SYMMETRY OF C'! SOLUTIONS
OF p-LAPLACE EQUATIONS IN RY

LUCIO DAMASCELLI* AND MYTHILY RAMASWAMY

Abstract. In this paper we consider positive C! solutions of the
equation — div(|Du|P~2Du) = f(u) in RY, vanishing at infinity,
in the case 1 < p < 2, f locally Lipschitz continuous in (0, 00). We
prove that the solutions are radially symmetric under two different
sets of assumptions on the behaviour of f near zero. In the first case
we assume that f is nonincreasing in (0, so), so > 0, and improve a
previous result of the authors and Pacella [7] where the symmetry
was proved under the hypothesis v € C*(RN) N WHP(RV). In
the second case, previously studied when p = 2, we assume that
f(uw) = O(w®*t!) (u — 0), and prove the radial symmetry of the
solution u, provided u = O (ﬁ), Du(z) =0 (\z\++1) at infinity
with m(a+2—p) > p. These results extend to p-Laplace equations,
1 < p < 2, analogous symmetry results previously known in the
case of strictly elliptic equations. The proofs exploit some Poincaré
and Hardy-Sobolev type inequalities.

1. Introduction

In this paper, we study symmetry properties of positive solutions of
p-Laplace equations in RV, N > 2, with the ground state condition at
infinity, namely

—Apu(z) = f(u(z)), nRYN
u>0 in RY (1.1)
u(z) =0 as |z| — oo

for 1 <p<2, with Ayu = div(|Du[P~2Du).

In the case p = 2, this problem for C? solutions was first consid-
ered by Gidas, Ni and Nirenberg in [9], using the method of moving
planes of Alexandrov and Serrin [16]. For a C' function f, satisfying
f(0) =0, f(0) < 0and f € C'* near zero, the radial symmetry of
positive solutions is proved there. Furthermore, under another set of
assumptions involving the decay rate of u at infinity and the growth
rate of f near 0, symmetry results were derived. Later, these results
were extended by Li ( see [13]) to fully nonlinear elliptic equations un-
der weaker conditions and by Li and Ni (see [14]) when f is C' and
f'(s) <0 for s small.
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For the p-Laplace operator, the coefficient (|Du[P~2) is vanishing or
singular at the critical points of u for p > 2 or p < 2 respectively and
hence strict comparison principles are available only in a restricted
form outside the set of the common critical points of the functions
being compared. That is why many earlier symmetry results for (1.1)
were proved under some sort of assumptions on 7, the critical set of u.
Symmetry results for positive solutions of p-Laplace equations, without
any assumptions on Z, were derived in [5], [6] for bounded domains and
in [7] for RY by the moving plane method, as well as in [2], [3] with a
different method.

Positive weak solutions in WP(RY) N CH(RY) of (1.1) are proved
in [7] to be radially symmetric under the assumption that f is locally
Lipschitz on (0,00) and f is nonincreasing near 0. In [17] the authors
study the symmetry of nonnegative C*! ground states of a class of quasi-
linear elliptic equations, which includes the p-Laplacian, for 1 < p < 2,
as a special case. Under the same assumptions on f as above, radial
symmetry of nonnegative ground states of (1.1) is proved in [17], under
the extra assumption that the set where |Du(z)| > 0 is connected, but
requiring v to belong only to C(RY). The authors also consider the
case p > 2 under the assumption that the solution has only one critical
point.

We use here the moving plane method to prove that C! weak solu-
tions u of (1.1) are radially symmetric about a point in IR", under two
different sets of hypotheses on the nonlinearity f, without requiring
any conditions on the set where Du(z) = 0. To be more precise, we
assume that

(H1) f is locally Lipschitz continuous in (0, 00).
and either one of the following conditions holds:

(H2) there exists so > 0 such that f is nonincreasing on (0, sq).
(H3) There exists so > 0 and o > p—2 such that for 0 < u < v < sy,

f) = flu)  _ Cv® if a>0
(v—u) Cu* if a<0

Our main results are the following theorems:

THEOREM 1.1. Under the assumptions (H1) and (H2), if u €
C' (RN) is a weak solution of (1.1), for 1 < p < 2, then u is radially
symmetric about some point o € RY, i.e. u = u(r), withr = |z — 0/,
and strictly radially decreasing, i.e. u'(r) <0 for all r > 0.

Note that this theorem differs from the result in [7] because it does
not require the solution u to be in W'?(R"). The main new ingredient
here is a Poincaré type inequality for functions on half balls, vanishing
on the boundary hyperplane.
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Using a Hardy-Sobolev ’s inequality for functions vanishing at infin-
ity, together with the previous Poincaré ’s inequality, we can treat the
more difficult case when the nonlinearity f is not necessarily decreasing
near zero, and we prove the following theorem.

THEOREM 1.2. Under the assumptions (H1) and (H3) let u €
CL(RY) be a weak solution of (1.1) for 1 < p < 2 satisfying, for some
m >0,

u(z) = O(ﬁ) as x| — oo,
(ul@) = g as |z 200 whena<0 ), (1.2)
Du(z) = (\w\"l'“) as |z| = o0

It

m(a+2—p) > p, (1.3)
then u is radially symmetric about some point zo € RN and strictly
radially decreasing.

The hypothesis (H3), with p = 2, was used in [13], for a Lipschitz
function f to derive symmetry results for positive solutions of quasi-
linear or fully nonlinear strictly elliptic equations. Here we extend in
Theorem 1.2 in a “natural way ” the condition in [13] to the degenerate
case 1 <p < 2.

More precisely C. Li derived the symmetry results in [13], in partic-
ular, for the case of the Laplacian, under the assumptions

fw) = f(u)
v—u
for small u, v and some a > 0, with ma > 2, requiring the decay
assumptions only on u (see Theorem 3 in [13]). Clearly this condition
on f is equivalent to (H3) when a > 0 and (1.3) reduces to ma > 2
when p = 2. In particular, if f(0) = 0, Li’s conditions imply that
f(u)

— < Clu/* and ma>2.
u

< Cfful+ v])®

For the same nonlinearity f, our conditions can be rewritten as

iIEungu‘“ for vw>0 and may >p,

where oy = a+ 2 — p.
Thus our conditions are a natural generalizations of Li’s conditions and
reduce to them in the case p = 2. Moreover in this case we can drop
our decay assumptions on |Du/| in (1.2), hence we also give in Theorem
2.1 below an alternative new proof of the symmetry theorem proved in
[13] in the case of the laplacian.

