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Abstract

Here we study the precise blow-up behaviour and obtain a priori estimates for
the finite energy C*-solutions of the equation

2(2n + 1)

Kuw = 0
n+1

Apu—n(2n+ 1)u +
u > 0

on the odd dimensional spheres S***! with standard CR structure, as the ex-

ponent p N % for p € (1, %], @ = 2n + 2 is the homogeneous dimension.
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1 Introduction

We consider the odd dimensional spheres S?"+1 = {¢ € C™*! : |(| = 1} with the
standard CR structure defined by contact form

n+1
61 =i(@—0)|¢I> =i ) _(¢Id¢7 — ¢Fd(?)
j=1
corresponding to the horizontal space T = span{%, e, ac%}. The Levi form

given by Ly, (V,W) = —2id6;(V AW) is a positive definite hermitian form on T} .
The sublaplacian operator Ay is defined on real functions u € C*®(S?"*1) by

Apu vy A dOT = / Lj (du,dv) 81 A df} for all v € Cg°(S*™1).  (1.1)
S2n+1 g2n+1

In this paper, we shall study the precise blow-up behaviour and obtain a priori
estimates for the finite energy C?-solutions of the equation

_ 22n41) 10 p _ : 2n+1

Ay —n2n+Nu+ =77~ Ku? = 0in S } (1.2)
u > 0
asp N % for p € (1, %], @ = 2n + 2 is the homogeneous dimension. Here, the
energy of a solution u of (1.2)is defined by
£(u) = / (L5 (du, du) + n(2n + 1)u?} 65 A dBy. (1.3)
S2n+1

Observe that for p = %, the transformation laws ( equations (3.1)-(3.2) in

[9]) imply that a solution u of the equation (1.2) gives a contact form 6 = u*/"6,
which is “conformal” to the contact form 6; and which has Webster scalar curvature
equal to the function K (). The form 6; and its images under CR automorphisms
of sphere(which are induced by biholomorphisms of the unit ball in C"*!) have
constant pseudohermition scalar curvature n(n + 1)/2.

As in the Riemannian case, one can consider the problem of finding suitable
function K such that it defines a contact form conformal to the given 8; on the
sphere. Obtaining a priori estimates for solutions of (1.2) is a first step towards
understanding this problem on CR spheres.

For S™ (n > 3) with the standard Riemannian metric g, the corresponding
equation is

(1.4)

Ay — "("472)u—|—4(&__21))Kup = 0 in S7
u > 0

where p € (1, 2£2]. Here for p = 22, u*/("=2) g gives a conformal metric with scalar
curvature equal to K. The equation (1.4) has been studied and a priori estimates
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have been obtained by Schoen and Zhang [12], Li [13](also see references therein),
recently by Chen and Lin [2].....

In this paper, we essentially follow the techniques used by Li in [13], with suitable
modifications and interpretations to obtain similar results for the CR spheres too.
The main difference is that unlike as in Riemmanian case, we need to assume that
the solutions have finite energy. Observe that when we study the blow up analysis
of the equation (1.2), the limiting function is a solution of an equation of the type

Apontiu + Cul@T2/(@-2) = ¢ }

u > 0 (1.5)

on the Heisenberg group H2"t!, where C is a constant. The classification of all
solutions to (1.5) on H2"*! is still an open problem. However, if we further assume
in (1.5) that u € L?>%/(2=2) then the result of Jerison and Lee ([10]) gives complete
classification of u. The finite energy assumption ensures that the limiting function
lies in the right space so that Jerison and Lee’s result is applicable.

Furthermore, the curvature functions are assumed to be in the right nonisotropic
Lipschitz space so as to be able to apply the subelliptic regularity results. These
are still in C!, but need not be in C?.

In the next section, we give a definition of a simple blow up point which is still
consistent with one given by Schoen and works in CR case too; in fact it is general
enough to work in the case of nilpotent, stratified groups(which includes R"™). The
definitions and statements of main result are also given in the next section. The
third section contains the necessary information about Heisenberg group. In fourth
and fifth sections, various estimates needed for the proof of the theorem are derived.
The sixth section deals with some local results near an isolated blow up point while
the last section contains the proof of the main theorem.

2 Main results

We consider the Heisenberg group H2" ! as the set C™ x IR with coordinates (z,t)
endowed with the group action o defined by

(20,%0) 0 (2,8) = (20 + 2, o + £ + ZImZ:L_lz_OiEi). (2.1)

Using the complex notations, the CR structure of H2"*! is given by the hori-
zontal bundle spanned by the vector fields

Ty =-—+1i2%= a=1,...,n.

The standard left invariant contact form on H2"*! is defined as
Oo = dt + »_(iz%dz* — iz*dz").

The CR equivalence between the sphere S2"*+! minus a point and the Heisenberg
group H?"t! is given by the Cayley transform F : §2n+1 — H2*tl = O™ x R,
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defined by

(G Cn 1= [Cupal?
F(C17...,Cn+l) — (Cn—‘rl;---; Cn_l,_l’ |]-+Cn+1|2) .

Also, the contact form on the sphere 6; is pull back of the standard contact form
O ie., 6 = F*(ﬁwo). Let u be a nonnegative function on H2%+1, Then for

v(€) = 1+ Gur1| tuo F(Q)

we have the relations

(bn|dv]3, + Rav?) 61 A dO}

§2n+1

a=1

/ (bn 3 |Zau|2> B0 A dOT, (2.2)
H2n+1

wPOy AT = / uPo A d6y (2.3)

S2n+1 H2n+1

where b, = (n+1)/2(2n+1) and R,, = n(n+1)/2 is the scalar curvature associated
to 61. Define
Ao(2,t) = |i +w|~(@2/2 (2.4)

where w =t +i|z|%, 2 € C", t € R. Tt can be easily verified that the function A
satisfies the equation

AgzsiAg + 4n?AGTY972 = on H2H, (2.5)

Infact, Jerison and Lee showed in [10] that every L?@/(@=2)_solution of (2.5)
is obtained from Ag by left translations and dilations (z,t) — (A\z,A?t) on the
Heisenberg group.

As in [9], the problem (1.2) on §?"*! can be reduced to one on Heisenberg group
H27+1 a9 follows: if u satisfies the equation

n+1 _n(n+1)

- K Q+2/Q-2 _ 2n+1
32n+ 1) bU 5 u+ Ku 0 on S

then v(€) = Ao(§)u(F~1€) satisfies the equation

n+1

Avron K F—l Q+2/Q—2 _ H2n+1.
72(271 i 1) H2n4+10 + ( 5)1} 0 on

Thus we need to study similar equations on the Heisenberg group H2**!. There-
fore, let  C H2"*1 (n > 1) be a bounded domain, 7; > 0 satisfy lim; , 7; = 0,
pi = % — 7, and {K;} € T'a44(Q), 0 < a < 1 satisfy

for some constant A; > 0. Here I's14(Q2) denotes the set of functions having
horizontal derivatives up to order 2 in the nonisotropic Lipschitz space T, (f2); see
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preliminaries for the precise definition. Note that K; € I'a4,(Q) implies that K; €
Cc(Q).
We consider solutions of equations

_AH2n+1 u; = C(’I’L)I(Z ({)uf' in Q

u; > 0. (27)
If {maxu;} remains bounded as ¢ — oo, then it follows from the subelliptic estimates
that a subsequence of {u;} converges to some function u in C}, _(2)(see Claim 5.3
in Section 5). Otherwise, {u;} is said to blow up. The following notion of isolated

blow up point, introduced in [12] and [13] in the context of Riemannian manifold
can also be used in the CR manifolds:

Definition 2.1 Suppose that {K;} satisfies (2.6) and {u;} satisfies (2.7). A point
£ € Qis called an isolated blow up point of {u;} if there exists 0 < o < dist(§,01Q),
C > 0 and a sequence §; — £ such that & is a local maximum of wu;, u;(§;) = oo
and

ui(€) < Cd(¢,&)72® =Y for all ¢ € B(&;,0).

It will be clear from Remark 5.4 in section 5 that the points &; are uniquely deter-
mined for large .

Intuitively, according to Schoen [12], a simple blow up point on a sphere S™ is
a point where the solution of (1.4) approximates the ”standard solution” upto a
conformal transformation, in a neighbourhood. This definition was further refor-
mulated by Li in [13] using spherical averages. However, his definition does not
seem to work for the Heisenberg group. We observe that one of the reasons is that
the “standard solutions” in the case of CR sphere S?"*! are “not radial’. These
standard solutions are pull back of Ag defined in (2.4)(upto Heisenberg translation
and dilations), via the Cayley transform. Hence we proceed as follows:

For any positive solution u; of (2.7) and # in H?"*! with dist(f,0) = 1, we
define the function f,; o(s) : [0, R] - R(for a fixed R > 0) as

Fus0(8) = 82/ P =Dy (g; 0 56). (2.8)

Here o is the group action whereas s = s(z,y,t) = (sz,sy,s%t) is the dilation
in H?>"*+1. We will use the notation fi,o to denote this function whenever the
corresponding function involved is clear.

Definition 2.2 We say that ,5” € 1 is an isolated simple blow up point, if §~ is
an isolated blow up point and there exists some o > O(independent of i and 6 €
0B(0,1)) such that f;¢ has precisely one critical point in (0,0) for every 6 €
0B(0,1), for large i.

We observe that our definition(when considered on IR™) does not imply the one
given by Li in [13] and vice versa; however it will be clear from the following sections
that one can obtain the a priori estimates of [13] using Definition 2.2. Also, it can
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be seen that Definition 2.2 gives a notion of isolated simple blow up points on the
more general nilpotent, stratified Lie groups.

