPt = )Rl2m P (L - L) {vzx Zzﬁ] ,
j=1
where x; = W and z; = m
We have

Nz
0<x,z<1 and ZX"ZZ/<1
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Maximization problem

By integrating Xy and P,- in each (a;, b;) and (¢;, d;), we prove
Proposition

Forany (67, p*) € ©, x R satisfying O.C. andy , € «/ (0", p"):

Nz
J0) = T2t —Plen2(L - L) {yzx S S ]
J=

b,-—a- dj—Cj

tandzj = —— 1.
(1 =)lYI

where X, = ———
oY

We have

Nz
0<x,z<1 and ZX"ZZ/<1
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Maximization problem

Step 4: Conclusion J

Using previous Proposition, we deduce that:
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Maximization problem

Step 4: Conclusion J

Using previous Proposition, we deduce that:
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Maximization probliem

Step 4: Conclusion J

Using previous Proposition, we deduce that:
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Maximization probici::

Step 4: Conclusion J

Using previous Proposition, we deduce that:
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Maximization proble

Step 4: Conclusion J

Using previous Proposition, we deduce that:
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Maximization probler CE

Step 4: Conclusion J

Using previous Proposition, we deduce that:
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Maximization problem L i=1 j=1

LA 4L IJJ oo

Step 4: Conclusion J

Using previous Proposition, we deduce that:
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Maximization problem i= = 88

Step 4: Conclusion J

Using previous Proposition, we deduce that:
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Maximization problem V;X’ (1 V)EZIJ &8

Step 4: Conclusion J

Using previous Proposition, we deduce that:
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Maximization problem VD=
i=1 j=1

Step 4: Conclusion J

Using previous Proposition, we deduce that:
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aximization problem S-S 2|l ®
i=1 j=1

Step 4: Conclusion J

Using previous Proposition, we deduce that:
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Maximization problem

Step 4: Conclusion J

Using previous Proposition, we deduce that:
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Maximization problem Nos o
Y S+ -7> 2
Step 4: Conclusion J i=1 j=1

Using previous Proposition, we deduce that
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Maximization problem

Nz Neg
. DI R A PP
Step 4: Conclusion J 1 =

Using previous Proposition, we deduce that.
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Maximization problem

Nag Ne

3 3

Step 4: Conclusion J Y K+ -1)) 7
e =

Using previous Proposition, we deduce that:
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Maximization problem
N

Step 4: Conclusion J VZX v (1 - ’Y)ZZ
J=1

Using previous Proposition, we deduce that:
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Maximization problem
i N@ Ncg
Step 4: Conclusion
: ) I R+ -7)> 7
Using previous Proposition, we deduce that: i—1 =
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Maximization problem
Step 4: Conclusion J Nz . Neg ;

- 34 (41— .
Using previous Proposition, we deduce that: 7 ; X+ (=) ; g
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Maximization problem
Step 4: Conclusion J Nos Neg
. . — 3 3
Using previous Proposition, we deduce that: Y E+(1-1) 7
=1 =
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Maximization problem
Step 4: Conclusion J »

. . — 3 3
Using previous Proposition, we deduce that: Y E+(1-1) 7

@ J(#) < T2 Pae (L 1)

@0

127
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Maximization problem
Step 4: Conclusion J » »

. . — 3 3
Using previous Proposition, we deduce that: {’Y xR +(1-m)_z ]

@ J(#) < T2 Pae (L 1)

127 a
@ We consider

1 if 0,7]Y]],
e;knax(y):{ | yE[ /Y| |] J

0 if ye@lY]IY

then

Srae) = T2~ 2P 2rP (L — )2
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Maximization problem

Step 4: Conclusion J » Neg
. . — 3 3
Using previous Proposition, we deduce that: {’Y > X +(1-7)D Z/]
= —

© () < Ho(1 —nP(L - 1)°

@ We consider

1 if 0,7/ Y1],
%X(y):{ ity c[0,9Y]] J

0 if ye@lY]IY

then

Srae) = T2~ 2P 2rP (L — )2

@ All maximizers of J are characteristic functions and are obtained for Nz =
Ny =1and xy =z = 1.

Loredana Smaranda (University of Pitesti) ICMPDE Bangalore, India, August 2010 32/36



(e]e]
0000000
e0

Outline

e Proof in 1D

@ Proof of second result in 1D
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Proof of second result

Forany ne N*and ¢ € (0, 1) we define ¢}, ; in [0, 2] as follows:
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Proof of second resulit

Forany ne N*jand ¢ € (0, 1) we define 67 ; in [0, 27| as follows:
ij n,

i 2n
nintervals of length =¥
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Proof of second resulit

Forany ne N*jand ¢ € (0, 1) we define 67 ; in [0, 27| as follows:
ij n,

.
2 “ 2m 2w N
0 a 0= 5 2m
// N
. N
- N
// N
- N
- N
- N
// N
// \\
// N
- N
} {
(i-1)2 P

i 2n
nintervals of length =¥
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Proof of second resulit

Forany ne N*and ¢ € (0, 1)jwe define ¢}, ; in [0, 2] as follows:

-
2m G _q)an j2m
0 T A-13F i= 2r
7 / N
' / N
- , N
// / \\
7 / N
- , N
e ’ N
- / N
-7 / \\
I// \/ AY']
I 1
(1% (- 1340 2

n of length 627

2n|ntervals:{ nof length (1 — 8)2r
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Proof of second result
Forany ne N* and ¢ € (0, 1) we define ¢}, s in [0, 27] as follows:
e e o e ) - e |
0 2r A DE i 2m
- = Nl
(i—1)2r (i—1)2r+52r i2r
@it =(-1)Z boi—1 = Cojim1 = (i—1+70)2
thi1=ai =(-1+)% boj=Coi = (i-(1-(1 -2 =%
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Proof of second resulit

Forany ne N*and ¢ € (0, 1) we define 0}, ; in [0, 27] as follows:

0(y)
0 H Lo H Lo H Lo F . . F Lo H ={
b b e e e - b I Y
0 2r -2 EERS 2n
/// // \\\
/// // \\
/// // \\
/// // \\\
// // N
= | °
(i—1)2 (i—1)2r 520 iz
. 2n
1 Iny U[a,-,b;],
* =1
en,d(y): ) 12n
0 itye Ug d).
j=1
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Proof of second resulit

Forany ne N*and ¢ € (0, 1) we define 0}, ; in [0, 27] as follows:

0(y)
0 —
- - el Y = = I d
0 2r Gl N 2r
I - N
(-2 (= 135 o5y =
fj[ | We have
1 ifye Ula,bi
) Ulai, bil; _ 2
=4 J(655) = 230 T30 oy (6).
0 ifye U(g,d). ’ n? €D,
j=1
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Perspectives

@ The behavior of the dispersion tensor for other structures with some kind
of symmetry.

Interesting particular cases are the spherical Hashin structures.

Loredana Smaranda (University of Pitesti) ICMPDE Bangalore, India, August 2010 35/36



Perspectives

@ The behavior of the dispersion tensor for other structures with some kind
of symmetry.

Interesting particular cases are the spherical Hashin structures.

@ Properties on the dispersion for materials with ellipsoidal geometries.

Loredana Smaranda (University of Pitesti) ICMPDE Bangalore, India, August 2010 35/36



Perspectives

@ The behavior of the dispersion tensor for other structures with some kind
of symmetry.

Interesting particular cases are the spherical Hashin structures.

@ Properties on the dispersion for materials with ellipsoidal geometries.

@ Find bounds in higher dimensions for general materials.
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