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We consider the quasilinear problems of the type:
Let Q ¢ RY,

—div a(x,u, Vu) + b(x,u, Vu) = f(u) in (2
a(x,u,Vu)-v = Ag(u) on 02

u = 0 on 0f)
with f(u) has critical growth and g(u) is of ”sublinear”

We are interested in
» Existence of a positive solution
» Uniform estimates

» Existence of second positive solution




Dirichlet boundary conditions:

—Apu = fr(x,u), u>0in

(PD)x
v =0 on 0}

QCcRY, |9 <oc0,1<p<N

Apu =V - (|VulP~?Vu)
t — fa(x,t) is increasing for ¢ > 0 and satisfies

C(1l+t 1 p<N
N
p=N
NN—_’; and a >N —1
For example: fy(xz,t) = AM?14+t*, 0<qg<p—-1l<a<p -1

where p* =




Neumann boundary conditions:

—Apu+uP~t = f(z,u), u>0in Q

(PN)y 5
VuP=28% = Ag(z,u) on 0N

t — f(x,t) satisfies

t
t—0 tr—1

f(x,t),g(z,t) are increasing in t for t > 0

et < Cl+t" 1 p<N

N
Cteet™ " p=N, a>p-—1.

lg(z,t)| < Ct1, g<p—1




”Some generalizations”

—Asu+ ¢(Jul)u = f(z,u), u>0in Q
o(|Vu|) 2L = Ag(x,u) on 0N

(PIN)x

where Agu =V - (¢(|Vu|)Vu) and ¢(t) is C* function satisfying:

tho=2 t—0
1<p07p1§N7 ¢(t)N .
P12t 5 0

|g(£lf,t)‘ S tha 0 < q < min{pO - 1ap1 - 1}

flx,t) ~t* a>max{pg—1,p1 — 1} near t =0 and f(z,t) ~ 1P

as t — oQ.




Brief History:
& Ambrosetti-Brezis-Cerami, 1994, JFA
p = 2 Laplacian case. They proved that 9A > 0 such that
(a) (Py) has two solutions for A < A and no solution for A > A
(b) At least one solution for A = A.
Outline:

e Minimal solution wu)

u = €¢1 , (¢ is the first eigenfunction)

w = Mu where —Au=1,Q,u =0 01

u is a super solution for A small and u < u for small e.
A = sup{\: (Py) admits a solution }.

e Ordered minimal solutions

M <A< A = uy, <uy <uy, in ) and

. . . . 8u>\1 8u>\ 8u>\2
Hopf maximum principle = —>+ > 52 > —=2 on ().

Hu>\2 - u>\1”01 >0




e C}(Q) local minimum

Let A € (A1, A2). Then uy is a local minimum of Jy in C3(Q).

Then [[ux, —ux,llci) =90 >0

?(5’77 u) = f<u)‘[uxl,m2]

Tw) = 3l = [ Fla.w

where F(z,u) = [, f(z,s)ds.
Then J admits global minimum uy € [uy,,ux,].

So if we take u € {v : [|[v — ux[[c1 () < ey
Then Hopf maximum principle, uy, < u < wuy, in ) and hence

J(u) = J(u)




e ! Versus C! local minimum

Local minimum in H?! topology is always C! local minimum as the
topology in C! is stronger

But we need converse to apply mountain pass Lemma)

Suppose u) is not a local minimum then

By Lagrange multiplier theorem,

Jue € {u € Hy(Q) : K(u) := |Jlux —ul|gn < e} and p. < 0 such that

J;\(ue) = NGK/(UA — Ue)

i.e., —Aue — f(ue) = pe(A(uy — ue)) in Q, u. = 0 on OS2
i.e., —(1 — pe)Aue = f(ue) — pef(uy) in Q, ue = 0 on 02
since i < 0 standard elliptic estimates imply that

||’U/6H01,o¢ S C

Since u, — wuy pointwise, we get u. — uy in C*.

e Mountain-pass around u) implies second solution.