For the Riemannian sphere, it was proved in [13] that the isolated blow up point
has to be a critical point of the function K (§) = lim;_, . K;(§). We shall prove
the same for C'R sphere in Proposition 6.1. Hence, it is interesting to see how the
flatness properties of K;’s and K affect the blow up behaviour of {u;}. Also, this
forces us to put conditions on the (usual) gradient VK; instead of the Heisenberg
gradient Vyan+1 K;. Thus, the following condition is similar to the one introduced
in [13]:

Definition 2.3 For any real number 8 > 1, we say that a sequence of func-
tions {K;} satisfies condition (x)s for some sequences of constants {L:(f,4)} and
{L2(B,4)} in some region €; if {K;} € CIPI=1:1(€);) satisfies

IIVKil|lcos) < La(B,1)
and if 8 > 2, that
IV Ki(€)] < La(8,9)|VE(€)P~/ =)
forall2<s<|[B], &€, VK;(§) #0.

Please refer to [13] for examples and discussions of such functions K;. We also refer
to [3] for simpler conditions on K.

We now state the main theorem.

Theorem 2.1 Suppose that {K;} € Ta14(S?"!), 0 < a < 1 and n > 1 with
uniform C' modulo of continuity and satisfies, for some positive constant A;, that

Ki(&) > 1/Ay, forall &€ S
For a constant d > 0, let
Qai={qe€ St |\VK;(q)| < d}

and suppose there exists some constant d > 0, such that {K;} satisfies (x)g, § >
(Q —2) for some constants L1(f) and Lo(B) independent of i in Qgq,;. Consider
solutions u; of (1.2), such that

&(u;) < Co, (2.9)

for some constant C, (independent of i).

Then, after passing to a subsequence, either
(i) {u;} stays bounded in L>°(S?"*1) and hence in C*(S?"+1);

or
(i) {u;} has finitely many isolated simple blow-up points and the distance between
any two blow-up points is bounded below by some positive constant depending only
on n, Ay, Ly, Ly, d and the uniform modulo of continuity of VK;.

In fact, if B > Q—2 or {K;} satisfies (¥)(qg—2) for some sequences Ly (i), L2 (i) =
o(1) in Qq,;, then {u;} has precisely one isolated simple blow up point.
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Here C! is the usual space of functions which have continuous first order deriva-
tives, whereas 2y, and S? are nonisotropic Sobolev spaces which are defined in
preliminaries below.

3 Preliminaries

To denote the elements of H?**! we shall either use the notation (z,t) € C" x R
or (z,y,t) € R" x R™ x IR where z =z +iy,z = (z1,..,%n),y = (Y1, .-, Yn). The
Heisenberg group H2"t1 is the space R*"*! (or C™ x IR) endowed with the group
action o defined by

§oo& = (z+m0,y+yo,t+to+2 21:1 (iyo, — yi%o,))- (3.1)

We denote by dy the parabolic dilation in H2**! where

0 (&) = (A\z, Ay, A*t), (3.2)
which satisfies 8y (£, 0 &) = 6x(&,) 0 dx(£). The norm in H2*+! is given by

d(&,0) =)l € [|:== [(Zj_l(x%’ + y?))2 +t2]‘i = |t + |2 |2. (3.3)

Tt is homogeneous of degree one with respect to the dilation d, defined above. The
associated distance between two points &, € H2"*+! is defined accordingly by

d(&m) =l n~" o || (3-4)

where 1 denotes the inverse of i with respect to o ; in fact, it can be seen that
n~! = —n. We shall denote the Euclidean norm by |- | and the usual inner product
by -.

The vector fields {X1, ..., Xpn, Y1, ..., Yy, T} defined by

0 0 .
X, = 6_33,-4“2‘”"&’ for i=1,...,n,
0 0 .
H = Xn+i:8—yi—2l'ia, for z:l,...,n,
0
T = —
ot’

form a basis of the Lie Algebra of vector fields which are left invariant with re-
spect to the Heisenberg group action o. Observe that Z, described in the pre-
vious section is the vector field X, + iY,, @ = 1,...,n. The horizontal space
Tio = span{Zi,...,Zy,} gives a left-invariant CR structure on H?>"*! and for any
function f on H?"t!, the derivatives along the integral curves of these vector fields
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are referred to as horizontal derivatives. Thus, the Heisenberg gradient (or a hori-
zontal gradient) of a function ¢ is defined as

VH2“+1¢: (X1¢77Xn¢7}/1¢5ayn¢) (35)
The real 1-form
n
O = dt + ) _(iz;dz; — iz;dz))
j=1
is left invariant and homogeneous of degree 2. Note that 6y annihilates T3¢ and
we take it to be the contact form for the CR structure on H2**!. The Levi form is

given by . .
Ly, (Zj, Zk) =< —2idby, Z]' ANZp >= 26jk
and for u € C1(H?"+1),
ou - =
du = (5,00 + > (Zjudz; + Zjudz;) .

Jj=1
Therefore, if u is real valued, we have

n

|dulg, = | Z;ul*.

Jj=1

The scalar curvature of H2*+! with pseudohermitian structure g is identically
Z€ro.

The subLaplacian operator Apza+1 associated to the contact form 6y is defined
by

Agzat1 = E :_IXZ-2+Y;-2

n 82 62 82 2 82
— Z LT 4 s — A 4(z? + ¢y2) —.
252 T o T Wi~ Wigga A T gm

Note that Ag2n+1 is a degenerate operator, but it is easy to check that X; and Y;
satisfy

[(Xi, Y] = —4T6; 5, [X;, X;] =[Y3,Y;]=0

for any i,j € {1,...,n}. Therefore, the vector fields X;, ¥; (i = 1,...,n) and their
first order commutators span the whole Lie Algebra. Hence, Ap2n+1 satisfies the
Hormander rank condition, see [8]. In particular, this implies that A g is hypoelliptic
(i-e. if Agznt1u € C* then u € C*°) and it satisfies Bony’s maximum principle (see
[1]).

Alternatively, we can also express Ap2n+1 as

AH2n+1 = dl’U(AV) (36)
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where V is the usual gradient and A = (a; ;) is the symmetric matrix defined as

a;; = 0; for 1<4,57<2n
Giony1 = 2y; for 1<i<n (3.7)
Gionyl = —2T; for n+1<i<2n ’
Asnt12n41 = 4)z%
The measure on H2"+! is defined using the contact from 6, as
00/\6[06L = n!(2i)"dt/\dz1/\d21/\.../\dzn/\En
n!22"dzdt, (3.8)

i.e., constant times the usual Lebesgue measure on IR*"*'. The open ball of radius
R centered at & is the set:

Bgon+1 (&),R) = {’l] S |5 d(’l’],&)) < R}

It is important to note that

meas(Byan+1 (€0, R)) = meas(Bpznt1 (0, R)) = meas(Bpzn+1(0,1)) R

where (Q = 2n+ 2 and by meas we mean the Lebesgue measure. The even integer
is called the homogeneous dimension of H2"+1. Observe that for R > 1, if B(0, R)
is the Euclidean ball of radius R centered at the origin, then

B(0,R) C Bu2n+1(0, R) C B(0, R?).

Let Q C H?™*! be an open set. Using the notations of Folland-Stein [7], we
define the non-isotropic Sobolev spaces S} and Lipschitz spaces T'z as follows:

For 1 < p < ooand k =0,1,2,..., we say that a function f belongs to the
nonisotropic Sobolev space S, if f and its distributional derivatives X Tf, with
[I| < k all belong to LP. Here X! = X' X2 ... X2 where I = (iy,...,42,),
0 <i; < 2n is a 2n-tuple such that |I| =41 + - - +iap.

S% is a Banach space under the norm

Fllse = I llkw = D IX Sl

\TI<k

and C§° is dense in S} for p < oo. Also, note that

1/p
1llop = [1£1ly = ( / Ifl”dw) .
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The nonisotropic Lipschitz spaces and their corresponding Hélder seminorms
are defined as follows: for 0 < 8 < 1,

FB — {fELooﬂCOZ sup |f(§)—f(§°77)|

R Tk
/(&) — f(€om)|
1—‘ = _—
L. S | T
I o= {feronc®: syp HEM=AHOFIEon D
e Il :
N = s LEM 2O+ SEon )]
Enetzen ]

and for 8 = k + B’ where k is a positive integer and 0 < ' <1,

Iy = {feL®nC’:X7feTys for |J| =k}
Ts(f) = ‘illl_pkrﬁ’(XJf)-

Note that we can also identify H2**! with its Lie algebra which is Euclidean
space IR*"*! with the Euclidean norm |- | and the linear coordinates z; via the
exponential map. Hence, we can talk of the usual smooth spaces C* for 0 < k < oo.
Please refer to [7] and [6] for relations between the Lipschitz spaces I" defined above
and the usual Holder spaces A. In particular, we have

A CTp C Agyp for all B> 0. (3.9)

For H?2"*+!  the following Sobolev’s theorem holds:(see Corollary IV.7.4 and
IV.7.5 in [14]; also see [6], [7])

Theorem 3.1 Let 1 < p < +0o, « € N* =N \1 and Q = 2n + 2 be the homoge-
noeus dimension of H>*t1. Then,

(i) if ap < Q, || fllp@/(@—ap) < Cllfllap, for all f € Cgo(H>™H).
(id) if ap > Q, Tia—qp) (f) < Clifllap, for all f € Cgo(E™ ).

Furthermore, for m > @Q, we have
(i) if ap <m, || fllpm/(m—ap) < C X5 Ifllg,ps for all f € C§°(H>™ ).

(i) if ap > m, V(o m/p) (f) < C 250 | flla,p, for all f € Cgo(HM).
If u € Ly, (U) is such that pu € S{(U) for every ¢ € CE(U), then u is said to

belong to S¥ (U, loc). The space Ig(U,loc) are defined similarly. We also recall here
the Lipschitz regularity theorem(Theorem 10.13) as stated by Folland-Stein [7]:
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Theorem 3.2 Suppose F', G are distributions satisfying Agzn1F' = G on U C
H2 L If G € T3(U,loc) with 0 < B < oo, then F € T42(U,loc). If G € LP(U,loc)
and B =2—(Q/p) >0, then F € T'z(U,loc).