In the singular case 1 < p < 2 instead the use of the Hardy-Sobolev
inequality in Theorem 1.2 is essential in order to prove the symmetry
result with the natural hypotheses on the decay rate of u.
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Example. Some model nonlinearities that we can treat are the func-
tions that behave like the powers f(s) = s*™!, p — 1 < a + 1, near
zero. More precisely if @ > p — 2, f € C'(0,00) and f'(s) = O(s*) as
s — 0, then using the mean value theorem it is easy to see that (H3)
is satisfied.

Remark 1.1. Our theorems apply to positive solutions. However the
conditions on f which force a nonnegative ground state to be positive
can be derived using the strong maximum principle in Vazquez [18].
Let us also remark that when f satisfies (H1) and (H2) and f(0) =
0, the strict maximum principle has been studied in [15] for general
quasilinear operators. For the case of p-Laplacian, a result is that if
u is a nonnegative ground state of (1.1) under assumptions (H1) and
(H2) and f(0) = 0, then v is positive on R if

dt
/0|F<t>\1/p - -

where F'is the primitive of f. For the sake of reader’s convenience we
give in Appendix 2 some conditions, including (1.4), which ensure the
positivity of the nonnegative solutions when (H1) and either (H2) or
(H3) hold.

The existence and uniqueness of radial ground state solutions of gen-
eral quasilinear elliptic equations have been studied in [8]. For a con-
tinuous function f, with f(0) = 0 and f negative near 0 and positive
later on, existence and uniqueness of nonnegative radial ground states
have been proved under some additional hypotheses (see Corollary 1
in [8]). For those cases, where nonnegative radial ground states are
necessarily positive and unique in the radial class, our result (Theorem
1.1) shows that there is a unique nonnegative ground state for (1.1).

In [12] and [1], positive radial solutions of (1.1) with f(u) = u®™!
are considered, and it is proved that for p — 1 < a4+ 1 < p* — 1, the
problem

{ —(rN Y () P2 () = N Hul*u, 0 <7 < oo,

W(0)=0, u(r)>0, (1.5)

has only trivial solutions (see corollary 3.4 in [1]). A nonnegative so-
lution of (1.1) with f(u) = u®*! for the above range of a’s, is neces-
sarily positive everywhere because (1.4) holds for f here (see Propo-
sition A.1 (b) below). Then Theorem 1.2 implies that (1.1) with
flw) =w*™, pe (1,2), p—1 < a+1 < p*—1, has only triv-
ial solutions in the class of C'! functions which decay like (#) at 0o
with m > p/(a + 2 — p). This extends partially the well known re-
sult of Gidas-Spruck [10] regarding subcritical power nonlinearities, to
p-Laplace equation. Let us remark that to our knowledge the precise
decay rate of the solutions of (1.1) at infinity is not known.
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For the critical case o = p* — 2, Guedda and Veron [12] prove that
the only positive radial solutions are
N — N-p
valw) = (Na(——P )+ (a+ o775
p —_—

where a is any positive number. Then Theorem 1.2 with o = p*—2 and
m = (N — p)/(p — 1) gives the uniqueness of positive solution which

decay like \xﬂ_% at oo, as it happens for the y,, and more generally
with decay like g |m with m > —5— = p*p_p = pr

As mentioned before, F. Brock (see 2], [3]) has obtained recently
symmetry results by an entirely different method using continuous
Steiner symmetrization for nonnegative solutions of quasilinear equa-
tions, which include p-Laplacian for 1 < p < oo, in balls as well as in
RY. He assumes u € W'P(RY) and f(u(.)) € L'(RY) but he needs
less regularity on f, namely continuity and a certain growth condition
in the neighbourhood of the zeros of f. His symmetry results concern
either the case when f satisfy (H2) or the case of solutions with pre-
scribed decay rate at infinity, but different from (1.2) (see Theorem 2,

(i) and (ii) in [2]).

The paper is organized as follows. In section 2 we prove the Poincaré
and weighted Hardy-Sobolev type inequalities needed for the sequel and
give a new proof of some known results for the case p = 2 using these
inequalities.

In section 3 we prove some new weak comparison theorems for solu-
tions of p-Laplace equations in unbounded domains.

In section 4 we begin the proof of Theorem 1.1 and 1.2 by proving a
partial (local) symmetry theorem, as in [7] but with weaker and differ-
ent hypotheses, exploiting the more powerful comparison theorems of
the preceeding section. Then the conclusion of the proof of Theorem
1.1 and Theorem 1.2 is very similar (but slightly simpler) to the proof
of Theorem 1.1 in [7], Sect.5, and is therefore deferred to Appendix 1.

Finally in Appendix 2 we recall some sufficient conditions which
guarantees that nonnegative solutions of (1.1) are actually positive.

2. Some Inequalities and the case p =2

We start with some notations. If v is a direction in RY | i.e |v| =1,
we define for A € R, the half space

={reR":z-v<A},
and the hyperplane
T, ={zeRY . z-v=)\}
Let RY be the reflection through 7% , i.e.
R{(z) = 25 =z+2A—z-v)v
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for any z € RY. We also set
(S5 = R ().
For a function u € C*(RY), we define the reflected function
uf(r) = u(z¥) VzeR".

We need weak comparison principles in unbounded domains, for posi-
tive weak solution v € C(RY) of (1.1). These will rely on the Poincaré
and Hardy-Sobolev type inequalities proved below.

Let us consider a ball B(P, R), centered at P € T} having radius
R. Define

By = B(P,R)NX¥.
For any subset A of XY, define
A'=RY(A) and A=AUA'U(TY{NA).

The following lemma applies to functions on BY , vanishing on T} .

LEMMA 2.1 (Poincaré type inequality). Let w € W,0/(RV),1 < ¢ <
00, vanish on T and let (supp w) N BY = Ay U Ay, for some disjoint

measurable sets A;. Then there exists a constant C = C(N) such that

1 1 1
|wllg,y < CBx N supp w| Ve ([A;| ¥ [[Dwlg,a, + [A2] ¥ || Dw||q,a,)-
(2.1)

Proof. The idea is to take an odd extension @ of w to BY, and ex-
ploit the fact that @ has zero average over B} to derive the Poincaré
inequality. Define

~

w(z) = w(zx) on BY
= —w2A—x1,29,...3,) for z=(z1...2,) € (BY),
so that ff?i w(z)dz = 0.
We now verify that @ € WbH1(BY). Since w € W,, it follows that

~ loc
w € L'(BY). Further one can check easily that the distributional deriva-

tives of W for 2 <7 < N are

0 (z) = g:i' () on BY

al'i _g;‘i (2/\ —X1,T2,y... .’En) for z € (BS‘/)I
and

@(33) = g_;ul(x) on BY

0z, S—Z(Q)\ — 1, %9, Tp) for z € (BY) .