& Ambrosetti-Garcia-Peral, 1996, JFA,

Obtained above result for p-Laplacian radial problem:

~Apu = — (NP2 = eV (), u >0, in Q

u=0 on 0f2

fa(u) is of sub-critical

e Minimal solution u) exists for A € (0, A).

e Let Ky(v) = (A,) 1 (rN"1f(v)), and M = {u;u < u < u},
then

KAO(M) M

e Hopf Maximum principle =— u) +€eB; C M.




e If u), minimal solution is the unique solution, then
deg(] — Ky, uy) + EBl,O) = ’i(K)\,M,M) =1
e a-priori estimates = dp s.t. [[unr]lco < p

d@g([ o K)anlaO) — d@g([ o KA +57pB17O) =0

e By excision property of degree

deg(I — Ky, pB1\{ux +€¢B1},0) = —1

Hence the second fixed point for K




& Critical case in Ball: S.Prashanth-K.S., 2002, ADE

We considered the radial problem in the Ball with fy(u) critical:

—(rN T P2 = eV (Ol +uP " in Q

u=0 on 0f

Use the Transformations:
a—p+1 1 a—p+1 a—p+1

o r — \ rle—ar w(r) =\ c-au(A rle-ar) r <\ -9
ot = (L)Y, y(t) = w(r). Then y(t) satisfies

r

—(Jy' P2y =tkyP L +y9),y > 0,t € (T, )
y(T') =0, y'(00) =0
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So We study the parametrized problem:

—(Jy'P2y) =tk L+ ), y >0, t € (T,)
y'(00) = 0, lims 00 y(t) = 7.

We study the map v +— T'(v). We can show that

Theorem: T'(7y) is continuous and lim~_,g o 7'(y) = oo.




& Critical case in bounded domains

Defigueredo-Gossez-Ubilla, JFA 2009
Let f(s) = As? + sP ~1, and p, ¢ satisfies:

1. ]\2,—]:[2<p<3,
2.p23,p*—2%<q—|—1<p.

e Minimal solutions and C! local minimum follow similarly.

° Wol’p(ﬂ) local minimum If 0 is a local minimizer of Jy(. + uy,)
in C} topology, then wy is also local minimizer in W1
topology.

Suppose not, I{v,} € WyP(Q) such that

1
lonll < —, J(uo +on) < J(uo) ¥ 0




Hence the minimization problem

] J +
Jopin = Iu £ )

admits a minimizer, say u,. So by Lagrange Multiplier rule,
Jue such that

(J5 (up + uy), @) = /LG/Q IV, P~ ?Vu, . Vo, Vo € WHP(Q)

e, —Ap(up +un) + peApuy, = f(un +uy) in Q u, = O0on OS2.
Now if
HU)\ + Uanl,ﬁ(ﬁ) < C.

then u,, — 0 in C'! which gives a contradiction.
But This estimate is DIFFICULT !!




Minimize over L% Balls

Let C. = {u e WHY : K(u

Ju. € C¢ ming, J(u+ ug) = J(ue + uo) < J( uo) c{uet is
bounded and hence u, + ug — ugp in WHP(Q).

By Lagrange Multiplier theorem, 3 p. < 0 such that

/ /

J (ue +ug) = pe K (ue), € € (0,1).

—Ap(ug +ue) = flug +ue) + peu? 1 in O

u. = 0 on 0f)
Then one can show

o [Jucll~ < C.
o ||ucl|cr.« < C.(By Lieberman’s results)

Therefore u. — 0 in C', contradiction.




On Regularity
G.M.Lieberman, 1988, Nonlinear Analysis: If
u € L (Q) N WP (Q) satisfies
divA(z,u, Vu) + B(x,u, Vu) = 0in 2
A(x,u, Vu).v = ¢(x,u) on 02 or u = 0 on 02

where ¢ is bounded, Hélder continuous and A(x,u, Vu) satisfies

Ak + nP=2)IE)* < a¥ (z,z,m)&E < Ak + [pP~2)IE%, A A k>0

¥ (x, z,m)| < Ak +|n|P~?)
Az, z,m) — Ay, z,n)] < AL+ 9P~ ") (|z — y|*)
|B(x, z,n)| < A1+ |n|)P.
Then there exists 8 € (0,1) such that

HuHCLﬁ(ﬁ) < O(Oéa )‘7 Aa C'1 HUHOOa N7p7 Q)




Now consider the BVP:

= f(u), u>0in Q
= Ag(u) on OS2

*

with f(u) =u? ! and g(u) =u?,0 < g <p— 1.

