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Abstract Two-person zero-sum infinite-dimensional differential games with strate-
gies and payoff as in Berkovitz (SIAM J. Control Optim. 23: 173–196, 1985) are
studied. Using Yosida type approximations of the infinitesimal generator (of the un-
bounded dynamics) by bounded linear operators, we prove convergence theorems for
the approximate value functions. This is used to construct approximate saddle-point
strategies in feedback form.

Keywords Differential games · Strategies · Saddle points · Value functions ·
Viscosity solutions

1 Introduction

The study of differential games was initiated by Isaacs in the early ’50s, and the
first results of his work were published in a series of RAND Corporation memo-
randa [1]. These were later expanded into a book [2]. In his pioneering work, even
though not rigorous, Isaacs derived an associated PDE (which is now referred to as
the Hamilton-Jacobi-Isaacs equation) for the value function of the differential game.
In [3], Berkovitz and Fleming have attempted to establish rigorously, in the case of

Communicated by R. Glowinski.

A.J. Shaiju: NBHM Postdoctoral Fellow and the financial support from NBHM is gratefully
acknowledged.

M. Ramaswamy (�)
TIFR Centre, P.B. 6503, Sharada Nagar, Bangalore 560065, India
e-mail: mythily@math.tifrbng.res.in

A.J. Shaiju
School of ITEE, UNSW@ADFA, Canberra ACT 2600, Australia
e-mail: s.ainikkal@adfa.edu.au

mailto:mythily@math.tifrbng.res.in
mailto:s.ainikkal@adfa.edu.au


350 J Optim Theory Appl (2009) 141: 349–370

fixed duration differential games in the plane, some of the methods used by Isaacs. In
the general setting, the existence of value was still an issue to be resolved. In the early
’60s, in [4, 5], Fleming addressed the problem of game formulation and existence of
value. In the late ’60s and early ’70s, Friedman also addressed these problems (see [6]
and [7]), as did Elliott and Kalton (see [8]). Another paper addressing this problem
which was influential is that of Varaiya and Lin [9].

The principal results of all of these investigations were the following. If the so-
called Isaacs condition holds, then the differential game has a value. But if the value
is not smooth, then these approaches didn’t lead to satisfactory solution methods. In
the Soviet Union, parallel to these developments and independent of them, Krasovskii
and Subbotin and their collaborators also developed a theory of differential games.
Their work is described in [10]. For a translation into English, which incorporates
later developments and improvements, see [11].

Interest in the theoretical aspects of differential games was revived after the in-
troduction of the notion of viscosity solution by Crandall and Lions in 1983 [12].
The first work regarding the connection of viscosity solution and differential games
was by Souganidis in his Ph.D thesis of 1983. This covered both Fleming and Fried-
man values, and a description of this work can be found in [13]. The Elliott-Kalton
value was shown to be the unique viscosity solution of the associated HJI equation
by Evans and Souganidis [14]. By uniqueness, it then followed that the values in the
sense of Fleming, Friedman and Elliott-Kalton are same.

In the early ’80s, Berkovitz developed a theory [15] which involves choices at
discrete times and passages to limit, but in a more direct way than that of the other
authors.1 His definition of strategy is a combination of “K strategies” discussed by
Isaacs [2] and Friedman’s lower strategies. His definition of payoff follows that of
Krasovskii and Subbotin [11]. In [15], he constructed a saddle point for the fixed
duration differential game. The characterization of the value as the unique viscosity
solution of the Isaacs equation was given in [17]. He also studied games of gener-
alized pursuit-evasion [18] and survival games [19] in this setting. With Berkovitz’s
kind of framework, differential games with state constraints [20, 21] and delay [22]
have also been investigated.

Kocan et al. [23] have studied infinite-dimensional differential games on the infi-
nite horizon with strategies in the sense of Elliott-Kalton. Here the authors charac-
terize the value function as the unique viscosity solution (in the sense of [24]) of the
Isaacs equation. Infinite-dimensional differential games with strategies and payoff
in the sense of Berkovitz are studied in [25] and [26] for finite horizon and infi-
nite horizon cases respectively. In [25], the authors characterize the value function
as the unique viscosity solution of the HJI equation. Their definition of strategies is
same as ours while their payoff is simpler,2 consisting of only terminal pay-off. For
the corresponding infinite horizon discounted problem in the Berkovitz’s setting, the
definition of the set valued payoff is cumbersome and is given in [26] along with

1The paper [16] gives a nice description of this theory which also helped the authors to write this intro-
duction section.
2For finite-horizon problems, without any loss of generality, we may assume that there is no running
payoff.
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the characterization of the value function as the viscosity solution (in the sense of
[27] and [24]) of the associated Hamilton-Jacobi-Isaacs equation. Furthermore, the
Berkovitz’s method (in [15]) of constructing optimal strategies is shown to be ap-
plicable in this context as well. In this method, one first gets the feedback maps using
the appropriate level sets related to the value function and then uses these feedback
maps to construct saddle points for the game.

The above construction of optimal strategies involves the calculation of the value
function (say, W ) and the knowledge of the infinite dimensional state trajectories
governed by a semilinear evolution equation. Both these seem difficult due to the fact
that the generator (say, A) of the evolution semigroup is an unbounded linear operator.
We, in this paper, address this issue by first approximating the unbounded operator A

by a bounded operator Aη; η > η0. Then we study the associated differential games
with these bounded operators Aη in place of the original unbounded infinitesimal
generator A, and obtain the value function Wη. The main result (Theorem 3.2) of the
paper is the fact that the original value function W is the limit of the value functions
Wη as η → ∞. This allows us to call the parameterized games ‘approximate games’,
and, in Theorem 4.1, to show that any saddle point for the approximate game is indeed
an approximate saddle point for the original game. For each η, the construction of the
saddle point (of the associated approximate game) can be carried out as in [15] and
[26]. In Sect. 5, we give the details of this construction to give the presentation more
clarity and completeness.

Therefore, instead of dealing with trajectories corresponding to an unbounded lin-
ear operator A, it is enough to deal with trajectories corresponding to a bounded linear
operator Aη . The boundedness of Aη is crucial here. If it is not bounded, then which
concept of viscosity solution is appropriate is not clear, and the theory of viscosity
solutions of equations with unbounded linear terms is cumbersome. In the bounded
case, the theory of viscosity solution is now standard. As a result, we obtain another
characterization of the value function W as the limit of the approximate value func-
tions Wη. Furthermore, since Aη is bounded, we expect the calculation of Wη to be
much easier than that of W .