Hence we have for 1 < g < oo,

A

1
il g = 24 lwo]

. 1
0,BY> | Dw |q,f3; =24 ”Dw”q,Bi- (2.2)
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Since w has zero mean in BK = B(P, R), applying Lemma 7.16 from
[11] we have

Div(y)
g lo = y*

[ (z)| < C(N) dy  ae.

where C(N) = % Since Di(y) = 0 a.e. in BY\ supp 1,

()| < C(N) (Vi (IDb[(2) + Vz,(|1Did|(z))) (2-3)
where
(R
Vaf(z) —/A \x—y|N—1dy’ eRY.
Recall that (see [4], Lemma 2.2)

Al 1 |K
1V Flloe < Now(2ha (
WN

WN

)™ | f]

QaA .

Using this and (2.2) in (2.3), the lemma follows. O

Now we derive the weighted Hardy-Sobolev inequality which we shall
use later. Let us recall first the Hardy’s inequality ([19], Lemma 1.8.11)
for a measurable function A : (0, 00) — (0, c0)

/OT prlﬂ (/Oph(t)dt)qdp < (%)q /OT(h(t))‘I a1 gy

for 0 < T < o0, 1 <qg<ooandr > 0. We need the following
modified version of this inequality. For the convenience of the reader,
we include its derivation here.

LEMMA 2.2. Let h : (0,00) — (0,00) be a measurable function.
Then

[ ([ wom)sos O uea, o

for0<T <oo, 1<g<ooandr>0.

Proof. Rewriting h(t) as (h(t)t'*7/9)(t~'="/9) and applying Holder’s
inequality with respect to the measure (¢~ adt), we get

< / h h(t)dt>q < ( / "y dt) (%)q_lp R
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Now integrating in p from 7" to oo and using Fubini’s theorem we get

[e’s} [e9) q
/ Pt (/ h(t)dt) dp <
T P
-1 7 7
(g)q / p'/‘ lp—T+ (/ (t)qtq-f-'l‘—l—a dt) dp
T T p
-1 o0 t
-0 [ (i)
r T T
g EE q q+r—1-r/q ' —14+r/q
< (T) /T (h(t))% g ) dn

! / Ooh ) It Lt

T

and (2.4) is proved. O

LEMMA 2.3 (weighted Hardy-Sobolev inequality). Let u € C§(RY) =
{u € C*(RY) : u(x) = 0 as |v| — oo} and let ¢ > 1. Then for any
s>q— N and T > 0 we have

q
/ ]z dg < (L) / \Dulf|zl'dz (2.5)
BN\ By (0) N—q+s) Jevsr

The same inequality holds if we substitute u with its positive (negative)
part.

Proof. Let u € C*(RY). We have for w € S¥ 1 and p > 0,
*d
= | = | Z(u(tw))dt
uow) = |~ [ Gt
~ / Du(tw)wdt| < / Dutw)|dt.
p p

Calling h(t) = |Du(tw)| and r = N — ¢+ s > 0 and using (2.4), we get

[e') [e's) oo q
[0 ol < [ e ( / \Du(twndt) dp
T T P

q [e’s}
q N—1
_ Du(tw) |9 t3dt
<N—q+8>/T Dultw)

Now integrating with respect to w in S¥~! yields (2.5).
To prove that the inequality holds for the positive part u™ of u,
we consider the functions G, : R — R with G,(s) = 0 if s < 0,
1
Gu(s) = (s> + %)? = Lif s > 0, n € N and define u,(z) = G, (u(z)).
We have that u, € C}(RY) for each n € N and for any z € RV
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un(x) = ut(z) as n — oo and |Duy(z)| < |Du(x)|, so that

/ lul?]z|*"Tdx < liminf/ |un|?|z|* " dx
RN\ B7(0) "0 JRN\Br(0)
q
< <L> limsup/ | Dy |?|x|® da
N—-q+s n—oo  JRN\Br(0)

q
< (L) [ puiapds
N —q + s RN\BT(O)

0

Remark 2.1. Of course the inequality (2.5) holds for a larger class of
measurable functions. In fact suppose that u € W, (RY) with |Du| €
L9(|z|*dz; RY) (otherwise there is nothing to prove). Proceeding as in
the last part of the previous proof it is immediate to see that a sufficient
condition for the validity of (2.5) is the existence of a sequence u, of
functions in C}(RY) such that u, — u a. e. and |Du,| — |Du| in
Li(|z|*dx; RY).

In particular if s = 0, ¢ < N and u € L"(R"Y) for some r > 1,
then the usual mollifiers u. = p, * u tend to zero at infinity and for a
sequence €, — 0 the sequence u, = u,, satisfies the requirements, so
that (2.5) holds.

This happens also for every u € WH(RY), 1 < g < N. O

In the next section these inequalities will help us in proving some
comparison theorems which are crucial in the proofs of the main results.
Since there will be some technical complications due to the degenerate
character of the p-laplacian operator, in order to clarify the main ideas
in the simpler context of p = 2, we present now a new proof of Theorem
3 in [13] that exploits the previous inequalities (see also the remark after
the proof).

Let u € C'(RY) be a (weak) solution of the problem

—Au(z) = f(u(z)), inRY
u >0 in RY (2.6)
u(z) =0 as |z| = oo

where N > 3 and f is locally Lipschitz in (0, 00).

THEOREM 2.1. Suppose there exist sq,a > 0 such that for all u,v
such that 0 < u < v < sy9 we have w < C(u+v)* Letu bea
solution of (2.6) satisfying u(x) = O(ﬁ) as |z| = oo, with ma > 2.

Then u is radially symmetric and strictly decreasing about some point.
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Proof. Let v be an arbitrary direction in RY and let us define the set
Aw) ={AeR : Vu> A, u>wu, in 57}

In the first step we will show that A(v) is nonempty and bounded from
below. The second step will consist in showing that if Ag(v) := inf A(v),
then u = uKO(V) in EKO(V). In the third step the radial symmetry and
monotonicity of u will follow with standard arguments.

Step 1 Let us put v = u§ and observe that v satisfies the same
equation as v in ¥§. We now take in the equations for v and u the test
function [(v — u — €)1]*, where ¢ > 1, to be chosen precisely later on
and € > 0 (it has compact support in XX since u — 0 when x — o
and u = v on TY). Subtracting the equations we get

o (0= u= iD=
- / RN CEEEY
< / GO R, (2.7)

Here we have used the fact that D(v —u — €)™ = D(v — u) " X{y>u+e}-
Let us now fix ¢ so that m (o + ¢+ 1) > N. Then

[ 1#0) = ) (o = 0T < oo,
2254
In fact the integrand is bounded in compact sets and by hypothesis

outside a compact set we have [f(v) — f(u)]T[(v — u)T]} < Covottt!
with fEK vt <y uttt < oo (since wt = O(W) at

infinity).
If ¢ — 0 we get by monotone convergence

i Ch w7 Dw—u)*? <C W) F@)]* (v =)' <oo.