e A.Garcia, I.Peral and J.D.Rossi 2004 , JDE
Let Qc RY, N >3
—Au+u w2 "1 >0 in

g—z Au? on 00, 0<qg<1

e S.Prashanth-K.S- Nonlinear analysis, 2007

2 :
= uPe" ,u >0 in

= \u? on 0f




& S.Bhatia, R.Dhanya-K.S. Adv.Nonlinear Studies, 2010
We studied the multiplicity for (PN), and obtained the following:

Theorem(Existence): There exists A > 0 such that (Py) admits
a minimal solution for all A € (0, A) and no solution for A > A.
Theorem(Multiplicity): Let Q(IV,p) be defined as:

p

max {2, (glope | 2<p<3pi+p< N

Q(N,p) =40 ]\%—flép<3,p2+p>]\f

(N=1-p)p (N-1) 2 (N-1)(p—1)
\max{ N_ppp, N_pp = N_g } p > 3.

If p is in one of the ranges in the definition of Q(N, p), and
Q(N,p) < q+ 1 < p, then (Py) admits a second solution.




e C1(0) local minimum
Let A € (A1, A2). Then uy is a local minimum of Jy in C(Q).
Define h(z,u) = h(u )‘[m ux,] and g(z,u) = g(u )‘[uxl,uAQ]-

J(u) = —Hu||p /H T, u) G(:U,u)

where H(z,u) = [ h(z,s)ds, :I;,uzfoga:sds
Then J admits global minimum uy € [uy,,u,].

Claim :- uy, < uy < uy, in Q.

Let C={z € Q: uy,(x) =ux(z) }, Then C CC Q.

Choose 2 CC Q such that uy > uy, on 9. Now by Strong
comparison we get C = (). Let

y = r]f1$§1r1{|u>\2 —uy, |+ [Vur, — Vuy,[}

Then § > 0. Soifv € Bsja ={u € CYQ): |lu—uy|cia) < 5}
then uy, <u <wuy, forx e Qand Vu € Bs.

e Uniform L°° estimates




Let ge, he : Q X IR — [0,00),€ € |0, €q) for some €y > 0 be a one
parameter family of Holder continuous maps satistying:

(H1) |ge(z,s)] < CL(1+[s[” )

(H2) he(x,s)] < Co(1+ |s]9),q <p—1.

—Apu + uP~! ge(x,u) in Q

|Vu|p_22—g = he(x,u) on 0N

(Qc)

Theorem: Let {u.} be a sequence of solutions to (Q.)
bounded in W1P(Q) such that u. — ug in LP (Q). Then for

Be (L),
luellLore (@) < C(1 + [[uell Lo ()

Theorem: Let {u.} be a sequence of solutions to (Q.) in
Wl’p(ﬂ) such that Hu€||Lp*—|—5(Q> < C'. Then HUGHLOO(Q) < M.




Define the cut off functions for £ > 0, let

(s +k s € (00, —K|
Ti(s) =<0 s € [k, K]

|s—k s¢clk,o00)

and Qf = {z € Q; |ue| > k}, 005 = {x € 0Q; |u| > k}. Taking
Ti(ue) as test function in (Q.), to get,

/ ‘Vue‘p_QVue - VT (ue) + ‘u€|p_2u€Tk(ue) - / ge(ue)Th(te)
Q Q

+ /({m he(ue)Ty (ue)d




RHS. <C | |ul” +/ lue |7 do
Q¢ o0

< 0</Q )5 CEE R g 4 o))

€
k

< O(9] + |oQg) =

L.H.S. > C( /
Q

VT (u)| + / T (ue)P)

Q

> o[ TP+ [ T
Q of2
> C((h — k)P* ] + (h — k)P* |0, |) -
Combining upper and lower bounds, we get for any h > k,

p*

(h — E)P(|% | 4 1095 |) < C(1Q5] + |9 )= a)%




We obtain the estimate by the following Lemma of
Stampacchia, 1966
Lemma: Let ® : [0,00) — IRT be a nonincreasing function

such that
C

®(h) < (G5

)*®(k)P, h >k

for some 3 > 1, then ®(d) = 0 for d = C@(O)BTQ%.

WP (Q) local minimum
uy is a local minimum in W1P(Q) topology.