The distance function on CR sphere S?"t1: Asin the Riemannian case, the distance
function on the CR sphere S?”*! can be obtained by the restriction of the distance
function (3.4) defined on H?"*3. We consider $?"*! to be embedded in H>"+3
and for z, w € S$?"*!, we have the corresponding points (z,0), (w,0) € H>"*3,
Then

dist((z,0), (’11),0))4 = ||(wa0)_1 ° (Z,O)||4

|z — w|* + 4(Im(z - w))?

(|2]? — 2Re(z - w) + |w|?)? + 4(Im(z - w))?

4(1 — Re(z - w))? + 4(Im(z - w))?

4{1 — 2Re(z - w)) + Re(z - w)* + (Im(z - w))?*}
4{1 — 2Re(z - w) + |z - w|*}

= 41—z -w

Therefore,
dist((2,0), (w,0)) = V2|1 — z - w|*/2. (3.10)
Here (z - w) denotes the usual inner product in C™.

It was shown in [11] that this distance (3.10) is equivalent to the distance function
obtained on S2"*! by pulling back the distance on H?"+1( i.e. (3.4)) to S2"*! via
the Cayley transform. Thus it makes sense to talk of distance between two points
on the CR sphere.

4 A Pohozaev identity

Let D C H?>*! be open and $*(D) denote the space of all continuous functions
u: D = IR such that X;u, Y;u, X;u, qu are continuous functions in D which can

be extended to D. Furthermore, let

- 0 0 0
X—j;.’lfja—wj +yja—yj+2ta.

Observe that X is the generator for the one parameter family of dilations in H?"+!
centered at the origin. Using this vector field, we can derive a Pohozaev type integral
identity which is stated below (see [4] for the proof).

Theorem 4.1 Let D C H*' be a bounded, piecewise C' open set and let u €
S%2(D). Then

2/ (AVu-N)XudHQ_g—/ |Venu|?’X - NdHg_»
8D 8D
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= (2 - Q)/ |VH2n+1u‘2dZdt + 2/ X'LI,AH2H+1udZdt (4.1)
D D

where N denotes the outer unit normal to 0D and dHg_o denotes the (Q — 2)-
dimensional Hausdorff measure on H"+1,

Here A, Vizn+1 and @ are as defined in the preliminaries, see (3.7) and (3.5).

Now let B, = {£ € H?*! : ||{|| < o} denote a ball of radius ¢ in H>"*! and u
be a C? positive solution of

—Agzntriu =c(n)K(€)uP in B,. (4.2)

Then multiplying this equation by « and integrating by parts we have

— AVu-NudHg_» +/

|VH2n+1u|2dzdt:/ c(n) KuPtt. (4.3)
8B, B, B,

Comparing equations (4.3) and (4.1) we have

2 / (AVu - N)XudHg_» — / |Viznriu|?X - N dHg 2
OB, OB,

=2-0Q) /HB (AVu - N)udHg_2 + ¢(n)(2 — Q)/B KuP* dzdt

—2/ XuKuPt! dzdt.
B,

Using the definition of X' and integrating the last term above by parts, we have

-2 1
Q—/ (AVU. . N) ’U.dHQ_2 — —/ |VH2n+1u|2X . NdHQ_2+
2 Jam, 2 Jon,

/ (AVu - N)XudHg_»
OB~

= ;(-:-1)1 /B, X(K)uPT™ dzdt + c(n) (I% _©@ 2_ 2)) /B, KuPt dzdt

_n) KuPt'X - NdHg_». (4.4)
p+1J/ss,

Let us denote the boundary terms on the Lh.s of (4.4) by

-2 1
B(o,&,u, Vyentiu) = QT(AVU. -N)u — §|VH2n+1u|2X -N
+ (AVuy - N)Xu. (4.5)

Thus we have shown
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Corollary 4.2 If u is a 82, positive solution of (4.2) then

-2
B(o,&,u, Vyzntr1u) dHg_o2 = ¢(n) (£ — (@ )> KuPt dzdt +
8B, p+1 2 B,
¢(n) / 1 c(n) 1
— X(K)uPt dzdt — ——= KuP™ X -NdHg_». 4.6
sy (K)uP"" dz p1 )y B Q-2 (4.6)

Proposition 4.3 (i) For u(§) = ||¢||>~9, where Q = 2n + 2 the homogeneous
dimension, and r > 0

B(r,,u,Vyzet1u) =0 for all & € 8B,.

(i) If u(€) = ||€]>~9 + C + h(&), where C > 0 is a positive constant and h(€) is
some function differentiable near the origin with h(0) = 0, then there exists o9 > 0
such that for any 0 < o < g¢, we have

B(o,&,u, Vyantiu) < 0.
OB,

Furthermore,

/2
lim B(0,&,u, Vizariu) = —(Q — 2)2C|S*" 1 / cos™ adar (4.7)
o—0 8B, 0

where |S?"~1| denotes the surface measure of the unit sphere in TR*™.

Proof. For B,, the normal to the boundary is given by N = ;—Zl where p

II€]] = (Jz|* + t?)'/* is the distance function given by (3.3). Therefore Vp =

e (222, 202, 1), 7, y € R” and

Vp _ Xp p 2p*
Vol Vel |Vpl  (4]2]6 +2)1/2

since p is homogeneous of degree 1. Moreover,

2pz]?

AVp-N = “PI*I |
ve (d]2[6 + 2)172

Substituting these values in (4.5), by direct computation one can see that
B(Ua §7 u, vH2n+1 u) =0
when u = p?~@.

Proof of (ii). For u(€) = p?>~@ + C + h(£) with h(0) = 0 and C > 0, we have

/ B(U7€7U7VH2“+1U’)
0B,
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2
-(Q —2)? 2oL (cynyam,.
(Q ) /aBap (4|Z|6+t2)1/2( + ) Q 2

+ AVh-N (—@ﬁc? + @2;2)(0 +h)+ Xh) dHg_»
OB,

- 2(Q_2)/ 2—Q¢th1{

on, " @R E) O

4

_ 2p
-2 1@V hans1p - Vigzatrh———— dHq_
(Q )Ang H2»+ p H2nt+ (4|Z|6+t2)1/2 Q 2

_|_

2p*
- 1/2 at1h|?———— dHg_,. 4.8
/ / |VH2 +1 | (4|Z|6 +t2)1/2 Q-2 ( )
We observe that the volume element of the hypersurface

(z,y,t) = (z,t) e R* xR : |2|* +t? = 0%, > 0

o

6, ,2\1/2
is given by wdxdy. Therefore,

/ S I —/ S
op, @z + )72 77972 T | (ot — |21/
/2
. ] / cos"ada  (49)
0

using polar coordinates in R?". Therefore, the first term on the r.h.s. of( 4.8) will
be

w/2
—(Q —2)(C + h)|S* 7Y / cos” ada.
0

The second term of (4.8) is dominated by

/ |AVh|Mp2_Q dHg_s < c(h)/ MP%Q dHg_»
0B, 2 8B, 2

where c(h) is a small constant depending on the function h.
The third term of (4.8) is again < 2(Q — 2)c(h) [y P~
whereas the fourth term
2p
-9 1-Qv . - Vyengrh— o
(@ )/33, P H2n+1p ° VH2n 1 (4]2[6 + 2)1/2

4

_ 2p
— 1-Q on+1 ont1 | ———————— = _
(Q 2)/ P |VH + p“VH + hl (4|Z|6 + t2)1/2 dHQ 2

2
z
i dHo-2

4
dHg_»

IA

o

IA

2(Q — 2)c(h o g
(Q )C( )/3ng (4|Z|6+t2)1/2 Q-2

= 2Q-2ewot [

dz
a8, |t

/2
= 2(Q—2)C(h)a|52"_1|/ cos2P=1/2 o, da
0
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which goes to 0 as ¢ — 0.
Hence it follows that

2
ra_ L g, , <o
A&p (@[a]f + 2172 “H22 <

for 0 < o < 09, og sufficiently small. Also, since h(0) = 0, taking limit as o — 0,
we see from (4.9) that

w/2
lim [ B(o,6,u, Vigsesru) = —(Q — 2)2C] 527 | / cos™ v da.
0

o—0 8B,
O
5 Estimates for isolated simple blow up points
Let Q be a bounded domain in H?2"+1, 7; > 0 satisfy lim,_,oo 73 = 0, p; = % —
and {K;} € ['a44(Q) satisfies (2.6). We consider the solutions {u;}’s of
—Apzmau; = c(n)Ki(ul’ in O
u; > 0. (5.1)
with finite energy, i.e.
E(uy) := / |VH2n+1’u,,'|2 dxdt < Cy (5.2)
Q

for a constant Cy independent of 3.

In this section, we shall derive estimates for isolated simple blow up points of
{u;}, similar to the ones derived in section 2 of [13]. We state the results below,
giving a sketch of the proof wherever required. The necessity of imposing the finite
energy assumption (5.2) will be clear the in proof of Proposition 5.2 below.