Defining w := [(v — u) "] 2, this can be written as

J

If A is large then v = u, < s and W < Cv®, so we get

/ |Dw|2§C/
> >

|Dw|* < Gy g [f(w) = f)]"[(v —u)T]" <o (2.8)

v
A

1
v*w? < C / S w? (2.9)
g { zy |75



SYMMETRY OF SOLUTIONS OF p-LAPLACE EQNS. 11

On the other hand if A > 0 then |z¥| > |z| and by Hardy’s inequality
(2.5), with ¢ = 2, s =0, we get
2

1 w 1
|Dw|* < C T 5 < O (sup T)/ | Dwl?
/2; ¥ |z§[me=? [f? g |ay|me? ¥
(2.10)

Since supsy W — 0 as A = 0o (because m a > 2) we obtain that
A
there exists A’ such that if A > X’ then i, [Dw|? = 0i.e. w is constant.
A
This implies that w = 0, since w = 0 on T}, i.e. w > uf in X§. This
means that A(v) is non empty and, since A_, is also nonempty, it is
also bounded below.

Step 2 Let us put Ao(v) := inf A(v). By continuity u > uf ) in
EKO(V)' Suppose by contradiction th:.aLt u ;—é U () 0 ZKO(?). .
Since z = zy(v) = U — Uy, satisfies in XY, the linear equation
u(x))—f(u¥ T
: 15(31{;0?:’)((;)( ) € L (RY), by the
strong maximum principle we get u > U () in EKO(V). We will show
that this implies that the inequality u > u¥ in XX continues to hold
when A < Ag(v) is close to A\g(v), contradicting the definition of Ay(v).
To this end, we consider again (2.8), with ¢ fixed so that m (a+ ¢ +
1) > N and A close to \g(v). If K = K¥ = B(P}, R) is a ball centered
at Py, projection of the origin onto 7} and radius R to be fixed later
on, we consider the integral in the RHS of (2.8) as the sum of two
integrals, one over ¥¥ \ K and the other over BY = 35 N K. We then
use Hardy’s inequality (which requires only the functions to vanish at
infinity) in the former and Poincaré’s inequality (which requires only
the functions to vanish on the hyperplane 7Y) in the latter. More
precisely if we shift the origin to Py, then |z| = |z| and we can find
Ry > 0, C > 0, such that for all A in a neighborhood of Ay(v) we have
u(zr) < ﬁ if || > Ry (i.e. C does not depend on the origin Py).
Then if R > Ry is big enough, proceeding as in the deduction of (2.10)
we obtain for the integral over X5 \ K

+ —Uu Rk su ; w 2
o [ L) = ST = 0 < O (s0p paramy) [ D

SU\K

1
< —/ | Dw|? (2.11)
2 Jenk

for all A in a neighborhood of A\y(v).

On the other hand having fixed R we can bound in K the ratio

% by the Lipschitz constant of f in [infx u,supgy u] and use
A

the Poincaré’s inequality (2.1) (with ¢ = 2 and Ay = ). Since

u — uf ., is positive in any compact subset of By , we have that

|BY N supp (u¥ — u)"| is small if X is close to Ag(v) and for each A in

o\V

—Az = ¢y, (x) z, where ¢, (z) =
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a neighborhood of A\¢(v) we have
Co [ [f () = F@)]*[(v —u)*] < C [y [w]* <
C|B¥ N supp (uf —u)t|¥ fBK |Dw|? < %fBK |Dw|*  (2.12)

By (2.8), (2.11) and (2.12) we get that if A is close to Ag(v) we have
Joo |[Dw* < 2 [, |Dw|? i.e. Dw =0 and u > u. This contradicts
A A

the definition of Ao(v) and show that u = uf ,, in X

Step 3 By step 2 for every direction v we have u = U o) in EKO(V).
Moreover, using the strong maximum principle as in the beginning of
step 2 we get u > u¥ in 3 for every A > Ag(v). This means that u
is strictly monotone decreasing in the v-direction in the reflected cap
(EKO(U))’ . So if we take the point Py, intersection of the hyperplanes
T;\Ié(ui) for N orthogonal directions v, ...,vy, we have that P, is the
only maximum point of u and belongs to the hyperplanes T/{’O(V) for all
the directions v. Therefore u is radial and strictly radially decreasing
about Py, i.e. there exists U € C''(0, 00) such that u(z) = U(|z — P))
with U'(r) <0, r > 0.

O

Remark 2.2. In previous proofs, the strong comparison principle and a
pointwise analysis of the behaviour of u—wu, were used. On the contrary,
in the case of 1 < p < 2, such pointwise arguments and the use of strict
comparison principle do not work well due to the possible presence of
critical points of u and uy,. That is why the method of comparing the
integrals was introduced in [4] to prove such weak comparison principles
for bounded domains. In [7], this method was extended to unbounded
domains by splitting the integrals to be compared into a sum of two
integrals, one over a bounded domain and the other over unbounded
domain. If (H2) holds, the integral over unbounded domain can be
ignored, but when (H3) holds, we can no longer ignore it and we have to
estimate it very carefully using Hardy-Sobolev inequality, with suitable
weights when p # 2 as we shall see.

3. Some Comparison Theorems

In the proof of the weak comparison principles we will use the fol-
lowing standard estimate whose proof can be found, for example, in
[4], Lemma 2.1:

(InP=n—=10"P2n)-(m—n") = c(lnl+ W'D In—o  (3.1)

for any 1,7’ € RY, where c is a constant depending on N and p.
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Now we prove a weak comparison principle, when u solves (1.1)
weakly and f satisfies (H1) and (H2). Since u(z) — 0 as |z| — oo
we can find a ball By, centered at the origin with radius R, such that

< so. 3.2
Rgvn\giou(w) So (32)

Let us put v = u¥ and, for a set T, My = M2 (u) = supy(|Du|+|Dv|).

PROPOSITION 3.1. Let N > 2, 1 <p <2 and let u in C*(RY) be
a weak solution of (1.1), with f satisfying (H1) and (H2). Let Ry be
such that (3.2) holds for u. Then

(a) If ¥¥ N RY{(Bgr,) = ¢, then v < u on X¥.

(b) Let ¥ N RY(Bg,) be nonempty and let P € TY and R > 0 be
such that for the ball B(P, R), with center P and radius R, we
have

SY N RY(Bg,) C B(P,R).
Then for any R> R, there exist positive numbers § and M > 0
depending onp, N, R, f and the L> norms of u, v, |Dul| and | Dv|
on K := B(P,R) such that whenever

supp (v—u)*NBY=AUB

with By = KNYY, |[ANB|=0,Mg < M and |A| <0, it
follows that
v<wu in Xj.