We take the constraint set

1 . 1 ,
Co={u e W (@) — |l + —llulfih <o)




e Compactness and energy levels The functional defined as

1
Ih(w) = ]—)/ \V(u,\%—w)\pﬂuﬁ—w\p—/ Gy (x,w)—A Hy(z,wldo
Q Q

o
Ja(w) = Jr(0) for [l < ¢
Theorem: Assume that 0 is the only critical point of Jy. Let
{wy} be a (P.S.). for Jy with
SN/p

c<co:=Jn(uy)+ T

Then, ¢ = %Hu)\ 1, and wy — 0 in WHP(Q).

Lemma: Let ¢y be as above. Then

(a) Jx(tue) — —oo0 as t — oo for any € > 0,
(b) if 1 < ¢+ 1 < p are such that p is in one of the ranges in the

definition of Q(N,p) and Q(N,p) < q+ 1, then we have
SUP;> j,\(tue) < cp for all € > 0 small.
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Limiting case p= N

Moser-Trudinger embedding:

N/N-—1
< 0. Moreover

1. For any u € Wol’N(Q), we have fQ el

N/N -1 1/N—-1
a|u -
sup /e [l < oo, foralla < ay:=Nwy_,
lull1, v<1 /0

N/N-—1

2. For any u € WHN(Q), we have [, el < 0o. Moreover

N/N -1 «
sup / el < 00, forall a < TN
Q

Jull1, v <1
where wy_1 = |SN 71|

3. The embedding is not compact in the limiting case.




& Radial case
Joint work with S.Prashanth, DIE,2004

We considered the problem (Py) in the Ball B1(0)
—Anyu = Af(u), u>0, in B;(0), u =0 on dB1(0).
The Radial version of this problem is

—div(rV T |V 20 = N f(u), w>0inr € (0,1),

Py ,
) u (0) =u(l) =0.

Changing the variable, as A = R¥,, s = Rr and taking v(s) = u(r),
then v solves:

—div(sV T N2 = sV f(v), v > 0in s € (0, R),

/

v (0) = v(R) 0.




We study this problem for varying values of R via the parametrized
problem:

—div(s¥ ' |V 20") = sNTlf(w), w>0in s € (0, R),

w (0) =0 w(0)=r.

Again defining the Emden-Fowler transformation:

r= Ne /N, y(t) = w(r)

Then y satisfies

~(ly'1N %y = e f(y), v (o)

Let Ty(y) be the first zero of y(t) as t decreases from oo.




For multiplicity it is enough to show that

lim Tph(y) = oo.

v—0,00

We obtain the results for nonlinearities that look like

1. f(s)=s"e®,m <0

2. f(s) =sme"F 1<b<a< L

N

3. f(s)=sme’V 1< < =, m € R.




& Bounded domains
with J.Giacomoni and S.Prashanth, JDE, 2007

We consider the problem in Q ¢ R, |Q| < oo:

~V - (|VulN72Vu) = Af(u), u > 0in
u = 0 on 0f

where f(t) = h(t)el!! " satisfies

H1) h € CY(0,00); h(t) = 0,t < 0,h(t) > 0,t > 0.

7. 00)

H3) The map t — t' = f(¢) is non increasing in (0, ¢, )
H4) for all € > 0

N

lim inf;_,oo A(t)e ™ ' = oo; limsup,_, h(t)e " =0.
1

(H5) liminfy_, oo h(t)te " " = 00, Ve > 0

(H1)

(H2) The map t — f(¢) is nondecreasing for t € (0,%,) U (
(H3)

(




The nonlinearities that satisfy (H1) — (H5) may be classified as

follows based on their ”strength”

1

[={h{t)=t*1+t)"e ", ac(0,N—1),m>0,0<8< N

}

II={h(t) =t*(1+ )" ,a € (0,N—1),m>0,0< 8 < }

N -1

Theorem: There exists two positive solutions for A € (0, A), one

solution for A = A and no solution for A > A.

We also obtained the uniqueness in the radial case for h(t) that
look like

N
N —1

h(t) =t*(1+t)me ", a € (0,N — 1),m > 0,

N_1<ﬁ<

The borderline between uniqueness and multiplicity is described by
the condition (Hb5).




