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Introduction

Let Q bounded domain in R”, 9Q € C?.
Let &%(-) € C'(Q; R) be fixed functions satisfying
ax)=4d9x), VxeQ jk=12---,n, (2.1)

and for some constant s; > 0,

Z (FE > sol¢?, V¥ (x,€) € A xa”, (2.2)

J k=1

Wheref = (513"' 7§n)'
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Introduction

Fix a function a(-) € L>°(0Q; R™") satisfying

Mo 2 {x € 09; a(x) > 0} £ 0. (2.3)
n o
i — Z(a’kuxj)xk =0 inR* x Q,
jok=1
o (2.4)
> @ uyug +a(x)uy=0 onR x 09,
jok=1
(u(0), uy(0)) = (u°, u") in Q.
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Introduction

Put
HE {(f,g)eH‘(Q)xLZ(Q) ‘/Qfdx:o},

which is a Hilbert space, whose norm is given by

j,k=1

17, @)l = J/ﬂ [ akff+1gf|dx,  V(f.g)e
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Introduction

Define an unbounded operator A : H — H by (recalling that u° = 8X )

0 /

> k(@) o)’

J,k=1

D(A) 2 {u—(uo,u1)eH; Au € H; (Z a0 yk+au>’39—0}‘

j k=1

2

It is easy to show that .A generates a Cy-semigroup {e'};cg on H.

Therefore, system is well-posed in H.
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Introduction

By means of the classical energy method, it is easy to check that

Sl w)lf =2 [ a(ojufdro.

Io
It shows that the only dissipative mechanism acting on the system is through

the sub-boundary Ip.

Hence, the energy of every solution tends to zero as t — oo, without any
geometric conditions on the domain .

Our goal is devoted to analyze further the decay rate of solutions of system

(2.4) tends to zero as t — .
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Introduction

In this respect, very interesting logarithmic decay result was given by
Lebeau-Robbiano (1997) for the above system under the regularity

assumption that 2%(-) and a(-), and the boundary 9Q are C>-smooth.
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Introduction

Since the sub-boundary Iy in which the damping a(x)u; is effective may be
very “small” with respect to the whole boundary 0%, the “geometric optics

condition” introduced by Bardos-Lebeau-Rauch is not guaranteed for system

(2.4), and therefore, one can not expect exponential stability of this system.
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Theorem 1. (X. Fu, Comm. PDE, 2009)
Let &%(-) € C?(Q; R) satisfy (2.1)—(2.2), and a(-) € L>=(0Q; R") satisfy (2.3).
Then solutions e*4(u°, u') = (u, ut) € C(R; D(A))N C'(R; H) satisfy

C
tA, 0 1 < 0 ,,1
6460, 6l < 1P oy

V(W u') e D(A), Vt>0.

As pointed in “Lebeau-Robbiano (1997)”, for some special case of system

(2.4), logarithmic stability is the best decay rate.

TIFR-CAM 10/33
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Theorem 1 is a consequence of following resolvent estimate for operator A:

Theorem 2. (X. Fu, Comm. PDE, 2009)

There exists a constant C > 0 such that for any

—Clim A|
e
Re) e [ } ,

C

we have

(A = M) 7| gqmy < CeCImA for [A] > 1.

We shall develop an approach based on global Carleman estimate to

prove Theorem 2.

(Bangalore, India) TIFR-CAM 11/33



Interpolation inequality for an elliptic equations

Based on which type of equations to obtain Carleman estimate?

Fix f = (%, f') € Hand u = (u°, u') € D(A). Then

(A= X)u=f (4.1)
is equivalent to
2l +u' =P,
noo 4.2
PCATIPEDYEESE *.2)
j k=1
Therefore
u' =0 4+ A
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Interpolation inequality for an elliptic equations

Noting the boundary condition

( Zn: v + au1> ‘asz =0,

jok=1
we have
n .
(@) — N =2+ 1 inQ,
k=1
LI 4.3
a“ulvi + a® = —af® on 99, 4-3)
J,k=1
u' =+ in Q.
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Interpolation inequality for an elliptic equations

Put .
syl (4.4)