Proof. Asin Theorem 2.1 we take (v—u—¢)*, & > 0, as a test function

in the equation satisfied by u and v. Subtracting the equations we get,
by (3.1)

c / (|Du| + |Dv|)?" % |D(v — u)"|* dx (3.3)
¥n{v>ute}

< / g O = T =) s

(a) Assume that

5 N R (Br,) = 6.
Then v(z) < sgon XX and by (H2) we have f(v) < f(u)on {v > u+¢€}
since on this set u < v < sy3. So we have

c/ (|Dv| + |Du)’"2|D(v — u)*|*dz < 0
{n{v>ute}
and by monotone convergence as ¢ — 0 we get

/ (|Dv| + |Du|)P 3 D(v — u)*|*dz < 0. (3.4)
=3

Hence D(v —u)t = 0 a.e. on ¥ and since (v — u)* = 0 on 0%¥ ,
(v—u)t =0 on X¥.
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(b) Let L denote the Lipschitz constant of f on [infx u,supg v] and
as before let us put B = K N X¥. Since outside K we have v > u =

f(v) = f(u) <0, we get by (3.3),

c/ (| Du|+|Dv|)P 2 D(v—u)*|*dz < L/ ((v—u)")?dx
Z¥n{v>ute} B

YN{v>u+te}

As e — 0, we get

J,

and the integrands being nonnegative we have

),

Since (v — u)*t vanishes on T and is in W,2*(RY), Lemma 2.1 can be
used to get

(1Dv] + | D))= D(w — u)* 2 dz < L/ (0 = u)* | da

v v
A B)\

(|Dv| + |Du)’"2|D(v — u)"|* dz < L/ (v —u)"*dx

v v
A B)\

c/ (IDw| + | D))" D(v — u)*[2dz
AUB

< LCBYK <|A|fv/ D — u)* 2z + |B|fv/ D(v —u)ﬂ?da;) .
A B
It then follows that

& C
— Dv—u+2dac+—/Dv—u+2dx 3.5
v [ Pt o [ pw—w® 35)

< LCBYF <|A|%/ |D(v—u)+|2dx+|B;|%/ |D(v—u)+|2dx).
A B

N v|(2/N) .
Now choose § = ﬁ (LCTC}’;”) and M?P? = %. With
these choices of § and M, it is easy to see from (3.5) that under the
assumptions as in (b), [D(v —u)™| = 0 a.e in ¥4 and hence v < u in

oY O

Now we prove a weak comparison principle, when u € C' is a weak
solution of (1.1) satifying (1.2), f satisfies (H1), (H3), and (1.3) holds.

A

We choose a ball By , centered at the origin and of radius Ry such that
for z ¢ By , we have

C
lu(z)] < ﬁﬁsoa
Cl
(m‘:n < u(@)| < spifa <0),
Du(z)| <

|x|m+1 .
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PROPOSITION 3.2. Let N >2, 1 <p<2 and u in CY(RN) be
a weak solution of (1.1) satisfying (1.2) . Let f satisfy (H1) and (H3)
and assume that (1.3) holds. Let v be u¥.

(a) There exists Ry > Ry, Ry depending on N,p, f, Ry, such that if
5§ 0 RY(Br) = 6
then v < u on X¥.
(b) Let XX N RY(Bg,) be nonempty and let Ry, depending on Ry,
A and v, be such that X5 N RY(Bg,) C B(PY, R1), where Py is

the projection of the origin on TY, and that after shifting the
origin to Py, we have

uz)] < B2 < s,
(952 < fu(@) < s ifa<0), (36)

for x & B(PY, Ry). Then there erists R > Ry, depending on
Ry, such that for any R > R there exist positive numbers § and
M , depending on R, \,p, N, f and the L*® norms of u, v, | Du|
and |Dv| on B(PY, R) with the property that whenever

supp (v —u)* N B(PY,R)= AUB
with |ANB|=0,Mp <M and |A| <, we have
v<wu inXj.

Proof. Let us take [(v —u —¢)™]', t > 1, & > 0, as a test function.
Proceeding as in the deduction of (3.3) we get

c / (|Du| + |Dv)P2t[(v — u — &) " | D(v — u) T 2dx
¥n{v>u+te}

< [ Uw-fee-u-e T
¥n{v>ute}
and passing to the limit as ¢ — 0 we have

C/ (IDul + Do)~ t[(v = w) T D(v — u)*|* dz
Z¥n{v>u}

e—0

< liminf /w{ RGN CICETEE N R

(a) Let R > Ry, to be fixed later. There exists Ry = R (R) > R such
that infp,u > SUPRN\ B U -

If ¥ N RY(Bg,) = ¢ we have then that u(z) > v(x) = u(z¥) in Bg,
so we get,

supp (v —u)t C ¥{\ Br, u(z) <v(z)<spin supp (v—u)".
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Then by (H3) and (1.2),
[ @ = suplw-u=-erdr<c [ aw-u

E{\Br
where z = u if @ < 0, while z = v if « > 0.
In the first case wu(z) > Yo in RV \ Bgr by hypothesis, while in the

z[™

v
A

second case we have

because the hypothesis 3% N RY(Bg,) = ¢ implies that A > 0, so that
|z <[]
In any case we have that if X N RY(Bg,) = ¢, Ry = Ro(R), then

| @ = raplw-u—eyrar<c (0 = )|

¥ $X\Bg |5E

t+1

Then by (3.7) we obtain, with w = w(\,v,t) = [(v —u)*] =z,

J

Let us now fix ¢ > 1 so that the integrals in (3.8) are finite and observe
that by (1.3)

(|Du| + | Do|)?2| Dw|? dz < C /

s¢\Bg ||

lw|? dz . (3.8)

v
A

(\Du(x>|+\Dux(x>|)sc( ! ! )< 20

|$|m+1 + |$K|m+1 — |x|m+1
and hence
(IDu(z) + |Duf(z)])P~ > Cy|a|+DEP),

This yields

C [ |z|m+DC=P)| Dy da S/ (|Du| + |Dv|)P~2|Dw*dx  (3.9)

2 25

On the other hand, using Lemma 2.3, with ¢ =2, T =0 and s =
m + — alter extending (v — u)™ = 0 outside we get
(m+1)(2 —p), af ding ( )* = 0 outside X3, we g

W g [ P
——dz = dx (3.10)
/z:g\BR || $¢\Bg | z|me-2+Hmt1)(2-p)

1 2 | |(m+1)(2-p)
< C sup <|x|ma_2+(m+1)(2_p)> /zv |Dw|* |z| P) dz.
A

E3\Br

Notice that m(a + 2 — p) > p if and only if ma > 2 — (m +1)(2 — p).
Then

1 1
sup <|x‘ma—2+(m+1)(2—p)) < Rrma—2+(mT1)(2-p) = G(R)

Z5\Br

with G(R) — 0 as R — oc.
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In view of (3.9) and (3.10), (3.8) reduces to

/ |x‘(m+1)(2P)‘Dw|2dx§CG(R)/ 2| VP | D2 dz (3.11)
=¥ =X

We can now choose R > Ry, such that G(R)C < 1, since G(R) — 0
as R — oo and then take Ry = Ry(R). Then (3.11) will imply that
|Dw| = 0 a.e and hence w =0 a.e on X¥ i. e. u > v on 4.