The rest of this paper is organized as follows. Required preliminary results and
notations are introduced in Sect. 2. In Sect. 3, the approximate state equation and
the associated approximate value functions are introduced. Section 4 is devoted to
the precise definition of approximate saddle point for the original and approximate
games. The construction of approximate optimal strategies is carried out in Sect. 5.
The paper ends with some remarks in Sect. 6.

2 Preliminaries

Let E be a separable Hilbert space and A, a linear operator with a dense domain
D(A). Let A be maximal monotone; i.e 〈Ax,x〉 ≥ 0 and the Range of (I + A) = E.
Then by Hille-Phillips Theorem (see for example, Theorem 7 in [28, p. 336]), the
linear operator −A is the infinitesimal generator of a C0 contraction semigroup. We
denote this semigroup by S(t); t ≥ 0. Let U and V be compact metric spaces and
f : E × U × V → E. Here E is the state space and U,V are respectively the control



352 J Optim Theory Appl (2009) 141: 349–370

sets for players I and II. The control space U [s, t] for Player I on the time interval
[s, t] is defined by

U [s, t] =
{
u(·) | u(·) : [s, t] → U measurable

}
,

and that of Player II is defined by

V [s, t] =
{
v(·) | v(·) : [s, t] → V measurable

}
.

We sometimes denote the control spaces U [0,∞), V [0,∞) by U , V respectively.
The state equation is the following semilinear evolution equation:

ẋ(t) + Ax(t) = f (x(t), u(t), v(t)), x(0) = x0. (1)

We assume that:

(A1) the map f is continuous and, for all x, y ∈ E and u,v ∈ U × V ,

‖f (x,u, v) − f (y,u, v)‖ ≤ K‖x − y‖.
Under Assumption (A1), for each u(·) ∈ U , v(·) ∈ V and x0 ∈ E, there is a unique

mild solution of (1) which we denote by φ(·, x0, u(·), v(·)) and is sometimes referred
to as a trajectory.

We are interested in the differential game arising out of infinite horizon discounted
payoff, wherein player I tries to maximize his payoff while player II tries to minimize
his payoff. Let λ > 0 be the discount factor and c : E × U × V → R be the running
payoff function.

We assume that:

(A2) The running cost c is bounded, continuous and, for all x, y ∈ E and (u, v) ∈
U × V ,

|c(x,u, v) − c(y,u, v)| ≤ K‖x − y‖.
Without any loss of generality, we take c to be nonnegative.
As given in [26], we now define the strategies for players I and II in the spirit of

Berkovitz [15].
A strategy for Player I is a sequence � = {�n} of partitions of [0,∞), with

‖�n‖ → 0 (the norm of a partition being the supremum over the lengths of asso-
ciated subintervals), and a sequence � = {�n} of instructions described as follows:

Let �n = {0 = tn,0 < tn,1 < · · ·}. The nth stage instruction �n is given by a se-
quence {�n,j }∞j=1, where �n,1 ∈ U [0, tn,1) and for j ≥ 2,

�n,j : U [0, tn,j−1) × V [0, tn,j−1) → U [tn,j−1, tn,j ).

Similarly, a strategy for Player II is a sequence �̄ = {�̄n} of partitions of [0,∞),
with ‖�̄n‖ → 0, and a sequence � = {�n} of instructions described as follows:

Let �̄n = {0 = sn,0 < sn,1 < · · ·}. The nth stage instruction �n is given by a se-
quence {�n,j }∞j=1, where �n,1 ∈ V [0, sn,1) and for j ≥ 2,

�n,j : U [0, sn,j−1) × V [0, sn,j−1) → V [sn,j−1, sn,j ).



J Optim Theory Appl (2009) 141: 349–370 353

We suppress the dependence of the sequence of partitions on a strategy and, by an
abuse of notation, denote a strategy by � or �. In what follows � stands for a strategy
for Player I and � stands for a strategy for Player II.

We can show that a pair (�n,�n) of nth stage instructions uniquely determines
a pair (un(·), vn(·)) ∈ U × V . Let �̂n = {0 = r0 < r1 < · · ·} be the common re-
finement of �n and �̄n. The control functions un(·) and vn(·) are given by the se-
quences (un,1(·), un,2(·), · · ·) and (vn,1(·), vn,2(·), · · ·) respectively, where un,j (·) ∈
U [rj−1, rj ) and vn,j (·) ∈ V [rj−1, rj ). Let u

j
n(·), vj

n(·) denote respectively the restric-
tions of un(·), vn(·) to the interval [r0, rj ).

On [r0, r1), set un,1(·) = �n,1 and vn,1(·) = �n,1.
Let j ≥ 1. If rj = ti , then on [rj , rj+1) we take un,j+1(·) = �n,i+1(u

j
n(·), vj

n(·))
and vn,j+1(·) = �n,l+1(u

j ′
n (·), vj ′

n (·)), where l is the greatest integer such that sl ≤ rj
and sl = rj ′ .

If rj = sm, then on [rj , rj+1) take un,j+1(·) = �n,k+1(u
m′
n (·), vm′

n (·)) and

vn,j+1(·) = �n,m+1(u
j
n(·), vj

n(·)), where k is the greatest integer such that tk ≤ rj
and tk = rm′ .

The pair (un(·), vn(·)) determined this way is called the nth stage outcome of the
pair (�,�) of strategies. Thus every pair of strategies (�,�) gives rise to a sequence
{(un(·), vn(·))}∞n=1 of outcomes. For this reason, it is natural to consider the limit
points of the associated sequence of discounted payoffs {rn}∞n=1,

rn =
∫ ∞

0
e−λt c(φ(t, x0, un(t), vn(t)), un(t), vn(t)) dt.

In order to capture all the possible limiting behaviours while defining the payoff and
to have a concise set of notations, we now augment the state variable by including
discounted running payoff.

For x0 ∈ E and (u(·), v(·)) ∈ U × V , let φ0(·, x0, u(·), v(·)) denote the solution of

ẋ0(t) = e−λt c(φ(t, x0, u(·), v(·)), u(t), v(t)), x0(0) = 0. (2)

Let φ̃(·, x0, u(·), v(·)) denote
[

φ0(·,x0,u(·),v(·))
φ(·,x0,u(·),v(·))

]
.

In order to be able to define the concept of motion in the game, we make the
following assumption:

(A3) The semigroup {S(t)} is compact. That is, S(t) is a compact operator for t > 0.

Let Ẽ = R × E. In what follows, C([0,∞); Ẽ), the set of all continuous functions
from [0,∞) to Ẽ, is equipped with a metric so that the convergence in this metric
is same as local uniform convergence. As in [26], using (A3), we can prove the next
result which is helpful in defining the concept of ‘motion’ in the game.