& J.Giacomoni, S.Prashanth and K.S.- C.R.Acad, 2009, DIE,2010:

We consider the problem in Q ¢ RY,|Q| < oo:

—V - (IVu|VN2Vu) + [u|V 20 = Af(u), u>0in Q

[Vu[P=28% = Xy on O

N

with f(t) = h(t)e™ ™" and 0 < ¢ < N — 1.

e Existence, Non-existence and C'(Q2) local minimum are is

similar

o W, (Q) local minimum
We take the constraint set

Let Ce = {u € W' : K(u) = [|[G(u)|| 12 + JullFi o) <€




N
where G(s) = |s|Vtle2s™ ™!

|vn]| = 0= K(v,) — 0
. Jue € C. such that u. # 0 and

r%in J(u+ug) = J(ue + ug) < J(ug).

. {u.} is bounded and hence u, + ug — ug in WHV(Q).

By Lagrange Multiplier theorem, 3 u. < 0(!) such that

J (ue +uo) = peK (u.), € € (0,1).

Then we can show
wiy —0ase—0
o < C

c1.e < C.(By Lieberman’s results)




e Lion’s Lemma for P.S. sequences:
If u,, satisfies

o [[un| =1

o u, — u,u = 0.

o —Anu, = fn+ Gn, frn — fin L}(Q) and
gn — 0 in WEN'(Q).

Then for 1 <p < (1 — HuH)N_—ll

N
N N—1
Sup/ eP2 Ul < Q.
Q

e (P.S), sequence

N—-1

sup Jx(ux + ton) < Ja(uy) + (an)
t>0 2N

= Po

Theorem: Suppose {u,} be a (P.S),, (p < po) sequence.
Then u,, — vy, the second solution of (Py).




& S.Bhatia, I.Schindler and K.S.-

Consider the following problem:

—div(¢(|Vul)Vu) + ¢(|lu))u = uPe” } .
in €2,
u > 0

ou
T q
qb(\Vu\)an Apu? on 012,




K Let Q be a bounded domain in IRY with smooth boundary
o), N > 3.

o € (07 L_]a )‘>Oap0 > 17q€ (Oa min{po—l, N_l})7
N-1

p>max{pg—1, N —1}

4 ¢(t) satisfies the following properties:
> ¢(t) € C(0,00), té(t) € C(IR)
> &(t) >0, (to(t)) >0 fort >0

» There exists pg > 1 and «g, ;7 > 0 such that
P(t) = agtPo =2 + o(tP°~2) as t — 0 and
d(t) = a1tV 2+ otV 7%) as t — ¢

» There exists apg,a; > 0 and 0 < Ty < 17 such that
aptPo =2 < (td(t)) < artP°~2 for 0 < t < Ty and
aptN =2 < (tgp(t)) < a1tV "2 for t > T}




Associated to (®N)y, we have the functional J3 : WHN(Q) — IR

defined as follows:

N ):/QCI)(|VUD+/Q@(\U|)—/QF(U)_QH_% quﬂ




N. Fukagai and K. Narukawa, Comm. in Contemporary
Mathematics, (2003)

Authors considered the following problem:

—div(o(|Vu|)Vu) = Mf(z,u), u>0 1inf)

(@e) u = 0 on 09,

satisfying the asymptotic conditions on ¢ and f such as

() ~ tPo~ L f(z,t) ~t9 1 ast — 0% and

P(t) ~ P12 f(x,t) ~t1~! as t — oo where p<N and q; < ]\Z/Yfp;l.

They proved the following theorem:

Theorem: Suppose qo € (1,p0),q1 € (p1,p7). Then for
Ae (0,A), (Qg) admits two solutions.

¢ Existence and multiplicity for the above problem was shown only

in the subcritical case.




We obtain the following results

"¢ Existence of solution for the critical case.

X Non-existence for A\ large (A < o0)

¢ Existence of solution for A = A.

¢ Existence of two solutions for exponential subcritical

nonlinearity.

¢ Existence of two solutions with critical nonlinearity i.e.,

a = = in the special case ®(t) = /1 + [t|2N — 1.




" First positive solution and C!(€2) local minimum are similar.

¢ On Uniform estimates
Let ge, he : Q2 X IR — [0,00),€ € |0, €q) for some ¢y > 0 be a one
parameter family of Holder continuous maps satistying:
(H1) |ge(a,s)| < Cr(1+ [s]P" 1)
(H2) he(x,s)] < Co(1 4 |s]9),q <p—1.