(b) Now suppose that X5 N RY(Bg,) # ¢ and let R > R, to be fixed
later. For R > R define K = B(PY,R). Let P! € T? be the new
origin. Observe that in X¥ N KN supp (v — u)™ we have u < v < s
and the estimate (3.6) holds. Further |z| = |z¥|. Hence we can proceed
as in (a) to obtain estimates analogous to (3.9) and (3.10) outside K,
namely

c/ \:c|(m+1)(2_p)|Dw|2dx§/ (1Du| + | Dv)P=2| Dw|? da
TU\K TU\K

and, using Lemma 2.3 with ¢ = 2, s = (m + 1)(2 —p) and T = R,

L U0 s [o-u=e)) e

1
< / w2 de SCG(R)/ | Duwl? || ED) gy
b

Y\K || me SY\K

where w = [(v — u)"]F", G(R) — 0 as R — oo and the constants now
depend on A and v.

Let L be the Lipschitz constant of f on [infx u(z), ||u|/s] and as
before Bf = K N XY. Then

/BK

< LC|BYMN <|A|1/N/ |Dw|2da:+|B|1/N/ |Dw|2dx)
A B

(f(v) = fu)|(v—u—e)t]tdz < L/ \w|? dx (3.12)

BY

by Lemma 2.1, since w vanishes on T% and belongs to W,*(RN).
The L.H.S of (3.7) can be bounded below as follows:

/ (IDul + |Du)P2| Dwfde >
X5

1

B

(3.13)

1
2—p/ |Dw|2d$+—2_p/ |Dw|2dx+0/ |x|(m+1)(2—p) |Dw|2dx.
Mic™ Ja M B SY\K
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Combining this inequality with (3.12) and the one for the integral on
Y\ K we get

—Zp/ |Dw\2d:c+—§p/ |Dw\2dx+02/ 1 HDCD) | Doy 2 d
M ™ Ja My " JB SU\K

< (LC|BYM) (\A|1/N/A\Dw|2d:c+|B§|1/N/B|Dw|2dx> (3.14)

+CG(R) / 2 [THOED) | Dy 2
SN\K

A

where Cy and Cs depend on A, v. We take now R so that G(R) <
G(R) < 22 fo1 each R > R. Then it is enough to choose

Cs(\w)
0= = ( ¢ - )N and MP 2 = <7LC‘BK|2/N)
B \LCM; ™" c
With these choices of § and M, it is easy to see that whenever
supp (v —u)*NK=AUB, |ANB|=0, |4 <0, Mg<M,
(3.14) implies that [D(v — u)*| = 0 a.e and hence v < u on X¥. O

Now we introduce the set

Av)={AeR:u >wu; in I Vpu>A}. (3.15)
Then if A(v) # ¢, we consider
Ao(v) = inf A(v). (3.16)
We further define
Z = {z € RY : Du(z) = 0}, (3.17)
Zy = {x €35 : Du(x) = Duj(z) = 0}. (3.18)

We will denote by Py the projection of the origin on 77 .

Remark 3.1. Observe that for a given Ay and v, R can be chosen so
large that for all A in a small neighbourhood of Ay, say [Ag — 6o, Ao + 6],

and for all v in Iyy(vo) ==A{v : [v| =1, |v—1y| < b} we have

R>R=R(\v) and B(P{,R)C B(P_,R)
where R = R(\,v) is the number given by Proposition 3.1 (b) or 3.2
(b), corresponding to (H2) or (H3) respectively. Further 6 and M can
also be chosen uniformly for all these A\ and v, by replacing |B%| by
|B(Py?, R)| on the R.H.S of (3.5) or (3.14). O

The next lemma gives some sufficient conditions under which the
procedure of moving the hyperplanes can be continued, using the com-
parison principles.
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LEMMA 3.1. Let u € CYRY) be a weak solution of (1.1) for 1 <
p < 2. Assume that either (H1) and (H2) or (H1), (H3), (1.2) and

(1.8) hold. Let Ao € A(vg). Let R be as in Remark 3.1 corresponding
to a By -neighbourhood of (Mo, ).
If we have
u > Ul in (ZP\Z0) N B(PY,R),

then there exists 01 < 0y such that

(@) u>ul® mEP VAeo—6, M+6),

(b) UEUK m EK V)\E()\()—el, )\0‘1‘01), VI/E]QI(V()),
where Iy, (vp) :=={v : [v| =1, [v — 1| < 01}
Proof. Let K = B(Py?, R) and let 6§ and M be chosen as in Remark

3.1 uniformly for all (A,v), in a 6 -neighbourhood of (Ag, 7). Now
choose a small neighbourhood A of KNTy° with |A| < 6/2 and another

neighbourhood O of Z{ N K with MZ° < M/2 where
Mg : = supo{|Du| + [Duj |}.
Now Ky = K N¥Y \ (AU O) is a compact set and by our assumption
u—u >m>0 on K.
0

Then continuity with respect to A and v imply that there exists 6,
depending on \g, vy and K with 6; < 6, such that

u — ujy on K,

|AN B(FY, R) N X3
B(PY,R)NSY C (B(PL,R)NSX)UA,
for all A € (A\g — 01, Ao + 01) and v € Iy (). Here R = R(]) is the

number given by Proposition 3.1 (b) or 3.2 (b), corresponding to (H2)
or (H3) respectively. Then clearly for such A's near A

m

)
Mé’r'wjzg < M
< 4,

(B

supp (xx, (uy® —u)t) € (AUO)N Ky,
where K, = B(Py°, R). Further K, and
supp (xx, (u’ —u)") = (KxnA) U (Kxn0)) N TP

satisfy the conditions of Proposition 3.1 (b) or 3.2 (b). Hence we can
conclude that uy° < u on X3° for all A € (A\g — 61, Ao + 61) and (a) is
proved. The proof of (b) is analogue. O

The following corollary can be deduced easily by using a similar
reasoning as in the above theorem.
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COROLLARY 3.1. Under the same assumptions on u and f as in
Lemma 3.1, suppose that for some Ay € A(vy) there exist open neigh-
bourhoods A and O of the sets Ty> N B(P)’\’g,ﬁf) and Z3° respectively
such that

u>u in RN (B(P;g, R)\ (AU 0))

with |A| < 6/2 and MP™ < Y, where 6 and M are chosen as in
Remark 3.1 uniformly for all (\,v) in a 0y -neighbourhood of (Ao, vg)-
Then there exists ¢, small enough such that (a) and (b) of lemma 3.1
hold.