It is easy check that v satisfies the following equation:

n
Ves+ > (@) =M+ f)e™ inRxQ,
i, k=1
! (4.5)

n
Z vy — iavs = —af’e™* on R x 99Q.
J k=1

Global Carleman estimate for elliptic equations with

nonhomogeneous Neumann-like boundary condition
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Interpolation inequality for an elliptic equations

n
Zss + Z (dz), =2° in(—2,2) x Q,
i, k=1
! (4.6)
> @ zu —ia(x)zs = a(x)z'  on (-2,2) x 0Q.
j,k=1
Theorem 3.
There exists a constant C > 0 such that, for any ¢ > 0, any solution z of
system (4.6) satisfies
[1Z|[41(v) < Ce [||Z ey + 112 2wy + 12]l2iz) + |\Zs||L2(Z)} 7)

+Ce_2/8|‘2||H1(X).

where

X=(-22)xQ, T=(-22)x00 Y=(-1,1)xQ, Z=(-2,2)xTl,.
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Interpolation inequality for an elliptic equations

The proof is based on the following point-wise estimate for elliptic operators.
Step 1. Point-wise estimate for elliptic operators.
Lemma 1.

Let b € C?(R"; R) satisfy b* = b¥. Assume that w € C?(R'™"; €) and

(e C3(R"™R). Setd =¢€', v=~0w. Then

H‘WSS+Z W )x, +Ms+divv
J,k=1
n ) n )
>2(3ls+ D (K0g) )P +4 Y DROys( Vs + Vi) (4.8)
Jok=1 Jok=1

n

+ ) (v Vg + Vi V) + BIV,
Jik=1
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Interpolation inequality for an elliptic equations

@ The above Lemma is a consequence of Theorem 2.1 in reference
“X. Fu, Null controllability for the parabolic equation with a complex

principal part, J. Func. Anal., 257 (2009), 1333-1354.”

@ The regularity of the coefficients b/ can be improved to C'.
“X. Fu, X. Liu and X. Zhang, Well-posedness and local controllability for

quasilinear complex Ginzburg-Landau equations, Preprint.”
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Interpolation inequality for an elliptic equations

By 6 = €, v =0z, we have

m m m m
0Pz =Y (b + > bty -2 DGvic— > (BF)v
k=1 k=1 jok=1 jok=1 (4.9)
=+ bk,
Hence, by (4.9), it is easy to see that
1 _ _ _
2|97DZ|2 aF 5“1 |2 > 9(PZI1 aF 73211) = 2“1 |2 aF (I1 I> + 1211). (4.10)
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Interpolation inequality for an elliptic equations

Note however that there is no boundary condition for z at s = +2. Therefore,

we need to introduce a cut-off function ¢(s) € C;3°(—b, b) € Cg°(R) such that

0<p(s)<1 |s|<b,
(1<byp<b<2). (4.11)
SD(S) = 1, |S| g bOa
Put
5= oz (4.12)

Then, noting that ¢ does not depend on x, by (4.6), it follows

Zss + Z Zx, = pssZ + 2psZs + 9020 in(-2,2) x Q,
J.k=1

n
> @y, —ia(x)2s = —ia(x)psz + a(x)pz'  on (-2,2) x 9Q.
jok=1
(4.13)
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Interpolation inequality for an elliptic equations

Step 2. Choose of the weight function.

z/)(s,x)éfb(ix)+b2—s2 p=e", 0=¢e'=e?,
|4 (@)

B(s, x) 2 —fp(ix) +P—82 G=e, §=¢l =
[[91] L= ()

where ¢) € C?(Q) satisfying (see Fursikov— Imanuvilov (1994))

¥ >0inQ, V| > 0in Q,
(4.14)

~

n
¥ =00n a0\ I, > @ <00on o\ To.
j,k=1
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Interpolation inequality for an elliptic equations

Step 3. Estimation of the energy terms and divergence terms.
It is easy to see that

{ ls = Augts, 4=y,  Us = MiPGisil (4.15)

los = MPPY2 + Mugthss,  Li = MPdppr + M\

Integrating inequality (4.13) (with w replaced by 2) in (—b, b) x , recalling
that ¢ vanishes near s = +b, we end up with (recalling 2 = ¢z, v = 02)

b b
A;ﬁ/ /92¢(\Vz\2+|zs|2)dxds+)\3u4/ /02¢3|z|2dxds
—bJQ —bJQ
b
< C/ /62)‘¢\QDSSZ+290525—I—QDZO|2dXdS (4.16)
—bJQ

b
+Cec*/ /(|z|2+|zs\2+|z‘|2)dxds.
—b JTy
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Step 4. End of the proof.