Lemma 2.1 Assume (A1)–(A3). Let {(un(·), vn(·)} be the sequence of nth stage out-
comes corresponding to a pair (�,�) of strategies and {x0n}, a sequence converging
to x0. Then the sequence {φ̃(·, x0n,un(·), vn(·))} of nth stage trajectories is relatively
compact in C([0,∞); Ẽ).
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The proof exploits the fact that the integral operator associated with the differential
equation for φ̃ is a compact operator, thanks to our assumption (A3). For details,
see [26].

The above lemma helps us to define the concept of motion which can be thought
of as an outcome of the pair of strategies (�,�).

Let {x0n} be a sequence converging to x0 and let {(un(·), vn(·))} be the sequence
of nth stage outcomes corresponding to the pair of strategies (�,�). By Lemma 2.1,
the sequence of nth stage trajectories {φ̃(·, x0n,un(·), vn(·))} is relatively compact in
C([0,∞); Ẽ). We define a motion (starting from x0 and corresponding to the strategy
pair (�,�)) to be the local uniform limit of a subsequence of a sequence of nth stage
trajectories.

A motion is denoted by

φ̃[·, x0,�,�] =
[

φ0[·, x0,�,�]
φ[·, x0,�,�]

]
.

Let �̃[·, x0,�,�] denote the set of all motions corresponding to (�,�) which start
from x0. Similarly, �0[·, x0,�,�], �[·, x0,�,�] respectively denote the set of all
φ0[·, x0,�,�], φ[·, x0,�,�].

The set of all φ̃[t, x0,�,�] is denoted by �̃[t, x0,�,�], where φ̃[·, x0,�,�] runs
over �̃[·, x0,�,�]. Similarly, the sets �0[t, x0,�,�] and �[t, x0,�,�] are defined.
Since the running cost c is nonnegative,3 for any φ0[·] = φ0[·, x0,�,�], the limit as
t ↑ ∞ of φ0[t] exists and we define

φ0[∞, x0,�,�] = lim
t↑∞φ0[t].

As above, �0[∞, x0,�,�] is the set of all φ0[∞, x0,�,�].
To complete the description of the game, we need to define the payoff structure.

The payoff associated with the pair of strategies (�,�) is set valued and is defined
by

P(x0,�,�) = �0[∞, x0,�,�].
The Player I tries to choose � so as to maximize all elements of P(x0,�,�) and
Player II tries to choose � so as to minimize all elements of P(x0,�,�). This gives
rise to the upper and lower value functions which are, respectively, given by

W+(x0) = inf
�

sup
�

P (x0,�,�),

W−(x0) = sup
�

inf
�

P (x0,�,�).

(If {Dα} is a collection of subsets of R, then supα Dα := sup∪αDα and infα Dα :=
inf∪αDα). Therefore the upper and lower value functions are real valued functions.

3As remarked earlier, without loss of generality, we may assume that c ≥ 0.
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Clearly W+ ≥ W−. If W+ = W− = W , then we say that the game has a value and
W is referred to as the value function.

A pair of strategies (�∗,�∗) is said to constitute a saddle point for the game
starting from x0 if, for all (�,�),

P(x0,�,�∗) ≤ P(x0,�
∗,�∗) ≤ P(x0,�

∗,�).

(By D1 ≤ D2 we mean r1 ≤ r2 for all (r1, r2) ∈ D1 × D2). Note that, if (�∗,�∗) is a
saddle point, then P(x0,�

∗,�∗) is singleton and

W+(x0) = W−(x0) = P(x0,�
∗,�∗).

This completes the description of the strategies, motion, and payoff. We now intro-
duce some notations which will be useful in the sequel.

Notation We use the notation μ(·) for a ‘relaxed control’ (measurable probability
measure-valued function) for Player I (see, for instance, [29] for a detailed analysis
of relaxed controls). We also use Ũ [s, t] to denote the space of all relaxed controls
on the time interval [s, t]. For Player II, we use the notations ν(·) and Ṽ[s, t]. By
ψ̃(·, x0,μ(·), ν(·)), we mean the relaxed trajectory corresponding to the pair of re-
laxed controls (μ(·), ν(·)).

For t0 ≥ 0 and x̃0 = [
x0

0
x0

] ∈ Ẽ, we use φ̃(·, t0, x̃0, u(·), v(·)) to denote the trajectory

[
x0

0 + e−λt0φ0(·, x0, u(t0 + ·), v(t0 + ·))
φ(·, x0, u(t0 + ·), v(t0 + ·))

]
.

For relaxed controls μ(·), ν(·), we similarly use the notation ψ̃(·, t0, x̃0,μ(·), ν(·)).

Remark 2.1 The relaxed control spaces Ũ [s, t], Ṽ[s, t] are compact metric spaces,
when equipped with weak star topology (see [29]). This fact is used to prove Lem-
mas 5.3 and 5.4 in Sect. 5.

As in [15] and [26], we can also establish the following lemmas:

Lemma 2.2 Assume (A1)–(A3). The upper and lower value functions are bounded
and Hölder continuous on E with exponent α ∈ (0,1] ∩ (0, λ

K
).

Lemma 2.3 (Optimality Principle for W−) Assume (A1)–(A3). For x0 ∈ E and 0 <

t < ∞,

W−(x0) ≥ sup
u(·)

inf
ν(·)[ψ

0(t, x0, u(·), ν(·)) + e−λtW−(ψ(t, x0, u(·), ν(·)))]. (3)

Here, the sup is over U [0, t] and the inf is over Ṽ [0, t].
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Lemma 2.4 (Optimality Principle for W+) Assume (A1)–(A3). For x0 ∈ E and 0 <

t < ∞,

W+(x0) ≤ inf
v(·) sup

μ(·)
[ψ0(t, x0,μ(·), v(·)) + e−λtW+(ψ(t, x0,μ(·), v(·)))]. (4)

Here, the inf is over V [0, t] and the sup is over Ũ [0, t].

Lemma 2.5 Assume (A1)–(A3). The upper value function W+ is a viscosity subso-
lution of

λW(x) + 〈Ax,DW(x)〉 + H−(x,DW(x)) = 0, in E, (5)

and the lower value function W− is a viscosity supersolution of

λW(x) + 〈Ax,DW(x)〉 + H+(x,DW(x)) = 0, in E, (6)

where for x,p ∈ E,

H−(x,p) = max
v∈V

min
u∈U

[〈−p,f (x,u, v)〉 − c(x,u, v)],

H+(x,p) = min
u∈U

max
v∈V

[〈−p,f (x,u, v)〉 − c(x,u, v)].