Lemma 5.1 (A Harnack inequality) Let {K;} satisfy (2.6), {u:} satisfy (5.1) and
& — £ be an isolated blow up point. Then for any 0 < r < 1/3c0, we have

(8 <C i : 5.3
(1/2)T£Ifli%§)f£i)<2r uz(ﬁ) - (1/2)T£%£€i)<2r uz(é-) ( )

where C = C(Q, supi||Ki||L(B(¢:,0)))-

Proof. Define
v(€) = P Dy (& ore) for €€ B(0,3),

where o is Heisenberg group operation as defined in the preliminaries (2.1). It
satisfies

—Apza+10(§) = e(n) Ky(& o ré)v(§)” in B(0,3). (5.4)
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Applying the Harnack inequality ( [15], Theorem 2.1 of [5]) in the annulus By /4 \
By/4 C B(0,3), we have

ess sup ov<Cess inf w. (5.5)
Bg;4\Bi1/4 Bg/a\B1/4

where C' = C(Q,sup; ||Ki||L=(B(¢:,0)), Boja \ Bi/s, B(0,3)). Translating equation
(5.5) in terms of u;, we get (5.3) for all i. Note that the constant C' of (5.5) is
independent of ¢ and r. o

Proposition 5.2 Suppose {K;} is bounded in I'2y4(Q,loc), 0 < a < 1, satisfies
(2.6) and {u;} satisfies (5.1) and (5.2). Let & — £ be an isolated blow up point.
Then for any R; — oo, €; — 0T, we have, after passing to a subsequence that

llui(€) ™ wi (& 0 ui(&)~P71/2€) — Ai(E)|o2(Bo2rr)) < €
Rjui(&)~®=1/2 50 Zs BiOiRoo } (5.6)

where A;(€) = Ao (K;(&)'/%€), Ag is as defined in (2.4).
Proof. Let o be as in Definition 2.1, a; = ou;(&)®~1/2 and set
wi(€) = wi(&) wi(& o ui(&) P H2E) for ||| < e

It satisfies the equation

—Apzw; = c(n)Ki(& oui(&)” PV POw for ||| <ai (5.7
w;(0) = 1 (5.8)
Vw;(0) = 0 (5.9)

0<wi() < Clgll~*@®=Y for [lg]| <o (5.10)

where (5.10) follows from the definition of isolated blow up point. Also, it can be
seen by change of variables that the energy

E(w,) = L(O )|VH2n+1wi|2d£

/ wi (&) 7P T [ Viznriui (& o ui (&)~ P 1/2¢) de
B(0,05)

/B@ (€)Y Vi (r)ua() S0V

& (uq)
Co. (5.11)

IN A

Clearly, (5.10) implies that w; are bounded outside the unit ball. Next we prove
that w;’s are also bounded in the unit ball: Suppose by contradiction,

lim w;(v;) = oo, (5.12)

i—00
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where w;(v;) = max w;(£). From (5.10) we conclude that ||v;|| # 1 for all large .
B(0,1)

Also, from (5.8) it follows that »; cannot converge to the origin. Hence we should
have ||v;|| > ¢ for all large i, for some § > 0. Let v; — #. Then ||7|| > & > 0.
It follows from Lemma 5.1 that forall 0 < r <1

56?}138‘()5,@ wl(g) s 1/2r<rg(%,)§i)<2rwi(£)
< 1/2r<firéi§r,l&)<2rwi(£)
< Cgegg(rtlmwi(ﬁ)- (5.13)
Thus,
wi(v;) = geajr_r?(%,)ﬁw||)wi(€)
< wi(§)

min
£€0B(0,||vil|)

CTC w2/ 7=

<
< 5 i)

a contradiction. The third inequality above follows from (5.10). Thus w;’s are
bounded in B(0,1).

Claim 5.3 There ezists a subsequence of {w;} which converges in CZ (H*™*1) to
a positive function w.

Proof of the Claim: Fix a compact set U C H?"+1. For large i, U C B(0, q;) since
a; — 00 as ¢ — oo. By above discussion, {w;} is uniformly bounded where as {K;}
is uniformly bounded by assumption. Therefore, w? it e Lf° and hence in L],
for all 1 <p < oo.

Now, from Theorem 6.1 of [6] we have, for 1 <p < oo and k=0,1,2,..

lwillp,e+2 < Cp,ie (|| Anzntrwillp,k + |[willp) - (5.14)

Using the fact that w; satisfies the differential equation (5.7) in (5.14), it follows
that w; € S¥(loc) for all p. Furthermore, from (ii) of Sobolev embedding Theorem
3.1 given in the preliminaries, we have locally

L-q/p (wi) < Cllwillpz for 2p> Q. (5.15)

Choose p large such that 1 < a =2 — @Q/p < 2. Then {w;} are uniformly bounded
in T, (U, loc). Hence, by Arzela-Ascoli theorem, there exists a subsequence of {w;}
converging in C° to a positive function w in U.

It is easy to see that w satisfies

Apzniw + () lim K;(§; o ui (&)~ Pi—/26)yQ12/Q=2 = o (5.16)
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in H?"*! and is bounded in the whole space.

(From (5.15), w; € T145(U,loc), B =1—(Q/p) > 0 for large p. Therefore, we
have K;wPt' € Ty 4 since K; € T?**. Hence, from Theorem 3.2 we can further
conclude that w;,w € T'gya(U,loc), with g+ 2 > 3. Again, using the fact that
Kiwf"H € I's1o and Theorem 3.2 we have w;, w € I'444(U,loc) and hence in C} .
Hence the claim is proved. Moreover, (5.11) implies that

/ w?@/929, A dby < Co (5.17)
H2n+1

Hence it follows from [10] that
w(€) = Ao(K'73¢)
where k = lim;_, ki, k; = K;(&;). Furthermore, if A;(§) = Ag (k-1/2§) then it can

2
be seen that A; is close to Ag for large i. Therefore, given £ > 0, for all large i we

have

lloti (€)™ a6 0 ws(€) P D2E) — Mi(©)lle (Bo.a))) < € (5.18)
Now, given R; — oo and ¢; — 0%, one can always choose a subsequence of {w;},
such that (5.6) holds and the proposition follows. O

Remark 5.4 For application of Proposition 5.2, we will choose R; and ¢;(depending
on R;) as follows:

Given R; — oo satisfying (5.6)), we first choose an €; such that &; is the only
critical point of u; in B(&;, Rius(&)~?i~1/2) and for and € > 0, we have

s (€)™ ui(& o ui(&) ™ P V26) — Ai(O)llc2(Bo,2R)) < €i- (5.19)

Furthermore, for a fixed 6 = (29, t0) € dB(0,1), consider the function
gio(s) = sQD/27,(s0)
= 4@=2)/2 (1 + 2k,~52|zo|2 + k1284)(2—Q)/4

where |z| is euclidean norm in IR?>™. Tt can be seen that 9:,0(0) =0, g;,0(s) >0

and has precisely one critical point which is a point of maximum at s;(0) = k; 12,
Therefore, for 7; small, the function s2/(Pi=1)A;(s6) is close to g; ¢ and has similar
properties. Thus, for each fixed § € B(0,1), we may further modify ¢; so that

Fu0(s) = 87/ P "Dy (s6)

has unique critical point in (0, R;). Observe that, a priori this e; will depend on 6,
but since 6 varies over a compact set 0B(0,1), we can choose ¢; independent of §
such that f,, ¢ has a unique critical point in (0, R;) for every 8 € 0B(0,1). Thus,
given R; — oo, we can choose ¢; — 01 such that

(i) u; has a unique critical point in B(&;, Ryu;(&;) i~ 1/2);

(i) fu; has a unique critical point in (0, Ryu;(&)~®i=1/2) for every 6 €
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Remark 5.5 Suppose further in Proposition 5.2 that 0 is a isolated simple blow
up point. If ¢ is as in definition 2.2, then it follows from (ii) above that the function
fus 0 is strictly decreasing from Rju;(&)~®—1/2 to 0.

Henceforth, we shall denote a ball in H2"+! with centre origin and radius s by
B, s > 0.

Proposition 5.6 Suppose {K;} € T'ayq(Ba,loc), 0 < a < 1 satisfies (2.6) with
Q = By and

| VEi(y) |< s, for ally € By (5.20)
for some positive constant As. Let u; satisfy (5.1) with Q = By and & — 0 be an
isolated blow up point with,

d(€, &) P Dui(€) < As,  for all € € By (5.21)

for some positive constant Asz. Then there exists some positive constant C =
C(n, A1, As, A3), such that

ui(€) > O ui(&) Ao (ki Pui (&) V%) for all (¢, &) < 1.
In particular, for any e € H2F! with ||e|| = 1, we have
ui(&; o) > C tuy(&) @D/

Proof. We observe that ||¢||2~@ is a fundamental solution of the sub Laplacian
Apgze+1 and the proof of Proposition 2.2 given in [13] goes through with n replaced
by the homogeneous dimension Q). m|

Proposition 5.7 Let {K;} C I'aqo(B2,loc), 0 < a < 1 satisfy (2.6) with Q = By
and (5.20) for some positive constant As. Suppose also that u; satisfies (5.1) with
Q = By and & — 0 is an isolated simple blow up point with (5.21) for some positive
constant Az. Then there exists some positive constant C = C(n, A1, Aa, As, o), such
that,

ui(€) < Cui(&) 1d(€,&)° 9, for all d(€,&) <1, (5.22)

where o is the constant in Definition 2.2.
Furthermore, after passing to a subsequence, we have

ui(&)ui(€) = u(€) = al €[>~ + h(€) in Cf,.(Bi\{0}),
in By, where a > 0 is a constant and Agent1h = 0.
For proving Proposition 5.7 we need the following lemmas.
Lemma 5.8 Under the hypothesis of Proposition 5.7, except for (5.20), there exists
§; >0, 8; = O(R; *™°WY), such that
ui(€) < Crui(§)™Md(,&)* U for all Roui(&)~ V% <d(€,&) <1, (5.23)

where \; = (Q —2—6;)(p; —1)/2 — 1 and C; is some positive constant depending
only on Q, Ay, As, 0.
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Proof. Let r; = Ryu; (&)~ Pi~1/2 — 0 be chosen as in Remark 5.4. Since
Ai(€) = 2@/ (14 2k ) + K2 (|2)* + ) @™V < o)<,
from Proposition 5.2, it follows that
wi(€) < Cui(&)Ai(wi(&) P26 " 0 )
< Cugl&) (ui(&) P =1 2r;)2=9
= Cui(&)R79 (5.24)

for d(&,&;) = r;. Since 0 is a isolated simple blow up point, there exists o > 0 such
that for every 6 € B(0,1), f;0(s) is strictly decreasing for r; < s < o (see Remark
5.5). Hence for all r; < s =d(,&;) < o and for every § € B(0,1),

fio(s) < fio(ri).