4. Proof of the Symmetry Results

As in [5] and [7], the comparison theorems are crucial for the proof
of the symmetry results and we exploit the theorems proved in the
previous section to derive first a partial (local) symmetry result.

LEMMA 4.1 (Partial Symmetry). Let u € C'(RY) be a weak solution
of (1.1) with 1 < p < 2 and let either (H1) and (H2) or (H1), (H3),
(1.2), (1.3) hold.

(a) For any direction v we have A(v) # ¢ and

u>uyl in XX\ ZY, V A A(v) <A, (4.1)
ou ”
a(x) <0 V ze(Xu)\Z. (4.2)

where A(v) and \o(v) are defined in (3.15) and (3.16).

(b) Let K = B(P)’\’O(V) ,R), be a ball centered at P, € Ty, hav-

ing radius R, where R is chosen as in Remark 3.1 corresponding
to Ao(v) and v. Then either u =uf ) on X3, or there exists
at least one connected component C* of B3\ Z} ) such that
C*NK # ¢ and u = “KO(U) in CV. In the latter case, we also

have
Du(z) #0 Vax € C”and Du(z) =0 Vze€dC’\Ty, 6  (4.3)

Proof. (a) We prove that A(v) actually contains an interval (Ry, +00)
where Ry is defined as in Proposition 3.1 (a) or 3.2 (a) corre-
sponding to f satisfying (H2) or (H3) respectively. If A > Ry,

EK n RK(BRO) = ¢.
Hence applying the weak comparison principle, (part (a) of
Proposition 3.1 or 3.2) we get u > v in ¥¥ so that A € A(v) for

any A > Ry. The other assertions follow as in [7] ( see the proof
of Theorem 4.1 in [7]).
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(b) At the minimal position Ao(v), either u = uy ) in 3§ ) 0
there exists a point zo € XY ) such that u(zo) > uf (:EO)
Let us assume that the latter happens.

Arguing by contradiction, we suppose that there does not
exist any component C" of EKO(U)\Z j\’o(y) such that C* N K # ¢
and u = uKO(U) on C¥. By the strong comparison principle
(Theorem 1.4 in [4]) we get u > uf y on BY \\Z} ) with
By ) = KNy ). Then by Lemma 3.1, we see that u > u3
holds for A € (Ag(v) — 01, Ao(v)), contradicting the minimality
of Ao(v). Thus the first part of the assertion is proved. The rest
of the assertions can be proved as in [7] Theorem 4.1.

O

Once we have this partial symmetry theorem the end of the proof
of Theorem 1.1 and 1.2 proceeds very much like the proof of Theorem
1.1 in [7], Sect.5, and consists roughly speaking in showing that partial
symmetry without symmetry is not possible.

For the reader’s convenience we include in Appendix 1 the proof.

Appendix 1

In this appendix we recall the technique used in [5] and [7] to conclude the proof
of the symmetry theorems. We continue the numeration of formulas of section 4.

The idea of the proof is to show that if u # u‘/(o(u) for some v, then, using
Lemma 4.1, we can construct a subset I' of Z on which u = constant and whose
projection on T"( ) contains an open subset of that hyperplane. The fact that
such a set cannot exist has been proved already in [5] for bounded domain and in
[7] for unbounded domain. This contradiction will help us to conclude.

As in [7], we remark here that if the critical set Z of u were regular, then u
would be constant on the boundary 0C" of the component C¥ constructed above.
This would give us the “bad” set ' indicated in the beginning of the proof. But
in general Z need not be regular. (See the discussion in Remark 3.1 in [5]). So we
construct such a set I' in the next step, by moving simultaneously the hyperplanes
orthogonal to the directions v in a neighbourhood of vy and picking a set which is
symmetric with respect to T/{’ ) for all these v’s simultaneously.

Let us now fix a direction vy such that u # u;‘(’)(yo) in EK‘;(VO) and choose 6,

R, as in Remark 3.1 corresponding to Xo(vo), vo. Let F,, be the collection of
the connected components C*° of (X7 (vo) \Zy (v0) ) such that C** N K # ¢ and

u= u/\o (vo) in C*, and let {C;°};crcn be an enumeration of the sets in F,,.

Step - 1: Let K = B(P)° R) and let us put

Xo(v0)’
Fuy = {Ci : Ci € F, }.

where
C; =C; U RK(; (VO)(C,') (8 C; ﬂTV o (v0) \Z)
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Then there exists a direction v1 mnear vy and a set C’;’ b e }N',,l such that the set
C?* € F,, for every v in a small neighbourhood of vy .

Proof : We first prove that Ag (v) is a continuous function of v at vg.

Let us fix £ > 0, € < 6p. By the definition of A (0), there exist A € (Ao (v0) —
€, Ao (v0)) and z € XY° such that u(z) < u)°(z). By continuity of v with respect
to v, there exists 6; > 0 such that z € X and u(z) < u{(z) for every v € Is, (o).
Hence for every v € Iy, (v9) we have

AO(V())—E <AL AO (V)

Now we claim that there exists d» > 0 such that Ao(v) < Ag(vy) + € for any
v € I, (vo).

If this is not true, then there exists a sequence {v,} of directions such that
vn = vg and Ag (Vn) > Ao (o) +€ V n. By Lemma 4.1 (a) we have that A\g(v) < Ro
for any direction v. Thus the sequence Ao(v,) is bounded and hence, up to a
subsequence, it converges to a number A > X\g (v9) + &. Then by (4.1) we have

Vo 4 Vo Vo
u>ug in EK \ZX'

Now by Lemma 3.1 we have that u > u¥ in Qf for any A close to A and any v close
to vp. In particular, this will hold for v, and A\¢ (v,,) — 7, for some n large and ~
small, contradicting the definition of A (vp).

Thus it follows that for each ¢ > 0 there exists n = n(¢) > 0 such that if
v € I (),

/\0(1/0) —€e < Ao(l/) < Ao(llo) +e€.