Note that, in Lemma (2.5), we can take the definition of viscosity solution either
as in Crandall and Lions in [27] or as in [24].

If H+ = H− = H , then we say that the ‘Isaacs min-max condition’ holds. In other
words, the Isaacs min-max condition is the following:

(A4) for all x, p ∈ E

max
v∈V

min
u∈U

[〈−p,f (x,u, v)〉 − c(x,u, v)]
= min

u∈U
max
v∈V

[〈−p,f (x,u, v)〉 − c(x,u, v)].

We can also prove uniqueness of the viscosity solution under suitable assumptions.
Therefore, under the Isaacs min-max condition, (that is, H+ = H− = H ), (5) and (6)
coincide and we obtain W+ = W− = W ; that is, the game has a value.

Theorem 2.1 Assume (A1)–(A4). The differential game has a value W and it is the
unique viscosity solution of the HJI equation

λW(x) + 〈Ax,DW(x)〉 + H(x,DW(x)) = 0, in E. (7)

We refer to [26] for more details in this connection.
This completes the review of the main results in the literature which we need here

as a basis to define and construct approximate optimal strategies for the differential
game under consideration. As a first step in this direction, in the next section, we
define a new approximate differential game by introducing a bounded linear operator
Aη as an approximation to the unbounded operator A in the state equation (1).
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3 Approximate Differential Game

Let {Aη;η > η0} be a family of bounded linear operators on E such that

(i) For each x ∈ E and t ≥ 0,

e−tAηx → S(t)x as η → ∞.

(ii) For all η > η0 and t ≥ 0,

‖e−tAη‖ ≤ 1.

Remark 3.1 The Yosida approximation AY
η = ηA(ηI +A)−1 of A satisfies conditions

(i) and (ii). We can also take suitable finite difference/Galerkin type approximations
of A which satisfies (i) and (ii). We give below an example to illustrate this fact.

Example 3.1 Let E = L2(0,1). Take A = − d2

dx2 with domain

D(A) = {y : y ∈ H 2(0,1), y(0) = 0 = y(1)}.
Here H 2 stands for the Sobolev space of L2 functions, with the first two distribution
derivatives also in L2. Define for y ∈ E,

AD
η y = −η2

[
y

(
· + 1

η

)
− 2y(·) + y

(
· − 1

η

)]
.

Here, we assume that the function y is extended by 0 for points outside [0,1]. Notice
that D(A) is a dense subspace of E and (A,D(A)) is a closed densely defined oper-
ator. It follows by integration by parts, that 〈Ay,y〉 ≥ 0 for every y ∈ D(A). Now, to
check that Range of (I + A) = E, one can explicitly construct y such that

(I + A)y = g

for a given g in E, using the Green’s function,

y(s) =
∫ 1

0
k(s, r)g(r)dr,

for a continuous kernel k(s, r). (See for detailed calculations, for example, [30],
Chap. II, 3.30). Thus A is maximal monotone. and hence −A is the generator of
a contraction semigroup {S(t); t ≥ 0}. Further, it can be verified that the resolvent
R(λ,A) = (A + λI)−1 is again an integral operator of the above form and hence is
a compact operator on E. Hence it satisfies (A3), thanks to the characterization of
compact semigroups. (See for example, Theorem 2 in [28, p. 389]).

Now, we check that it satisfies (i) and (ii). Clearly {AD
η ;η > 0} is a family of

bounded linear operators on E. It can be easily shown that, for each η > 0, AD
η is a

positive self adjoint operator. Therefore, by the spectral mapping theorem (see e.g.,
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Lemma 3.13, [30, p. 19]), the spectrum of the self adjoint operator e−tAD
η is contained

in the interval [e−t‖AD
η ‖,1]. Hence,

‖e−tAD
η ‖ ≤ 1,

for all η > 0 and t ≥ 0. Thus condition (ii) holds for AD
η .

To verify (i), we first claim that, for y ∈ D(A),

AD
η y → Ay, as η → ∞. (8)

If y is a smooth function, then (8) can be proved using dominated convergence the-
orem. If y is not smooth, then choose a sequence {zn} of smooth functions which
converges to y in H 2(0,1). Now, for every n,

‖AD
η y − Ay‖ ≤ ‖AD

η (y − zn)‖ + ‖AD
η zn − Azn‖ + ‖Azn − Ay‖.

Since y − zn ∈ H 2(0,1), using Theorem 2.1.6 in [31, p. 45], we get

‖AD
η (y − zn)‖ ≤ ‖y′′ − z′′

n‖,
for all η > 0. Therefore,

‖AD
η y − Ay‖ ≤ 2‖y′′ − z′′

n‖ + ‖AD
η zn − Azn‖.

This implies that, for every n,

lim sup
η→∞

‖AD
η y − Ay‖ ≤ 2‖y′′ − z′′

n‖.

Now let n → ∞ to obtain (8).
Furthermore, A being maximal monotone, I + A is surjective. In view of this fact

and (8), we can now apply Theorem 3 in [28, p. 457] (with M = 1 and β = 0 and −A

as the generator here) to get the convergence of semigroups,

e−tAD
η y → S(t)y, as η → ∞,

for all y ∈ E and t ≥ 0.

Let us now come back to the general framework and consider the following η-level
approximate state equation,

ẋ(t) + Aηx(t) = f (x(t), u(t), v(t)), x(0) = x0. (9)

Under (A1), (9) has a unique solution which we denote by φη(·, x0, u(·), v(·)). The
corresponding η-level motion is denoted by φη[·, x0,�,�] and the collection of
all η-level motions (with initial point x0) corresponding to (�,�) is denoted by
�η[·, x0,�,�].

Remark 3.2 The subscript η for a trajectory or relaxed trajectory or motion is to
indicate that it is associated with the η-level dynamics (9).
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Note that if E is infinite dimensional, then for any t ≥ 0, e−tAη is not compact.
Nevertheless, the sequence of η-level nth stage trajectories is relatively compact (un-
der the local uniform topology) because the map t �→ e−tAη is continuous on [0,∞)

in the uniform operator topology. Hence we can define η-level motions as in Sect. 2.
The η-level payoff is defined as

Pη(x0,�,�) = �0
η[∞, x0,�,�].

The η-level value functions are defined by

W+
η (x0) = inf

�
sup
�

Pη(x0,�,�),

W−
η (x0) = sup

�

inf
�

Pη(x0,�,�).