Therefore, for all r; < s = d(§,&;) < o, we have

d(&, &)Y P u(g) < CT?/(pi_l)Ui(fioTi“é—“)

O R(@-2)/2+o(1)

IN

from (5.24). Hence
ui (&P < CR; Mg, &) (5.25)

for all £ such that r; < s =d(&,&) < 0.
Now consider the operator

Lip = Apztrp + c(n)Ku? . (5.26)

To obtain the estimate (5.23) in the annulus A; := {£ € H** i r; < d(£,&;) < o},
we look for a supersolution ¢; of the operator £; such that ¢; > u; on the boundary
of the annulus A;. ;From direct computation we have,

Agzatr (d(€,&) ") = —(Q — 2 — p)|z — z:*d(€, &)+
where we have used the notation £ = (z,t) and & = (2;,t). Therefore,
Li(d(& &)™) = Agzara(d(€,&) ") + c(n) Kl d(€, &)™+
< —pQ-2-plz—zfdE &)+ ORI Mg 6)

where the last inequality follows from (5.25). Note that L‘Z(EZ‘; = O(1). Thus we
can choose §; = O(R;HO(I)) — 07 such that we have

Li(d(€,&)7%) < 0 in A4
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Now set M; = mng(&,a)ui, Ai=1/2(Q —2—6;)(p; —1) — 1 and

@i(€) = Mio®d(€,&) % + Buy(&) Md(€,&)% 9% in A

where B > 1 is a constant to be chosen later. By (5.27), it follows that ¢; is a
supersolution of £; in A;. Furthermore,

wi(§) > M; > ui(§) for d(&, &) = o. (5.28)
Also,
@i(€) > Bu(&) Md(g, &)
> Bu(&)R;™9 for d(§,&) =i, (5.29)

Comparing (5.29) with (5.24), we choose B large such that B > C occuring in
equation (5.24). With this choice of B, we have

¢i(€) > ui(€) for d(¢,&) =ri. (5.30)

From (5.28), (5.29) and the maximum principle, it follows that

ui(§) < pi(€) for all r; < d(&,&) <o. (5.31)

From Lemma 5.1, for any § € 8B(0,1), we have

fio(0)

oPi=D/2,(&; 0 08)

> o®N/2 min oy

- d(€,€1) =0 i(6)

> o@D/ max
= d(€.E)=0 i(6)

C-Llg-D/2,

(see definition of M;). Since f; g is decreasing in the interval (r;,0), we have that
for any s, r; < s <o and 6 € §B(0,1)

oPi=D/2 1 < Cfia(o) < Cfig(s).
Since u; < @,

P21 sPi=D/2y.(¢; o s6)

Cs(pi_l)/z[Mia‘sis_5i + Biui(&)—ki 82—Q+6i]_

IAIA

Choose sg = sg(0, @, A2, A3) > 0(note that it is independent of 6) small such that
Cs(()Pifl)/zo.(si 8661' < 0—(171'*1)/2/2_

Hence
M; < Cui(&)™™.
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Thus from (5.31) we have the required estimate
ui(€) < Cui(&)Hd(€,&)* 9, forall r; <d(§,&) <o (5.32)
For £ with o < d(§,&;) <1, we have
(&, &) 972 % ui(€) < ui(€)

and from Lemma 5.1

. < .
U; (é-) = . S;n(éa:é) <1 Usg (f)
< i ;
RS
< (C min w;
o d(€,6i)=0 (é-)
< Cuy (&)—Ai 02—Q+51‘

where the last inequality follows from (5.32). Choose C; > Co?~@+% . This com-
pletes the proof of the lemma.

O
Next, we note that the vector field
- 0 0 0
X = i i) + 2t— 5.33
izzl(xz dz; +Yi ayz) + ot ( )
on the Heisenberg group differs from the Euclidean Killing field(on R*"*")
~ 0 0 0
i i=—) +t= 5.34
Z(-’Ez oz +Yi 6%) + ot ( )

=
by the factor 2 in the last coordinate. Also, we can write X in a simplified way as
X =v()-V (5.35)

where v(€) = v(z,y,t) is the vector (z,y,2t) € IR?*"™!, . denotes the Euclidean
scalar product and V is the usual gradiant.

Lemma 5.9 Under the hypothesis of Proposition 5.7, we have
75 = O(u; (&) =2/ (@=2Fel)y,

and therefore
u;i(§)™ =1+ o(1).

This lemma can be proved exactly as Lemma 2.3 of [13], using the expression
(5.35) of X.
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Proof of Proposition 5.7. Without loss of generality, we assume that o occuring in
the definition 2.2 is less than 1/2. The inequality (5.22) follows from Proposition
5.2 and lemma 5.9 for d(§,&;) < ;.
Fix 6y € H**! with ||6p]| = 1 and set v;(§) = wui(& o 6o) 1ui(€). Then v;
satisfies
—Apza+1v; = e(n)u; (& 0 00)7 T K(€)vP in B (5.36)

From Lemma, 5.1 and arguing as in Claim 5.3, after passing to a subsequence,
{v;} converges in C}, (B2\{0}) to a positive function v € C?(B2\{0}). Since from
Lemma, 5.8, u;(&; 0 6g) — 0, taking limit as ¢ — oo in equation (5.36), we see that
v satisfies

Apam+1v=0 in B\ {0}.

Moreover, for any 6 with ||6]| = 1,
Foro = wil&i ©00) ™" fuo > fo = 5197 2u(s6).

Since 0 is isolated simple blow up point, it follows from remark 5.5 that f,, ¢ is
strictly decreasing from r; to 0. Hence f, ¢ is non increasing near the origin for
every § € 0B; which gives a contradiction if v is regular near 0. Hence v must be
singular at 0 and hence we can write

v() = all€]*~? + h(¢)
where a is a positive constant and
Ag2e+1h =0 in Bs. (5.37)
We first prove the inequality (5.22) for ||¢|| =1, i.e.,
ui(&; 06p) < Cui(€;) " . (5.38)
On the contrary, suppose
ui(&)ui(§06p) > 00 as i — oo.

Consider the function v;(§) — h(£) in the ball B;. From (5.36) and (5.37), it follows
that

At (0(€) — h(€)) = e(n)us(&; 0 0p) ™ K;(&)ul?

in Bs. Integrating by parts on Bp, we have

— [ AV —h)-NdHg_s = / c(n)us(€: 0 o)~ Ks(E)uP". (5.39)
8By By

Now

lim [ AV(o; —h)-NdHg_s = / AV(a||€]29) - NdHo_» <0 (5.40)
8B1

i—00 8B1
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since using (4.9) we have

2-Q . _ _ (D)
o8, AV(G||§|| ) NdHQ—2 - a(2 Q) a8, AV||§|| |V(||§||)| dHQ—2

[

= 2a(2-— ————dHgp_-
Cl( Q) ~/8B1 (4|Z|6—|—t2)1/2 Q-2
/2
= 2a(2—Q)|52"_1|/ cos™ a da
0

< 0. (5.41)

From Proposition 5.2 and Lemma 5.9,
/ K < Cui(&) . (5.42)
d(ﬁ;ﬁi)ﬁ”
and from Lemma 5.8 and Lemma 5.9,
/ Kt < of1)ui(6) ™ (5.4
ri<d(£,£:)<1
as in inequality (2.18) of [13]. We can now proceed as in proof of Prop. 2.3 of [13]

to complete the proof of (5.22).
O

Lemma 5.10 Under the hypothesis of Proposition 5.7, we have

/ d(€, &) ui (Pt
d(§,€i)<r;

ui(&) 2 QI [ p (L4 2ki | 2 P +kFp") QPdz+0(1)} -Q <5< Q,

R2n+1
O(ui(&) 99 log u;(&;)) 5=Q,
o(u;(&)?9/(9=2) 5> Q.
Here we have used the notation p = ||€]| = (|z|* +2)/* for € = (2,t) € H?H.
ous(&) 2/(@2), -~Q<s5<Q,
/ d(€, &) ui ()P < ¢ O(ui(&) 2992 logui(&)), 5=0Q,
ri<d(€,£:)<1 O (u;(&) 2/ (n=2)), s>Q

where k; = K;(&;).

The above inequalities can be obtained by direct computation.

O
For our future analysis, we need to consider the equation of the type
—Apeniu; = c(n)K;(§H(§)7ul in B(0,2) (5.44)
u; > 0 ’

where recall that 7; — 0 and p; = % -7
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Lemma 5.11 Suppose {K;} € T'ayq(Ba,loc), 0 < a < 1 satisfies (2.6), (5.20) for
some positive constants Ay, Aa and (x)g for {L1(8, 1)}, {L2(B, i)} in By for some
2<B<Q, {H;} € CL (Bs) satisfying

A7V < H(0) < Ay, | VHi(€) < A5 for all €€ By, (5.45)

for some positive constants Ay, As. Suppose also that u; satisfies (5.44)-(5.2) and
& — 0 is a isolated simple blow up point with (5.21) for some positive constant As.
Then we have

7 < Cui(§) 2 + C | VKi(&) | wi(&) 297 + C(La(B,4) + La(8,1)P
+Ly(B,4)B-BN/(B=D+1L, (3, §)(B=D(B-I8D/(B-1)*)
xui (&) -2/ (Q@-)[BHB-[8D/(B-1))

where C = C(Q, Co, A1, Az, A3, Ay, 45,0, B).