Let M and § corresponding to K be chosen as in Remark 3.1, uniformly for all
(A, v) in a Bg—neighbourhood of (Ag,%p). Choose a bounded neighbourhood O of

Zy° v N K such that
o(vo) u
M"o)\o(vo) z
o B < 4
Choose a neighbourhood A of T;‘J’(VO) N K such that
[ANK| < 0
1

Notice that u—u ,» >7>0in KNI\ (AUOUU;, CF°)-

By continuity there exists 79 < 6o such that for each v € I, (1) we have
)\0(1/0) — 6y < )\0(V) < )\0(110) + 6y

A

and, putting B;O(V) = B(P)'\’O(V),R) n EKO(V),

BKO(V) N ZKQ(V) - 07 BKQ(V) C BKE(V@) U A: (44)

u—uf ) >0in By \ (A uou U sz’(]) (4.5)
icl

M(';ﬁ%(;';)(y) <M/2, |[ANBY | <d/2. (4.6)

Our second claim is that for each v € I, (1), there exists some Cie F,n ]},,0.
Define for each C; € F,,,
S; ZCZ'QK\(AUO).

Notice that S; is compact for each i and there must be some S; which are nonempty.
In fact, if all the S; were empty, then C;NK C AUO for each C; € F,, and hence
u > uy’ (vo) Would hold in K\ (AU O). Then by Corollary 3.1, A (1) would not

be the critical position, which is absurd.
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Another crucial remark is that if v and vy are two directions and C** € F,,,
and C*? € F,,, then either Cn NC» = ¢ or Cv = Cva. ( For a proof of this, see
the arguments in Remark 4.1 in [5]).

Let us fix v € Iy, (v0). We can have

(i) either u =uy_ (v) On some S ,

(ii) oru >wf (,, onallS;.
In case (i), by the strong comparison principle, S; is contained in some component
C? of 5, ) \ZAO(V) Hence u = uf, ) in C¥. Then S; C C” N C; and hence
Cr=C; € F, N Fyy.

In case (ii) happens, u > uf, ) holds in every S; and hence in B} ) \(AUO)
because of (4.4) and (4.5). Then using (4.6), the minimality of Ao (») is contradicted
by Corollary 3.1. Hence case (ii) cannot arise and our claim is proved.

Next we claim that there exists a direction 141 € I, (1) and a neighbourhood
Ip, (v1) and a fixed C; € F,, such that for any v € I, (v1), the set C; € F,,. Let
{Cwe }ier be an enumeration of the sets in Fop-

If Cy° € F, for all v € I, (), then we stop. If not, there exists v; € I, (1)
such that C 4 ]—',,1 ie. u > u)‘o(m on S;. Since S; is compact we have that
u — u;g(yl) > v > 0in Si, so that u > uKO(V) holds in S; for the directions
close to v; and by the previous argument C}° ¢ F, for all v € I, (v1) for some
m < no — |v1 — |- Now we check if C~’§’° € F, forall ve I, (v1). If not, we find
a direction vy € I, (1) and a neighbourhood I, (v2) such that 7y < 1y —|va — 14|
and C° ¢ F, for all v € I,,(v2). Proceeding in this way,

(i) either we stop at some k’th stage where CN',':SFI € F,Vvel,(n)
(ii) or the process does not stop at all and 7 = N.

Now we claim that (ii) cannot arise. In case (ii), we obtain a sequence of nested
compact sets {I,, (v;) yics with the finite intersection property. Then by Cantor’s
intersection theorem N;erly,, (v;) # ¢. For the direction v in this intersection, Cz. ° ¢
F, for all i. This contradicts our second claim. Thus step - 1 now follows.

Step - 2: Let C'* be as in step - 1 and let (C')' = Ry,

o (1) (C7*). Then

!
(60;’1 n Eilo(yl)) contains a subset I' on which u is a constant and Du = 0 and

whose projection on TA (1) contains an open subset of that hyperplane.
This step, can be proved exactly as in [7].(Refer the proof of step -3 in [7]).

Step - 3: u is radially symmetric about some point xo € RY and is radially strictly
decreasing.

Proof : The set " constructed in step -2 leads to a contradiction, in view of the
following proposition proved mainly using Hopf’s lemma in [5] for bounded domain
and in [7] for unbounded domain. (See Proposition 5.1 in [7]) :

Suppose that u € C'(IRY) is a weak solution of (1.1) for 1 < p < 2. For any
direction v, the half space (X3 (V))' cannot contain a subset T' of Z on which u =
constant and whose projection on the hyperplane T o (1) contains a set, open in
T, ()-

Using this proposition we conclude that u = (G (v) &t the critical position for

every v. Further we can conclude using the same proposition again that Z N
XY () = ¢ for any direction v (see the proof of Step-4 in [7]). Thus u is strictly
decreasing in every direction. Now by considering NV linearly independent directions
in RV, the final symmetry result follows. O
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Appendix 2

Here we recall some sufficient conditions which will help us to conclude that a
nonnegative solution is necessarily a positive solution. In [15] this subject has been
treated in a very general and exhaustive way, including also the case of solutions
with compact support. For the reader’s convenience we give here the proof in our
particular case.

Proposition A1l Let u be a nonnegative ground state solution of (1.1), for 1 <
p < 2. Let f satisfy (H1) and any one of the following set of conditions:

(a) either f satisfies (H2), f(0) > 0 and for F(s) = [;[f(0) — f(t)]dt,

/ ds - o

o (F(s)/e

(b) or there ezxists some ¢ > 0 and § > 0 such that
fw) +cuP™ >0 Vse[0,6).

Then u > 0 in RV,

Proof : Let us recall the strict maximum principle, proved in [18]:
Let u € Lj, (), Apu € L} (22) and u > 0 a.e. in 2 and

loc loc
—Apu > —pB(u) ae.

where §: [0,00) — R is a continuous nondecreasing function with £(0) = 0 and

e cither B(s) =0 forsome s>0
e or 3(s) >0 fors>0andf0(f;ﬁ(‘:#)l,p =
Then we have either u =0 or u > 0 in Q.

Hence it is enough to find a function g satisfying the above conditions such that
f(u) > —pB(u), so that the strict maximum principle applies.
Case 1: Since f is decreasing in (0, s9), we can take B(u) = —[f(u) — f(0)]. Then
B(0) = 0 and 8 is nondecreasing. Further

—Apu=flu) = (f(u) = f(0)) + f(0)
= u >

since f(0) > 0.
Case 2: In the second case, by (b)

flu) > —cu?* V¥V uelo,d)
Calling B(u) = cuP~!, we have

/5 ds
o (f2Rdu)”

0

Thus in both the cases, Vazquez strict maximum principle is applicable and
hence u > 0 on RV . O
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