It is easy to check that

(4.17)

¢(s,) >2+e", forany s satisfying [s| < 1,
#(s,-) <1+e", forany s satisfying by < |s| < b.

enote ¢p = 2 + e* > 1, and recalling that by € (1, b). Fixing the parameter y,
one finds

1
AP / /(|vZ|2 +125|2 + | 22) dxdls
—1Ja

2 2 2
< ce® {/ /|z°\2dxds+/ / |z1\2dxds+/ /(|z|2+|zs|2)dxds}
—2Ja _2Joa —2.Jr,

+CePN @ /(|z|2 + |25[2)dxds.
(=b,—bo) U (bo,b) /2
(4.18)
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Proof of decay rate

We consider a linear evolution equation on Hilbert space H:

au
LA
{ a ~ (5.1)

u(0) = wp.
Let B be an unbounded operator, closed on H, with domain D(B) dense in H.
Assume that
(H1). A= iB generates a bounded C, semigroup S(t) = e on H.
(H2). iIRNa(A) = 0.
Recall that for any A €C such that Re A > 0, A/ — A is continuous bijective
from D(A) to H and

NN = A) | 2oy < [Re A" (5.2)
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Proof of decay rate

Also, from Hille-Yosida theorem, for k € N and s > 0, the operator
esA isB

__°¢ : dofi — (el _ B)-T
(T—AF ~ (- BF is well-defined. We denote R(¢) = (§/— B)~' the

resolvent of B which is well-defined and holomorphic with respect to ¢ for
Im ¢ < 0. We need the following condition.

Assumption
There exists a positive function g(t) : Rt — R™ satisfying

! g'(t)>0, lim g(t) = oc; (5.3)
(i) For some constant ¢ > 0, there exists ¢’ > 0 such that
e~ g(t) < e~ (5.4)
(iii) There exist C > 0 such that

IR =1I(¢1 = B)™"|| < Cg(|Re¢]). (5.5)

v
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Proof of decay rate

Recalling that

The solution to (5.1) is
u(t) = S(t)up.

We say the solution of (5.1) decays at a rate of h(t) if there exists a positive

function h(t) with tlim h(t) = 0 such that
lu(®)[|n < h(D)l|tollpay,  t>0,

for all up € D(A).
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Proof of decay rate

Denote f(t) is inverse function of g(t), we have the following result.

Theorem
For any k > 0, k € R, there exist two constants Cx > 0 and 8 > 0 such that

C
||leAul|y < WHUHD(M) (5.6)

for all u € D(AX).

Here 8 depending on the form of g(-).

For the case g(t) = e, we choose 3 = 0, and get the solution of system (5.1)

1
f—.
decay at a rate o i
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Proof of decay rate

Ideas of the proof.

Let u € H. Let p = p(t) € C>°(R;) be such that
p=0 fort<i,
p=1 fort>2

Put
1

V(t) = e®u, u(t) = m(pV). (5.7)

It ie easy to check that U(t) solves

1

G B =gy 58
U(0) = 0.
Therefore,
‘ i(t—s)B 1
U(t):/o e't=s) pt(s)mV(S)ds (5.9)
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Proof of decay rate

There exists standard method to prove the decay rate if we have the
estimation of the resolvent operator. We refer to:

@ N. Burqg, Acta Math., (1998);
@ H. Christianson;

@ Z. Liu & B. Rao, Z. angew. Math. Phys., (2005).
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Damping terms act on arbitrary sub-domain.

Let a(-) € L*°(2) be a non-negative bounded function such that
a(x)>ap >0 ae. inw (6.1)

where w is an open non-empty subset of .

n
up — »_ (@uy)x +a(x)uy =0 inR" xQ,
k=1

n
> @ ugry, =0 onR* x 99,
jok=1

(u(0), uy(0)) = (u°, u") in Q.
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By means of the classical energy method, it is easy to check that

d
gl wlfi = =2 [ aGojunfax. 63)

Hence, we conclude that the energy of every solution tends to zero as t tends

to infinity, without any geometric conditions on the domain Q.
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Interpolation inequality for elliptic equations

n
Zss + Z (@z), +ia(x)zs=2" inX,
jk=1

n
>z =0 on ¥.

J k=1

Theorem

There exists a constant C > 0 such that, for any € > 0, any solution z of the
above system satisfies

2|11 vy < CF“?CR/E[HZOHLZ +112lle2zy + 1Zsll2(z) | + Ce™ Z/EHZ”H‘(X

where

=1+ Z [Py (6.4)

J,k=1
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Thank you!
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