As in the previous section, Hölder continuity and the optimality principle for W±
η can

be proved. Using this, we can prove the following lemma.

Lemma 3.1 Assume (A1)–(A3). The η-level upper value function W+
η is a viscosity

subsolution of

λW+
η (x) + 〈Aηx,DW+

η (x)〉 + H−(x,DW+
η (x)) = 0, in E, (10)

and the η-level lower value function W−
η is a viscosity supersolution of

λW−
η (x) + 〈Aηx,DW−

η (x)〉 + H+(x,DW−
η (x)) = 0, in E. (11)

Under the Isaacs’ min-max condition (A4), both (10) and (11) coincide. We denote
this equation by (HJI-η).

Theorem 3.1 Assume (A1)–(A4). Then, W+
η = W−

η = Wη is the unique viscosity
solution of (HJI-η) in BUC(E).

Note that, since Aη is bounded, in Theorem 3.1, we use the definition of viscosity
solution given in [32].

The introduction of the differential game with new η-level dynamics and payoff
corresponding to the bounded linear operator Aη is now over. In order to really call
it an ‘approximate game’, we at least need to prove that Wη(x) → W(x), as η → ∞.
The rest of this section is devoted to establish this fact and hence to justify calling the
η-level game as η-level approximate game. We start with the following result.

Lemma 3.2 Assume (A1)–(A2). Then, we have the following:

(i) For every x ∈ E,

lim
η→∞ sup

0≤t≤T

‖e−tAηx − S(t)x‖ = 0.
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(ii) For any relatively compact set B ⊂ E,

ρB(η) := sup
x∈B

sup
0≤t≤T

‖e−tAηx − S(t)x‖ → 0, as η → ∞.

(iii) For each x0 ∈ E, (u(·), v(·)) ∈ U × V and T > 0,

sup
0≤t≤T

‖φη(t, x0, u(·), v(·)) − φ(t, x0, u(·), v(·))‖ → 0, as η → ∞.

Proof Statement (i) is an immediate consequence of Theorem 1 in [28, p. 454].
To prove (ii), let ε > 0. Since B is relatively compact, it has an ε

4 -cover; say
{x1, x2, . . . , xm}. From (i), it follows that for all i = 1,2, . . . ,m and η large enough

sup
0≤t≤T

‖e−tAηxi − S(t)xi‖ <
ε

2
.

Now, for any x ∈ B , there is an i with ‖x − xi‖ < ε
4 and therefore for η large enough,

we have

sup
0≤t≤T

‖e−tAηx − S(t)x‖ ≤ sup
0≤t≤T

‖e−tAηxi − S(t)xi‖ + 2
ε

4
< ε.

Therefore, ρB(η) ≤ ε for η large enough.
We now prove (iii). Let φη(·) = φη(·, x0, u(·), v(·)) and φ(·) = φ(·, x0, u(·), v(·)).

For t ≥ 0,

‖φη(t) − φ(t)‖
≤ ‖e−tAηx0 − S(t)x0‖

+
∫ t

0
‖e−(t−s)Aηf (φη(s), u(s), v(s)) − S(t − s)f (φ(s), u(s), v(s))‖ds

≤ ‖e−tAηx0 − S(t)x0‖ +
∫ t

0
‖f (φη(s), u(s), v(s)) − f (φ(s), u(s), v(s))‖ds

+
∫ t

0
‖e−(t−s)Aηf (φ(s), u(s), v(s)) − S(t − s)f (φ(s), u(s), v(s))‖ds

≤ ‖e−tAηx0 − S(t)x0‖ + K

∫ t

0
‖φη(s) − φ(s)‖ds

+
∫ t

0
‖e−(t−s)Aηf (φ(s), u(s), v(s)) − S(t − s)f (φ(s), u(s), v(s))‖ds.

Statement (iii) now follows by the dominated convergence theorem and Gronwall’s
lemma. �

We get stronger convergence results under the compactness assumption (A3).

Lemma 3.3 Assume (A1)–(A3). Then, we have the following:



J Optim Theory Appl (2009) 141: 349–370 361

(i) For every x0 and T > 0, the reachable set

RT (x0) :=
{
x | x = φ(t, x0, u(·), v(·)) for some 0 ≤ t ≤ T and

(u(·), v(·)) ∈ U × V
}

is relatively compact,
(ii) For every x0 ∈ E and T > 0,

sup
(u(·),v(·))∈U ×V

sup
0≤t≤T

‖φη(t, x0, u(·), v(·)) − φ(t, x0, u(·), v(·))‖ → 0,

as η → ∞.

Proof (i). Let {xn = φ(tn, x0, un(·), vn(·))} be a sequence in RT (x0). Without any
loss of generality we may assume that the sequence {tn} converges. Let t0 =
limn→∞ tn. Denote φ(·, x0, un(·), vn(·)) by φn(·).

It is easy to show that

yn := xn − φn(t0) → 0, as n → ∞.

From Lemma 2.1, it follows that the sequence {φn(t0)} is relatively compact. There-
fore the sequence xn has a convergent subsequence.

To prove (ii), first note that RT (x0) is relatively compact (by (i)) and hence

B := f (RT (x0) × U × V )

is also relatively compact. Now, we proceed as in Lemma 3.2(iii) to obtain

‖φη(t, x0, u(·), v(·)) − φ(t, x0, u(·), v(·))‖

≤ ‖e−tAηx0 − S(t)x0‖ + K

∫ t

0
‖φη(s) − φ(s)‖ds

+
∫ t

0
‖e−(t−s)Aηf (φ(s), u(s), v(s)) − S(t − s)f (φ(s), u(s), v(s))‖ds

≤ ‖e−tAηx0 − S(t)x0‖ + K

∫ t

0
‖φη(s) − φ(s)‖ds + TρB(η).

The desired result now follows via the Gronwall lemma and Lemma 3.2(ii). �

We need one more result to show that the η-level value function Wη converges
pointwise to the original value function W .

Lemma 3.4 Assume (A1)–(A3). Let ηk ↑ ∞ and let φ̃[·, x0,�,�] be a motion. Then,
there exists a sequence {φ̃ηk

[·, x0,�,�]} of motions such that, for every T > 0,

sup
0≤t≤T

‖φ̃[t, x0,�,�] − φ̃ηk
[t, x0,�,�]‖ → 0, as k ↑ ∞.
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Proof Let the motion φ̃[·, x0,�,�] be the local uniform limit of the sequence
{φ̃n(·) = φ̃(·, x0, un(·), vn(·))} of nth stage trajectories. Now by a diagonaliza-
tion argument, we can establish the existence of a subsequence {(un1(·), vn1(·))}
such that for every k, the associated sequence of nth stage trajectories {φ̃k

n1(·) =
φ̃ηk

(·, x0, un1(·), vn1(·))} converges locally uniformly to an ηk-level motion
φ0

ηk
[t, x0,�,�]. Using Lemma 3.3, we can now obtain

sup
0≤t≤T

‖φn1(t) − φk
n1(t)‖ → 0, as k ↑ ∞.