Proof. Observe that the generator of one parameter family of dilations around the
point & = (z}, yé,ts) is given by

= 6 B , . . )
Y= D (@=ab)ig + W= wig,) 2= th+2Aab vy =35 @)

=1

= vi(§)-V (5.46)

<.

where v;(§) = v(&7 0 &) = (v — b,y — v, 2(t — t§ + 2(z -y — ¥ - 7)), and the
corresponding Pohozaev identity for B(&;,1) is

/ B(1,& " 0 & us, Vizasiug) dHg_o = o(n) / X (K HT ) uP ™+ dzdt
8B(£:,1) Pi+1 /B )
—2
+c(n) ( @ _@ ))/ K;H uPit dzdt
pit+1 2 B(€:,1)
_ c(n) / K;H P X, - NdHg_». (5.47)
Pi+ 1 Jom(e 1)

Also, observe that

AG]E

|z — 25 * + |y — yo” +4(t — 8§ +2(z5 - y — v - 2))?
< A(lz -+ ly —yol + (¢ — 15+ 2(z5 -y — 95 - 2))°)
< 47 o gl = 4d(¢, &) (5.48)

The proof can be now completed as that of Lemma 2.5 of [13].
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Lemma 5.12 Under the hypothesis of Lemma 5.11 we have,
| VEi(&) < Cuil€) ™ + C(La(B, ) + L2(8,0)
+L2(/3,i)(ﬁ—[ﬁ])/(ﬁ—l)JrlLl(ﬂ,z‘)(ﬁ—2)(ﬂ—[ﬁ]/(ﬁ—1)2)
xu (&)~ 2/(@-2)(B]-1+(8-[8])/(6-1))

where C depends only on @, Cq Ay, As, Az, A4, As, 0, and B.
Proof. Let n € C°(By/2) be a cut off function such that

n© = 1 for |igl<1/4
= 0 for [lgll>1/2

Multiply (5.44) by (0;u)n and integrate by parts. We observe that the matrix A
defined in preliminaries is independent of ¢ variable. Hence, proceeding exactly as
in the proof of Lemma 2.6 of [13] we have

c(n)
(pi +1)

/atKiH,-”UfiH’? = %/(Avui - Vu; )0 _/(Avui‘vn)atui
B,

B1 B1

¢(n) / 1 .
- K;r;H 6tHZ'U,p1
i+ 1 i i
(pi )B1

From Proposition (5.2) and (5.7) we have

| / 9K HT | < C / Vil + Cug(6) P~ + Cri. (5.49)
B Bi1/2\B1/a
As in the proof of Proposition (5.7), it follows that for any 6 € 0B, fixed,

the function w;(& o 6)'u;(§) converges in C7, (B2 \ {0}) to a positive function
v(€) = a1 ||€]|>~? + h(€). Therefore,

/ (AVu; - Vus) = / Vimeerwi2 < Cus(£06)?
By/2\B1/a B1/2\Bi1/a
< Cui(§)7? (5.50)

where the last inequality follows from Proposition (5.7). We deduce from (5.49)
and (5.50) that

| [ 8K HT WY < Cui(&) % + O
B
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Using the condition (x)g, we get

Ki(&) / HFub ™| — Cuy(6) * — O < / (OuKi(6) — BK(€)) HIub

Bl 1

< CLy(Byi /{ZWK £)|(B=/(B-D¢ _ g1
B,
+Ly(8,i) B 1D/ BN, (8, i)B-DE-18D/(5-1)?
xd(&, gi)[6]71+(67[ﬁ])/(6—1)} ufi-}-]_‘

(5.51)
Note that [ H*u?*' > C(ming, u;)?+! since H; is positive. Thus
B;
10:K:(&) < Cui(&)?+Cr
+CLy(8,4) /{Z|VK |(/:? 5)/(B— 1)||§ &7t
By
+Ly(8,4)B-BD/B-1, (8, Z‘)(ﬁ—@(ﬁ—[ﬁ])/(ﬁ—l)2
x [|€ — &”[B]flﬂﬁf[ﬁ])/(ﬁfl)} ubit! (5.52)
Define the vector fields
- 0 0
X, = — —2y;— for 1<j<nm (5.53)
J 8:1:]- J ot
Y, = 0 +2$,Q for 1<j<n (5.54)
7 dy; ot =7=" ‘

Then, as for 0;K;, we can estimate

/ (XK HFuP*| < Cui(&) 2 + Cr

and

/(?jKi)HzTiufi_‘_l < Cu;i(&)7% + Cri.

1

We can now use the fact that for 1 < j <n,

/ajKi(fi)H{iUfiH < /yjKi(fi)HfufiH + /QyjatKi(&)HiﬂUfiH
1 1

1
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/3n+jKi(§i)H{iUfi+l < /?jKi('fi)HinufH_l + /2$j6tKi(§i)HZ—iu€i+l
1 1 1

to obtain the estimate (5.52) for 0, K;(§;), 1 < j < 2n. The proof can be now
completed as that of Lemma 2.6 of [13].
O
The following lemma follows from Lemma 5.11 and Lemma 5.12:

Lemma 5.13 Under the hypothesis of Lemma 5.11 we have
7 < Cui(&)72 + C(La(B,4) + La(B,4)P 1
+Ly(B,i)B-BD/(B-1)+1L, (B 4)(B-2)(B-18]/(B-1)%)
xug (&)~ @/ (Q@=-BIHB-18D/(B-1)),

where C = C(Q, Co A1, As, A3, A4, As, p, B).

Lemma 5.14 Under the hypothesis of Lemma 5.11, for any 0 < s < 1, we have,
for B =2, that

< Criui(&) >/ 9 4 o(| VE;(&) | uil&) (@)

/ vi(€) - V(K H] yul+!
B, (&)

+CLy (B, i)u; (&)@~

and for > 2, we have

/ vi(§) V(IGH] yub
Bs(&i)

IA

Cryui(&) 7972 + O | VKi(&) | wi(&) /(@72
L C {Lz(ﬂ,i) ¥ Lo(8,i)P" + L2(ﬂ,i)ﬁ—[ﬁ])/(ﬁ—l)HLl(ﬂ’i)(ﬁ—2)(ﬁ—[ﬁ])/(ﬁ—1)2)}
(&)~ @/ @=2)(B1+(8-1)

i

X

where C = C(Q, A1, As, A3, A4, As, s, B, 0).
The proof is similar to that of Lemma 2.7 of [13].

Corollary 5.15 In addition to the hypothesis of Lemma 5.11, we further assume
that either 8 = Q — 2 and L1(B,i), L2(B,i) = o(1) or 8 > Q — 2 and L,(B,1),
Ly(B,i) = O(1). Then for any 0 < s < 1 we have

lim (&)’ [ w(©) VUH? ) =0
Bs (&)

i—00

Proof. The corollary follows from Lemma 5.14, Lemma 5.13 and Lemma 5.12.
O
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6 Local results

In this section we prove some local results regarding isolated blow up points, namely
that an isolated blow up point is a critical point for the function K = lim; ., K;
and we give sufficient conditions for an isolated blow up point to be a simple isolated
blow up point.

Proposition 6.1 Suppose that {K;} € Toy4(Q) with uniform C'(Bs) modulo of
continuity and satisfies
K’L(é-)zl/Ala €€B27

for some positive constant Ay and (5.20) for some positive constant Ay. Suppose
also that
A< H(0) < Ay, |V Hi(y)| < As for all €€ By,

for some positive constants Ay, As. Let u; satisfy (5.44)-(5.2) and & — 0 be an
isolated blow up point with (5.21) for some positive constant Az. Then |7 K;(y;)| —
0.

Proof. Suppose |VK;(&)| — d > 0. Without loss of generality we assume that
& =0 for all 4.

Case (i)If 0 is an isolated simple blow up point, then arguing as in Lemma 5.12, we
can get

| / VE; HIul'| = o(1).
B
Then by the uniform continuity of |VK;| and Lemma 5.10, we have

VK 0)] < e / V() — VEG(0)| HIul ™ + o(1) = o(1).
By

which is a contradiction.
Case (1i) 0 is not a isolated simple blow up point: Recall, from Remark 5.4, we
know that for every § € dB(0,1), there exists r; = Ryu;(&)~®~D/2 such that
fio = 8P~ D/2u,(& o s6) has a unique critical point in (0,7;). Let u;(8) denote
second critical point of f; 9. Then

Define,
Wi = ||§ﬂ£1 13 (6) (6.2)

Since 0 is not a isolated simple blow up point, we have

lim p; = 0. (6.3)

1—00

Consider the function

wi€) = 3 Py (i) for 1€l < 1/ s
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(From (5.44) and (6.3), it follows that w; satisfies

—Apeniw; = c(n)K;(§)Hi(&)Twl' for [|€]] < 1/p
€12/ P Dwi(6) < Ag, €Nl < 1/
.lim wi(0) = oo (6.4)

where K;(¢) = K;(u:€) and H;(€) = H;(u:€). Moreover, for 6 with ||0]] = 1,
82/(pi_1)f‘wi,(9 — 32/(191‘—1)'uf/(1’i—1)ui(sui9)

has precisely one critical point in (0, 1) since for 0 < s < 1 we have 0 < sp; < p; <

1i(0). Hence, origin is a isolated simple blow up point for {w;}.

Applying Lemma 5.1, Proposition 5.7 and subelliptic estimates(see Claim 5.3),
after passing to subsequence we have

lim w;(0)wi(€) = w(€) = all€|*” + h(€) (6.5)

i— 00
where a is a positive constant and h satisfies
Apgza+1h = 0.
Since w is positive, liminf¢| o0 A(§) > 0. The Harnack inequality implies that
h = C, a nonnegative constant.

We claim that the constant a occuring in (6.5) is positive: Let 6; € 9B(0,1) be
such that u;(0;) = u; then

d _
AP fu} lam1=0. (6.6)
Multiplying (6.6) by w;(0) we still have
iwi(O){sz/(p"_l)fw- 0.} |s=1= 0.
ds At
Taking limit as ¢ — oo we see that there exists 6 € 9B(0,1) such that
d (@22
At Jw,bo} |s=1=0. (6.7)

Substituting the expression for w from (6.5), we have

0 = dis|s:1 {allsbo] @522 4 ¢5(@-21/2)
= a2-Q)/2+C(Q-2)/2. (6.8)

and hence a = C > 0.
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Now applying Corollary 4.2 to the equation (6.11) and using Proposition 5.7 to
estimate w;, we have for any 0 < ¢ < 1, that

/ B(O’, 57 Wi, VH%'*'1 ’U)z)
8B(0,0)

i V(R - 7 S T apPit1
- opitl /B, V() - V(Kili)v; pi+1 /330 K;H;w;
Zlﬁi/jﬁywmimﬁhommrww

We can now complete the proof as in [13].