=V - (¢(|Vu|Vu) + ¢(Jul)u ge(w,s) in

(@) 6
o(|Vu|) 5= he(x,u) on 0

In case of p1 < N:

Theorem: Let ¢ < p; — 1 and let {u.} be a sequence of
solutions to (®.) in WP (Q) such that u, — uo in LP1(Q). Fix
any 0 € (1, %). Then, there exists a constant C'; > 0 such that
HUGHLWT(Q) <Ci(1+ ”ueHLPT(Q))-




Theorem: Let {u.} be a sequence of solutions to (®.) bounded in
Whr(Q) and LP119 for some 6 > 0. Then there exists a constant
M > 0 independent of € such that

HuGHLOO(Q) < M(Qaplan ||u€HLPT_|_5)'

In case p; = N, we have the following theorem:

Theorem: Let u € W1V (Q) be a solution to (®.) such that

/ W(PHT= NN+ (N Dl VT g0 o
Q

Then there exists M = M (C4,C5,Cs,p,q,€)) > 0 such that
[ul| poo (@) < M.




Idea of Proof:

Let v, = max{ut — k,0} and A* =supp(v)) Taking v, as test
function, we get

/ &(|Vul)Vu. Vibpdat / (6|l utbpdz — / F(u)bpd-EA / o(w)dedb
Q) Q) ) o

(0.1)

/ u|'de = / lu —k + k|'de < 2071 (/ (u — k)'dx + kl|Ak|) .
Ag A A

Setting [ = N + 1 and using (A1), the Holder inequality we get

N/N-—1

/f(u)¢kd$ < Cl/ uPTtelv dz
Q Ay

<C ((/Ak(u— k)ldx>N/l +kNAk7> .
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The boundary integral may be estimated using:

/ |w|da§/ \Vw|dx+K(Q)/ wlde, Yo € WhL(Q).
of2 Q Q

Applying this to the boundary integral with w = u?(u* — k)™ and

using (A2) with Young’s inequality,

/ g(u)Ypdo < C ((q +1)0 / Vu|™dx + (1q N uNd
50 A,

N

—I—K/Q|u\q(u—k)+da:).

5UVr3(PJ——]) Ak

Also,

N/
/ ul(u— k)t < / u|V < Ai/l (/ (u — k)l> + kN[ Ay
Ay Ay Ag




Hence we obtain

/m g(u)hrdo < Cy (g 4]—\[1)6 /Ak ]Vu]Ndx+C\Ak’%([4k(u_ B)lda)

+ CkN | Ayl

The first term on the L.H.S. of (0.1) may be estimated as:

/ o(|Vu|)Vu.Vipdr > (ag — e)/ (Vu|Ndz — C|Ayg|.
Q A

k

Similarly, we can estimate the second term on the L.H.S.
(1 —€)N
202 (q—l—l) )

1 N
2/ Vu|Ndz < Cy (/ (u—k)ldx> Ag|T
Ak Ak

RN AT+ BN AR + | A

Substituting these estimates in (0.1) and choosing ¢ <




Also,
1AL < ull By -

Now using the Sobolev inequality
([ = yranm < o[ Vuda)
Ak; Ak:

we obtain

u — kYN k%_ wlNdz) A,
</Ak< B))N/1| 4y <0</ VulN de) Ay

Ay

Cllullzx N
< N /Ak Vu|" dx.

Therefore for k& > kq large,
/ Vu|Ndz < C(EN|Ak|N + +kN A T + | Ag|)
Ay

< 20N | AN




Now the result follows from:
Lemma:(Ladyzhenskaya): Let 0 < u € WHY (Q). Suppose there
exists [ > N, kg > 1 and Cy > 0 such that

/ VulN < CokN|Ak|T, k> kg
Al

where Ay = {x € ), u > k}. Then there exists
M = M(Q,Cy,l, ko) > 0 such that ||u||p~ < M.




Let vy solves

-V - (¢(|Vu|)Vu) + ¢(lul)u =0, u> 0in Q,
o(|Vul) g =M

Theorem: There exists a sequence {\,,} such that A\, — oo and

|va, [[Le — 0 as n — oo.

Multiplicity: Assume that f(u) is of sub-critical at oco. Then
There exists A > 0 such that (®N), admits two solutions for
A e (0,A).




Thank you!
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