This implies that

sup
0≤t≤T

‖φ̃n1(t) − φ̃k
n1

(t)‖ → 0, as k ↑ ∞.

From this, we get the required result by letting n1 go to ∞. �

Using Lemma 3.4, we now show that W±
η is indeed an approximation of W±.

Theorem 3.2 Assume (A1)–(A3). Then, for every x ∈ E, W±
η (x) → W±(x), as

η → ∞.

Proof Fix x0 ∈ E and a sequence ηk ↑ ∞. Let ε > 0. Since the running cost c is

bounded, there exists T > 0 large enough such that ‖c‖∞ e−λT

λ
< ε

5 .
PART 1: Let �0 be such that

sup
�

P (x0,�,�0) < W+(x0) + ε

5
.

For every k, there is a strategy �k and an ηk-level motion φ̃ηk
[·, x0,�k,�0] such that

sup
�

Pηk
(x0,�,�0) < φ0

ηk
[·, x0,�k,�0] + ε

5
.

As in Lemma 3.4, for every k, we can now show the existence of a motion
φ̃[·, x0,�k,�0] such that

|φ0[T ,x0,�k,�0] − φ0
ηk

[T ,x0,�k,�0]| → 0, as k → ∞.

Now, for k large enough,

W+
ηk

(x0) − W+(x0) ≤ sup
�

Pηk
(x0,�,�0) − sup

�

P (x0,�,�0) + ε

5

≤ φ0
ηk

[∞, x0,�k,�0] − φ0[∞, x0,�k,�0] + 2
ε

5

≤ φ0
ηk0

[T ,x0,�k,�0] − φ0[T ,x0,�k,�0] + 4
ε

5
≤ ε.
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Therefore, lim supk→∞ W+
ηk

(x0) ≤ W+(x0).

PART 2: Let �̂k be such that

sup
�

Pηk
(x0,�, �̂k) < W+

ηk
(x0) + ε

5
.

Now, as in Part 1, there is a motion φ̃[·, x0, �̂k, �̂k] such that

sup
�

P (x0,�, �̂k) < φ0[∞, x0, �̂k, �̂k] + ε

5
.

Again, for every k, there exists a motion φ̃ηk
[·, x0, �̂k, �̂k] such that

|φ0[T ,x0, �̂k, �̂k] − φ0
ηk

[T ,x0, �̂k, �̂k]| → 0, as k → ∞.

Now, for k large enough,

W+(x0) − W+
ηk

(x0) ≤ sup
�

P (x0,�, �̂k) − sup
�

Pηk
(x0,�, �̂k) + ε

5

≤ φ0[∞, x0, �̂k, �̂k] − φ0
ηk

[∞, x0, �̂k, �̂k] + 2
ε

5

≤ φ0[T ,x0, �̂k, �̂k] − φ0
ηk

[T ,x0, �̂k, �̂k] + 4
ε

5
≤ ε.

Therefore, lim infk→∞ W+
ηk

(x0) ≥ W+(x0).
Thus, limk→∞ W+

ηk
(x0) = W+(x0). In a similar fashion, we can prove that

limk→∞ W−
ηk

(x0) = W−(x0). �

Thus, in this section, we have established the fact that the η-level value function
Wη is an approximation of the value function W of the original differential game.
Therefore, the η-level game is henceforth referred to as η-level approximate game.

4 Approximate Saddle-Point Strategies

In the previous section, we have shown that the η-level value function Wη is an ap-
proximation for the original value function W . For this reason, instead of looking
directly for optimal strategies for the original game, we want to find a saddle point
for the η-level approximate game, and to show that it is indeed an approximate saddle
point for the original game. To this end we first define the approximate optimal (or,
ε-optimal) strategies for the original game.

Definition 4.1

(i) A strategy �∗ is said to be ε-optimal (for Player I) for the original game, with
initial point x0, if

inf
�

P (x0,�
∗,�) ≥ W−(x0) − ε.
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(ii) A strategy �∗ is said to be ε-optimal (for Player II) for the original game, with
initial point x0, if

sup
�

P (x0,�,�∗) ≤ W+(x0) + ε.

(iii) If �∗ and �∗ are ε-optimal, then we say that the pair (�∗,�∗) constitute a ε-
saddle point for the original game with initial point x0.

In a similar fashion, one can define ε-optimal strategies of the η-level game by
replacing P(·, ·, ·) and W± respectively by Pη(·, ·, ·) and W±

η . The next result is an
easy consequence of the definition of ε-saddle point.

Theorem 4.1 Assume (A1)–(A4). Let (�η,�η) be a saddle point (resp. ε-saddle
point) for the η-level approximate game with initial point x0; η > η0. Then, for every
δ > 0, there exists ηδ such that, for all η ≥ ηδ , �η and �η are δ-optimal (resp. (ε+δ)-
optimal) strategies for players I and II respectively (for the original game with initial
point x0).

Proof We indicate here the proof for the case of saddle point; the case of ε-saddle
point is similar.

Let (�η,�η) be a saddle point for the η-level approximate game with initial point
x0. We then have

sup
�

Pη(x0,�,�η) ≤ Wη(x0) ≤ inf
�

Pη(x0,�η,�).

The required result now follows from Theorem 3.2 and arguments similar to those
used in that proof. �

Thus, in order to construct approximate optimal strategies for the original game,
it is enough to construct a saddle point or a ε-saddle point for the η-level approxi-
mate game. This is much easier because the linear operator Aη associated with the
approximate game is bounded.

5 Saddle Point for the η-Level Approximate Game

In this section, we explain how to construct saddle point strategies, in a feedback
form, for the η-level approximate game. To achieve this, we use methods similar
to that of [15] and [26]. The main idea of this approach comes from the theory of
positional differential games [10, 11].

We first define η-level feedback strategies for both players.
Let

Ê :=
{(

t,

[
x0

x

])
: t ≥ 0, x0 ≥ 0, x ∈ E

}
.

For simplicity, we sometimes denote
[

x0

x

]
by x̃.
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A map from Ê to U is referred to as a feedback map for Player I. Similarly, a map
from Ê to V is referred to as a feedback map for Player II.