We will now show that under suitable hypothesis, the isolated blow up points
are isolated simple blow up points.

Proposition 6.2 Suppose {K;} € T'sy, satisfies (2.6) in the ball B(0,2) € H*"* for
some positive constant Ay and (x)g_2 for some constants L1, Ly in B(0,2), {H;} €
CY(B(0,2)) satisfies (5.45) for some positive constants Ay, As. Suppose also that
u; satisfies (5.44)-(5.2) and & — 0 is an isolated blow up point with (5.21) for some
positive constant Az. Then it has to be a isolated simple blow up point.

Proof: By contradiction, suppose that 0 is not an isolated simple blow up point.
Also, witout loss of generality assume that & = 0 for all . We then proceed as in
Case(ii) in the proof of Proposition(6.1) to choose p;(6), a second critical point of
fi,a with
i (0) > ;. (6.9)
Again let
; = inf p;(0).
I H;ﬂ:lMZ( )

Since 0 is not a isolated simple blow up point, we have

lim p; = 0. (6.10)

1—00

Define ) )
wi(€) = PV ui(uif), 1€l < 1/
As before, it can be verified that w; satisfies the equation
—AH2n+1 w; = c(n)K}(f)ﬁ, (&)T"w?‘ in B(O, 1/5,’)
€12/ P Dwi(€) < Ay, for |IE]| < 1/s;

lim w;(0) = oo (6.11)
71—>00

where K;(€) = K;(s;¢) and Hi(€) = H;(s;¢). Furthermore, note that for any
6 € H2 L |169|| = 1,

fuw:,0 has precisely one critical point in 0 < s < 1. (6.12)
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In other words, 0 is a isolated simple blow up point for the sequence {w;}. Applying
Lemma 5.1, Proposition 5.7 and subelliptic estimates as in Claim 5.3, we conclude
that there exists a constant a > 0 and a function h such that

wi(0)w; (§) = w(§) = al|¢|]*~9 + h(£) (6.13)

where
Apzat+1h(€) = 0. (6.14)

Since w is positive, liminf)¢||_,o, h(§) > 0, the maximum principle implies that
h is a nonnegative function. Applying the Harnack inequality, we further conclude
that h(§) = constant = C' > 0. Moreover, as in (6.8) we have C = a > 0.

Now applying Proposition 4.3 and Proposition 5.7 to the equation (6.11), we
have for any 0 < o < 1, that

/ B(OJ £7 Vi, VHQU'*'1 wz)
8B(0,0)

c(n) /BB V(&)'V(Kiﬁi)wfiﬂ—m/w R b+

T opitl pi+1

c(n) / > FrN pitl —pi1
> v(§) - V(K;Hy)w;"" — O(w;(0 bi .
= ) (&) - V(K:H;) (wi(0) )

Multiplying this equation by w;(0)? and letting i — 0o we have

i—00

/ B(o,&,w, Vgzerrw) > lim wi(O)Q/ B(o, &, w;, Vizatiw;)
8B(0,0) B(0,0)

: 2 c(n) . 5 7T\, Pit1
> Jim w02 / v V(R
=0 (6.15)

where (6.15) follows from Corollary 5.15.
On the other hand, from (6.13) and (ii) of Proposition 4.3 we conclude that

/ B(o,&,w, Vyzer1w) <0
8B(0,5)

for o > 0 sufficiently small, a contradiction to (6.15). This completes the proof.
O

7 Proof of theorem 2.1

Observe that the equation (1.2) can be rewritten as

Apyu—n(2n + Du + c(n)_f(uQJrz/Q—g -0
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where K(£) = u?~@t2/Q=2(£)K (£) and ¢(n) = % This allows us to use the

transformation laws given in [9] and hence, v = Aqu satisfies
Aponsriv 4 ¢(n) Kv@+2/Q=2 = in HZHL (7.1)

The following proposition shows that under suitable conditions on the curvature
functions, if a sequence of solutions for (1.2) with finite energy blows up, then the
blow up points are necessarily isolated blow up points.

Proposition 7.1 Suppose that K € Tayo(S?"T!) satisfies
K(g) Z ]./Al and |VK|L<>° S A2

for some positive constants Ay and As. Given R, € > 0, there exist some positive
constants Cy = Cy(e, R,n, A1, As), Ct = Ci(e, R,n, A1, As) such that if u; is any
solution of (1.2) with

E(u;) < Co

where E(u;) is defined in (1.3), and
mazgan+iu; > Cg.

Then there are points S(u;) = {Pl(’), e, P,gz)} (1 < k = k(u;) < oo) which are local
mazxima of u; such that

())0<7 <e.

(ii) for each j, 1 < j <k, and & a CR normal coordinates centered at P;, we have

[1vi(0) 03 (03 (0) = (9Q=2¢) — Ay(&)llc2(Bro2m)) < & (7.2)
where A;(€) = Ao(K (P;)'/2¢) and v; = Agu;. Recall that Ao(€) = C((1 + |2]?)? +
£2)-(@-2)/4
(i) us (&) < Cr{dist(&,S(us)} =2/ P~V for all ¢ € S*>"+1. Here dist is the distance
on the sphere described in the preliminaries.

Proof. Let PY) € $2"*1 be such that u;(P{") = max u;. Since {u;} is a blow up
sequence, we know that ui(Pl(i)) — 00. We do the following analysis for large i:

Reduce the problem to H2°*! using the Cayley transform such that the point Pl(i)

is mapped to the origin. Let v; := Agu;. Then v; satisfies (7.1). Define

wi(€) = vi(0) wi(v:(0) 972,
then w; satisfies

AHZH+1wi + C(n)}?iwiQ—i_z/Q_z = 0 in H2n+1
wi(0) = 1
Ki(&) = Ki(vi(0)™>/9726)u" (3(0) 7>/ 97%¢).
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Also, using change of variables and the relation (2.2) in the preliminaries, it can be
seen that

/ |VH2n+1wz'|200 A doy /2 » |VH2n+1vi|200 A dog
H2n+1 H2n

= / (Lj, (dui, du;) + n(2n + 1)u?) 61 A db7
S2n+1
< Co.

Using subelliptic estimates as in Claim 5.3, we can conclude that a subsequence
of {w;} converges in C7,, to A1(£) = Ag(k'/2€) which is the solution of

Agasi Ay + c(n)kAZY/972 = 0 in H2H (7.3)
— T (i) _ (i)y1/2 : _
where k := lim, ,oo K;(P;’). Let A; = Ao(KG(Py”) &), then lim; o0 Aj = Ao.
Hence for given ¢ > 0, it follows that

l|wi (&) — AillBo,2r) < é- (7.4)
Choose £ < min| ¢|=gA;i(§). Then for [|{|| < R, we have
w; () = vi(0) "Mvi(vi(0) T 9T3E) <&+ Ai(€) < 204(€)

ie.,
(11€]vs (0) =/ (@=D)(@=D/2y;, (4, (0) =2/ ?2¢) < C

for some constant C' which implies that
ui(€) < Cd(g, Py 2/ D

in a neighbourhood of the point Pl(i).
Without loss of generality, if we further choose ¢ < 1/2lim; o mingg,1) As-
then from (2.3) and (ii) of Proposition 7.1 we have,

/ Kbt ndo, = / KwP 0, A dby
B(P,u;) B(0,v;)
> / K; (Az’(vz‘(o)w(Qiz)g) - 5)pi+1 dzdt
B(0,v;)
> CO1/A;eP1;(0)7™|B(0,1)]
> 0, (7.5)

where B(P, u;) := B(P,u;(P)~2/(Q=2)),
If the inequality .
ui(€) < Cd(é',Pl(z))—2/(pi—1)
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does not hold for every ¢ € S?"*!, then we may repeat the above argument by
taking Pz(i) to be a maximum of the function d(¢, Pl(i))2/(1’f_1)uz-(§).

Observe that, for each fixed 4 the integral [ K;u? i1 is finite as the function u;
is smooth. Hence, there are only finitely many points in the set S(u;) since from
(7.5), each ball B(Py, u;(Py)~2/Pi~1) contributes a positive amount to the integral
fKiuf"+1.

This completes the proof.

O

After passing to a subsequence, if {u;} stays bounded in L>(S?"+1), then subel-
liptic estimates (as in Claim 5.3) further imply that it remains bounded in C%%,
0<ax<l.

However, if the sequence {u;} blows up, then in view of Proposition 7.1, Propo-
sition 6.1 and Proposition 6.2, under the assumptions of the Theorem 2.1 it follows
that {u;} has only isolated simple blow up points. Depending on the assumptions
on 'flatness’ of K;, we consider following two cases:

Case 1 of theorem 2.1. K; satisfies (x)g, B > Q — 2 in Qq; with Li(8) and
Ly(B) constants independent of i:

Under this assumption, we prove that the isolated simple blow up points are
separated by a fixed, positive distance.

Theorem 7.2 Suppose that K € C'(S*™*t1) satisfies, for some positive constant
Al, that
K(q) > 1/A;, forall qe€ S*"t.