Let F = {Fn}∞n=1 be a sequence of feedback maps for Player I. Let �n = {0 =
tn,0 < tn,1 < tn,1 < · · ·} be the partition which divides [0,∞) into subintervals of
length 1

n
. We now define a strategy � = �(F), associated with F , in the feedback

form for the η-level game with initial point x0 in following way:
Take �n,1 ≡ Fn

(
0,

[ 0
x0

])
. For j ≥ 2 and (u(·), v(·)) ∈ U [0, tn,j−1) × V [0, tn,j−1),

define

�n,j (u(·), v(·)) ≡ Fn(tn,j−1, φ̃η(tn,j−1)),

where φ̃η(t) = φ̃η(t, x0, u(·), v(·)) for 0 ≤ t ≤ tn,j−1.
This strategy � is referred to as a feedback strategy corresponding to the sequence

of feedback maps {Fn}. If Fn = F for all n, the corresponding strategy is called a
feedback strategy corresponding to the feedback map F .

In a similar fashion, for every sequence of feedback maps (resp. feedback map)
G = {Gn} (resp. G) from Ê to the control set V of Player II, we can define an asso-
ciated η-level feedback strategy � = �(G).

Remark 5.1 The nth stage outcomes un(·), vn(·) corresponding to the feedback
strategies are piecewise constant control functions.

We now define local game which will be useful in the construction of saddle point
strategies.

Definition 5.1 For x̃, p̃ ∈ Ẽ = R × E, we define the local game at (x̃, p̃) to be the
static game, in which Player I is the minimizer and Player II is the maximizer, with
the payoff function

U × V � (u, v) �→ x0 − 〈p,f (x,u, v)〉 − p0c(x,u, v) =: �(x̃, p̃, u, v).

We need the following assumption in the sequel.

(A4′) For x̃, p̃ ∈ R×E, the local game at (x̃, p̃) has a saddle point equilibrium. That
is,

max
v

min
u

�(x̃, p̃, u, v) = min
u

max
v

�(x̃, p̃, u, v).

Remark 5.2 Assumption (A4′) is, in general, slightly stronger than the Isaacs mini-
max condition (A4).

To construct η-level optimal feedback maps and the associated saddle point or
optimal strategies, we define first certain level sets associated with the η-level value
function Wη, and mention some of their properties.

Let x0 be the initial state and let rη = Wη(x0). Consider the sets

C0(rη) =
{
(t, x̃) ∈ Ê : x0 + e−λtWη(x) ≥ rη

}
,

C0(rη) =
{
(t, x̃) ∈ Ê : x0 + e−λtWη(x) ≤ rη

}
.
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Since Wη is continuous and
(
0,

[ 0
x0

]) ∈ C0(rη) ∩ C0(rη), the level sets C0(rη) and

C0(rη) are nonempty closed sets.
The next two lemmas show that the sets C0(rη),C

0(rη) contain many points on
the relaxed trajectories of the system.

Lemma 5.1 Assume (A1)–(A4). Let (t, x̃) ∈ C0(rη) and δ > 0. Then, for any v(·) ∈
V [t, t + δ], there exists μ(·) ∈ Ũ [t, t + δ] such that

(
t + δ, ψ̃η(t + δ, t, x̃,μ(·), v(·))

)
∈ C0(rη).

Proof If possible, let there be v(·) ∈ V [t, t + δ] such that

(
t + δ, ψ̃η(t + δ, t, x̃,μ(·), v(·))

)
/∈ C0(rη),

for all μ(·) ∈ Ũ [t, t + δ]. That is,

ψ0
η (t + δ, t, x̃,μ(·), v(·)) + e−λ(t+δ)Wη(ψη(t + δ, t, x̃,μ(·), v(·))) < rη,

for all μ(·) ∈ Ũ [t, t + δ]. From this, by a compactness-continuity argument, it follows
that

x0 + e−λt sup
μ(·)

[
ψ0

η (δ, x,μ(t + ·), v(t + ·))

+ e−λδWη(ψη(δ, x,μ(t + ·), v(t + ·)))
]

< rη.

Applying the optimality principle for Wη similarly to that of (4), we obtain

x0 + e−λtWη(x) < rη.

This contradicts the fact that (t, x̃) ∈ C0(rη). Hence, the proof. �

Similarly, one can also prove the analogous result:

Lemma 5.2 Assume (A1)–(A4). Let (t, x̃) ∈ C0(rη) and δ > 0. Then, for any u(·) ∈
U [t, t + δ], there exists ν(·) ∈ Ṽ [t, t + δ] such that

(
t + δ, ψ̃η(t + δ, t, x̃, u(·), ν(·))

)
∈ C0(rη).

We now turn to the construction of optimal feedback maps which mimics closely
extremal aiming [11]. This requires Assumption (A4′).

Let (t, x̃) ∈ Ê. If (t, x̃) ∈ C0(rη), we take F ∗
η,n(t, x̃) to be a fixed (but arbitrary)

point u0 ∈ U . If (t, x̃) /∈ C0(rη), consider the set

C0t =
{
ỹ : (t, ỹ) ∈ C0(rη)

}
,
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and choose ỹ1 ∈ C0t such that

‖ỹ1 − x̃‖ ≤ 2
1

2n inf
ỹ∈C0t

‖ỹ − x̃‖ = 2
1

2n .dist(x̃,C0t ).

We then solve the local game at (x̃, x̃ − ỹ1) and get a saddle point (u∗, v∗). Now
define F ∗

η,n(t, x̃) = u∗. The feedback strategy associated with this sequence {F ∗
η,n}∞n=1

of feedback maps is denoted by �∗
η . In an analogous way, using C0(rη) in place of

C0(rη), we construct the sequence of feedback maps {G∗
η,n}∞n=1 and the associated

feedback strategy �∗
η for player II.

The next lemma provides a comparison of two special trajectories related to the
feedback strategies �∗

η,�∗
η defined above. The proof of this result is a straight forward

extension of the analogous finite dimensional result (Lemma 8.1.1, p. 324) in [11].
This result is also used in [15] and [26].