Suppose also that there exists some constant d > 0, such that, K satisfies (%) (n_2)
for some constants Ly and Lo in Q4 = {q € S**!| |VK(q)| < d}. Then for e >0
and R > 1, there exists some positive constant 6* = 6*(n,e,R, A1, L1, Lo, d the
modulo of continuity of VK) > 0 such that for any solution u of (1.2)-(2.9) with
maxgan+1 u > C§ we have

|QJ_ql|26*7 forall 1SJ7élSk7
where g; = q;(u),qt = qi(u), k = k(u) are the ones defined in Proposition 7.1.
Proof: Suppose that there exists a sequence {u;} such that

lim inf d(¢¥, ") = 0.

o0 j#1
Without loss of generality, let
dg,67) = infdef, ") — 0. (7.6)
From Proposition 7.1, it follows that the balls B(¢{"), Ru; ®~2/%) and B(¢!?,
Ru;(p"fl)/z) are disjoint. Hence (7.6) implies that

lim u;(6{")) = 00 = limi_yooui(€).
71— 00
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Take the Cayley transform from S?7*! to H2"*+! such that EF) is mapped onto
the origin. We continue to denote the image of {z@) as 552). Let v;(€) = Ao(&)ui(§).
(From (7.1), it satisfies the equation

Apnt1v; + c(n) K AG 0P =0 in H2H (7.7)

where 7; = % — p;. Observe that this is similar to the equation (5.44) with

H;(§) = Ao(§)-

Let o; = ||§§2)|| — 0 and without loss of generality suppose that 51(2) is a point
of local maximum of u;. From the blow up analysis, it is clear that there exists a
constant C'(n) depending on n such that

1
o > mma,x{Riuz.(o)*(m—l)/{Riui(gz@))—(pi—l)/?}_

We rescale the function v; by defining
wi(§) = o7/ Vui(0i€) in lgll < 1/
It satisfies the equation

—AH2n+1wi = C(H)Kiﬁinwg)i in ||€|| < ]_/0'1 } (7 8)

wi(§) > 0 in ||¢|| <1/o;.
where K; = Ki(0;€), H; = H;(0;€). Tt follows from Prop. 7.1 that

lENP/ P Vuy(e) < C1 i ||€]| < 1/20
€ — |7 =V;(6) < C1 in ||€ - € < 1/20;.

A

It follows that

lim;_, oo w;(0) = o0, lim; _, oo wi(a;1§i2) =00
[[€[1>/ P~y (€) Cr in ||¢]] <1/2 (7.9)
|I€ = o7 17117/ P Dy (€) Ci in ||¢-o7'€7] <1/2

IAINA

i.e., both 0 and o, 1§§2) are isolated blow up points for {w;}. Infact, we claim
that they are isolated simple blow up points. From Proposition 6.1, it follows that
|VK;(0)] = 0 and that |VK; (0;1552))| — 0. Since o; — 0, we consider the following
two cases:

Case (i): |VK;(0)| > d for large i.
Suppose 0 is not a isolated simple blow up point. Therefore, there exists u; — 0,
chosen as in (6.2) i.e.,

i = inf 1(9
p Hou=1“()

such that p;(0) is a critical point of fy, ¢, 8 € 0B(0,1). Clearly, u;(6) > r; =
Riu;(0)~@i=1)/2,
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Now consider the function ;(€) = s2/Pi=Vw;(u;€) in ||€]| < 1/p;. From (7.8)
and (7.9), it can be verified that w; satisfies

—AH2n+1U~)/J,,' C(H)Kiﬁin’lbfi in ||£|| < 1//1,,

AP0 < Con <1/ 10
mz—>oowz(0) = X
%ls:lfﬁ)i,ai = 07

where K;(&) = Ki(u:i€) = K;(pio:€) and similarly, H;(€) = H;(pio:€). Moreover

fa;,0 has precisely one critical point in the interval (0, 1) for every 8 € 0B(0,1)
(7.11)
Thus 0 is a isolated simple blow up point for @; and from subelliptic theory (as in
Claim 5.3), Proposition 5.7 and Lemma 5.1, we conclude that there exists a positive
constant a and a function A with Agza+1h = 0 in H2*t! such that

@; (0} (€) = w(€) = all€|*"? +h(§) in CR.(H*\{0}). (7.12)
Since w is positive, liminf|j¢|| s £(§) > 0. The maximum principle implies that
h is non negative. We can further apply th Harnack inequality to conclude that

h(§) = constant = C > 0(say). Let 6; be such that y; is a critical point of f,, g,and
lim; .o, 8; =0 € dB(0,1). Then,

d . d
%ls:lfw’g = zl—l)r{olo E'Szlfﬂ)i,ai =0
and hence as in proof of Proposition 6.1 we get
C=a>0.

Thus, for any 0 < ¢ < 1, we have
/ B(O’, f, 1D,~, VH2n+1 ’llNJz) (713)
6B(0,0)

On the other hand, applying Corollary 1.1 and Proposition 5.7 to (7.9), we have
for0<o<1,

/ B(Ua Ea wia VH2n+1’U~1i)
8B(0,0)

> A / w(©) - V(e — A2 / KH7 0] X - N dzdt
P+ 1 /B0, Pi+1 /B0,

> [ e v - 00) ),
P+ 1/B0,0)

Multiplying by @;(0)? and taking the limit as i — oo, we have
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/ B(O’, 57 w, VH2“+1w)
8B(0,0)

lim U~)i(0)2/ B(o, &, W;, Vyzat1W;)
8B(0,0)

1
i— 00

> lim uv,-o“‘ﬂ/ v(€) - V(K HT )P+ 7.14
e Y ICR (714)

Now as in proof of Proposition 4.2 of [13], we can show that

lim w,-(())z’ﬂ/ v(€) - V(K H )™ =0
i—00 pi+1 B(0,0)
which contradicts (7.13). Hence 0 is an isolated simple blow up point of {w;}.
We can similarly show that o; lfl@) is also an isolated simple blow up point.

Case (ii): If |VK;(0)| < d, then from the hypothesis, K; satisfies the condition
(*)n_2 there and it can be seen that {K;} satisfies (x)n_a for Ly (i), La(i) = o(1)
in B, € H?"*1. Therefore, Proposition 6.2 implies that 0 and o} 151(2) are isolated
simple blow up points in this case too.

Because of property (iii) in Proposition 7.1, the set S of blow up points for {w; };
is countable with distance between any two points atleast one due to the rescaling.
Also, the Harnack inequality implies that the function

wi(Qwi(€) = w(§) in Cp(H"\S)

Since 0 and o; 1§§2) are isolated simple blow up points, it follows that w is singular

at 0 and £?) = lim;_,, 0} 152@. Also, observe that the points at which w is singular
is contained in S. Therefore, using subelliptic estimates and maximum principle as
before, we can write

w(€) = ar]|é]]”9 + as)|§ — PP+ h(§) in H™T\{S\{0,£P}}
where

Anirh(§) = 0 in H™\{S\{0,6}}
h(E) > 0 in H™\{S\{0,¢®}}.

Therefore, from Proposition 4.3 for 0 < ¢ < 1 small we have

B(o, &, w, Vgzetrw) < 0. (7.15)
9B,
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However, using (7.8) and Corollary 4.2 we have

/ B(UJ é-)w7 VHZ“‘Hw)
8B(0,0)

lim wi(0)2/ B(O’, f,wi,VHzn+1wi)
8B(0,0)

i—00

> lim wi02ﬂ/ v(€) - V(K H ) wPit?
R MRTCR LT

= 0. (7.16)

The last inequality follows from Corollary 5.15 and the fact that K; satisfies (¥)g_2
for Ly (1), La(i) = o(1) in the Case (ii). Whereas, for Case (i) we conclude it from
the direct estimates as in Proposition 4.2 of [13]
The equations (7.15) and (7.16) give a contradiction and the proof of Theorem
7.2 is complete.
O.

Case 2 of theorem 2.1.FEither K; satisfies (x)g, for > Q —2 in Qq,; with L1(5)
and Lo(B) constants independent of i or K; satisfies (¥)g—2 with L1(i), L2(i) = o(1)
m Qd,i :

Claim: {u;} has precisely one isolated simple blow up point.

Proof:Suppose on the contrary that there exists points 551), 552) € §2ntt 551) # fz@)
such that lim;_,co u; (€M) = 00 = lim;_ o0 s (€/7). Let £ — M) ¢®) 5 ¢® and
suppose that £1) #£ £(2),

Without loss of generality, we may also assume that &) and £ are not an-
tipodal points. As in the previous proof, we reduce the problem to H?**+! using the
Cayley transform, using the same notations for the images of the points under this
map such that &1 — 0 and €3 — £?). We may further assume that 5@(1)} §§2) are
both local maxima of v; := Agu;.

The function v; satisfies

Apznt1v; + c(n)K;AJ o =0 in H>™ .

Moreover, in this new coordinates, K; satisfies ()g for some constants Li (5), L5(8)
independent of ¢ or the condition (x)g_» for some constants L (i), L,(i) = o(i) in
some open set of H>*! containing 0 and £(*).

We conclude that 0 and §§2) are isolated simple blow up points from Theorem
7.2. Note that Theorem 7.2 infact implies that the number of blow up points
for u; is bounded by some constant independent of i. Therefore, there ex ists a
finite set F C H2"*! such that 0, £ € F, constants a;, as > 0 and functions
h(€) € CO(HP™ 1\ F), g(€) € COH™H{\F {0,£}}), such that

lzmz_,oovl(())vz(g) h(é‘) in Clooc(H2n+1 \f)
WE) = allgl? +asllg - P9+ g(¢) in HTN\F
Agens1g(€) = 0 in H™\ {F\ {0,£%}}
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and h is singular near F. Since h is positive, maximum principle implies that
g>0 in H™F\{F\{0,£%}}.
Therefore, there exists a constant A > 0 such that for £ near 0 we have
h(E) = al[¢][* + A+ O(9).

Applying (ii) of Proposition 4.3 we conclude that for o small

B(UJ 5; Vi, vH2“+1'Ui) <0.
OB,

whereas, the Corollary 5.15 implies that
lim v;(0)? / U(E) - V(K HT )P+ =
71— 00

B,

a contradiction.
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