Lemma 5.3 Assume (A1)–(A3) and (A4′). Let 0 ≤ τ < T < ∞. Also, let x̃, ỹ belong
to a bounded subset M of [0,∞)× E, μ(·) ∈ Ũ [τ, T ], ν(·) ∈ Ṽ [τ, T ]. Let (u∗, v∗) be
a saddle point for the local game at (x̃, x̃ − ỹ). Then, there exist a modulus ρ̂ and a
constant β > 0, depending only on M and T , such that

‖p̃(τ + δ)‖2 ≤ ‖p̃(τ )‖2(1 + βδ) + ρ̂(δ)δ, 0 ≤ δ ≤ T − τ,

where p̃(·) = ψ̃η(·, τ, x̃,μ(·), v∗) − ψ̃η(·, τ, ỹ, u∗, ν(·)).

Using this lemma, we can proceed a step further, by establishing the lemma:

Lemma 5.4 Assume (A1)–(A3) and (A4′). Let � be any strategy for player II and let
φ̃η[·] = φ̃η[·, x0,�

∗
η,�] be an η-level motion corresponding to the pair of strategies

(�∗
η,�). Then, (t, φ̃η[t]) ∈ C0(rη) for all t > 0.

Proof Without any loss of generality, we may assume that φ̃η[·] is the local uniform
limit of a sequence {φ̃η,n(·) = φ̃η,n(·, x0n,un(·), vn(·))}∞n=1 of nth stage trajectories.
Let

ε(t) = dist
(
(t, φ̃η[t]),C0(rη)

)
, εn(t) = dist

(
(t, φ̃η,n[t]),C0(rη)

)
.

Clearly, for each t > 0, εn(t) → ε(t) as n → ∞. Therefore, it suffices to prove that

lim
n→∞ εn(t) = 0, for all t > 0. (12)

Now, fix t > 0. We aim to estimate εn(t). To this end, let N be the smallest integer
greater than t . Recall that

�n =
{
tn,0 = 0 < tn,1 = 1

n
< tn,2 = 2

n
< · · · < tn,Nn = N < · · ·

}
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is the nth stage partition associated with the strategy �∗
η . Let j be an integer such that

0 ≤ j ≤ Nn − 1 and tn,j < t ≤ tn,j+1. Let (tn,j , ỹ) ∈ C0(rη) be such that

‖ỹ − φ̃η,n(tn,j )‖ ≤ 2
1

2n εn(tn,j ),

and let (u∗, v∗) be a saddle point for the local game at (φ̃η,n(tn,j ), φ̃η,n(tn,j ) − ỹ).
By Lemma 5.1, there exists μ(·) ∈ Ũ [tn,j , t] such that the relaxed trajectory ψ̃η(·) =
ψ̃η(·, tn,j , ỹ,μ(·), v∗) has the property that (t, ψ̃η(t)) ∈ C0(rη). Therefore,

εn(t) ≤ ‖ψ̃η(t) − φ̃η,n(t, tn,j , φ̃η,n(tn,j ), u
∗, vn(·))‖.

Now, by Lemma 5.3, there exist a modulus ρ̂ and a constant β > 0 (both independent
of n) such that

ε2
n(t) ≤ 2

1
2n ε2

n(tn,j )

(
1 + β

n

)
+ ρ̂(

1

n
)

1

n
.

Therefore,

ε2(t) ≤ 2Nε2
n(0)

(
1 + β

n

)Nn

+ ρ̂

(
1

n

)
1

n
× 2N(1 + β

n
)Nn − 1

2
1
n (1 + β

n
) − 1

≤ 2Nε2
n(0)eβN + ρ̂

(
1

n

)
2NeβN − 1

β
.

Letting n → ∞, we get the desired result (12). �

In a similar fashion, using Lemmas 5.2 and 5.3, we can also prove the next lemma.

Lemma 5.5 Assume (A1)–(A3) and (A4′). Let � be any strategy for player I and let
φ̃η[·] = φ̃η[·, x0,�,�∗

η] be an η-level motion corresponding to the pair of strategies

(�,�∗
η). Then, (t, φ̃η[t]) ∈ C0(rη) for all t > 0.

Finally, we are in a position to show that the pair (�∗
η,�∗

η) is a saddle point for the
η-level game.

Theorem 5.1 Assume (A1)–(A3) and (A4′). The pair (�∗
η,�∗

η) constitutes a saddle
point for the η-level game with initial point x0.

Proof From Lemmas 5.4 and 5.5, it follows that, for every �,� and motions
φ̃η[·, x0,�,�∗

η], φ̃η[·, x0,�
∗
η,�], and t ≥ 0,

φ0
η[t, x0,�,�∗

η] + e−λtWη(φη[t, x0,�,�∗
η]) ≤ Wη(x0),

φ0
η[t, x0,�

∗
η,�] + e−λtWη(φη[t, x0,�

∗
η,�]) ≥ Wη(x0).
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Since Wη is bounded, by letting t → ∞, we obtain

φ0
η[∞, x0,�,�∗

η] ≤ Wη(x0),

φ0
η[∞, x0,�

∗
η,�] ≥ Wη(x0).

Thus, we get

Pη(x0,�,�∗
η) ≤ Wη(x0) ≤ Pη(x0,�

∗
η,�).

The required result now follows. �

Remark 5.3 It may be noted that the method described in this section for construct-
ing a saddle point (�∗

η,�∗
η) for the η-level game can also be used to construct saddle

points for the original game [26]. But this requires: (a) taking feedback from trajecto-
ries of the ‘unbounded dynamics’ governed by (1) instead of the ‘bounded dynamics’
(9), and (b) knowing W instead of Wη.

6 Conclusions

By taking strategies and payoff as in Berkovitz [15] and [26], we have described how
to construct approximate saddle point for two-person zero-sum infinite dimensional
differential games whose dynamics is governed by an abstract evolution equation. If
the semigroup generated by the underlying unbounded operator is compact, we have
successfully approximated the original game using Yosida type approximations for
the infinitesimal generator of the semigroup. Once this approximation is achieved,
it was established that the original value function is the limit of approximate value
functions (Theorem 3.2), and any saddle point for the approximate game is an ap-
proximate saddle point for the original game (Theorem 4.1). Thus, in order to obtain
an approximate saddle point of the original game, it is enough to construct a saddle
point for the approximate game.

It would be interesting to have a study on the speed of convergence of Wη → W .
This will give a clear estimate for the error of constructing an approximate saddle
point instead of an exact one.

Note also that, if we take U (the control set of Player I) to be a singleton set, then
the differential game reduces to an optimal control problem. Therefore, the same
method (of approximating A by Aη) can be used to construct approximate optimal
controls for infinite dimensional optimal control problems as well. For finite dimen-
sional control problems there is no underlying unbounded operator (that is, A = 0).
But methods similar to that described in Sect. 5 (whose basic ideas come from [10]
and [15]) are used to construct robust stabilizing controllers (see [33]).
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