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Abstract. Provided the non-negative function g2 L1
locð�Þ allows for a generalized Hardy-Sobolev

inequality, existence and uniqueness of global weak solutions of the possibly degenerate parabolic
PDE gðxÞ _uu ¼ �u, subject to homogeneous Dirichlet boundary conditions, is proved. The maximum=
minimum principle holds. The associated entropy decays exponentially as t " 1 with a rate not
exceeding 2=C, where C is the constant arising in the generalized Hardy-Sobolev inequality.
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1. Introduction

In the sequel, � � Rd is a smooth, bounded, nonvoid domain. We want to
investigate the interplay of generalized Hardy-Sobolev inequalities

8v2H1
0ð�Þ :

ð
�

v2g dx4C

ð
�

jrxvj2 dx; ð1Þ

with (possibly degenerated) parabolic PDE

g _uu ¼ �u; uðt ¼ 0Þ ¼ u0 2L2ðg dxÞ; uðt; :Þ2H1
0ð�Þ: ð2Þ

In (1), the constant C2Rþ only depends on �, ‘‘dx’’ is integration with respect
to the d-dimensional Lebesgue measure on �. A crucial role, both in (1) and (2) is
played by the measurable, non-negative function g : � ! Rþ

0 . All subsequent
investigations are based on the assumption

04 g2L1
locð�Þ:
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Let us explain on a formal level, how the generalized Hardy-Sobolev inequality
(1) and the evolution problem (2) are correlated. If we multiply the PDE of (2) for
a fixed time � 2Rþ by uð�Þ, integrate over �, interchange differentation with
integration and make use of Gauss’ integration by parts formula in H1

0ð�Þ, we
obtain

d

dt
Eð�Þ ¼ d

dt

�
1

2

ð
�

u2ð�Þg dx
�

¼ �
ð
�

jrxuð�Þj2 dx; ð3Þ

where the ‘‘entropy Eð�Þ of (2)’’ is the function

E : Rþ
0 ! R; EðtÞ ¼ 1

2

ð
�

u2ðtÞg dx:

Due to the generalized Hardy-Sobolev inequality (1), we deduce

8� 2Rþ
0 :

d

dt
Eð�Þ4 � 2

C

ð
�

u2ðtÞg dx ¼ � 2

C
Eð�Þ;

such that

8� 2Rþ
0 : Eð�Þ4Eð0Þe�2�=C; ð4Þ

i.e. the entropy decays at an exponential rate. Furthermore, if we integrate (3) from
� to 1 and if we make use of limt"1 EðtÞ ¼ 0, we obtain via (4),

8� 2Rþ
0 :

ð1
�

krxuðtÞk2
L2ð�:RdÞ dt4Eð0Þe�2�=C;

i.e. the integrated (squared) gradient norm of u decays exponentially as � " 1.
In this paper we justify these formal calculations, prove existence and unique-

ness of the solution of the degenerate equation (2), when the inequality (1) holds
and show the entropy decay and the integrated gradient norm decay in this set up.

Remark 1. An additional difficulty for the analysis is the lack of existence and
uniqueness results for weak solutions of (2). Hence, we have to develop such a
theory in advance before entering the entropy estimates.

Let us collect some examples of functions g in Hardy-Sobolev inequalities (2).

Example 1. If g2L1ð�Þ, then (1) holds and is equivalent to Poincar�ee’s
inequality.

Example 2. If d5 3, then H1ð�Þ is continuously embedded in L
2d
d�2ð�Þ. Hence,

for each v2H1ð�Þ, we have v2 2L
d

d�2ð�Þ and by the continuous embedding of
H1ð�Þ in L

2d
d�2ð�Þ the generalized Hardy-Sobolev inequality (1) holds whenever

g2Ld=2ð�Þ, with a constant C not exceeding kgkLd=2ð�Þ. Similiarly for d ¼ 2, (1)
holds whenever g2L1þ�ð�Þ for some �2Rþ.

Example 3. A much less trivial example concerns the usual Hardy-Sobolev
inequality, see [7]. If d5 3, and if x0 2�, then (1) holds for

g : � ! R; gðxÞ ¼
1

jx�x0j2
; x 6¼ x0

0; x ¼ x0:

�

Note that for d ¼ 3, g is not in Ld=2ð�Þ.
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Example 4. For the improved versions of Hardy-Sobolev inequality, (see [4]
and [1]) (1) holds for d5 3,

g : � ! R; gðxÞ ¼
1

jx�x0j2
þ 1

ðjx�x0j2j log jx�x0jj2Þ
; x 6¼ x0

0; x ¼ x0:

�
For d ¼ 2, (1) holds with g ¼ ðjx� x0j2j log jx� x0jj2Þ�1

which is not in L1þ�ð�Þ
for any �2Rþ.

Example 5. qðxÞ ¼ ðdistðx; @�ÞÞ2
, x2� (see [3]).

Example 6. More generally, for a k co-dimensional piecewise smooth surface K
and the distance function dðxÞ ¼ distfx;Kg, under suitable assumptions the
inequality (1) holds with qðxÞ ¼ dðxÞ. (see [2], also for series improvement of
the inequality). Note that this includes the examples 3, 4 and 5 as special cases.

Example 7. In all the previous examples, the functions g belong to L1ð�Þ. If
d ¼ 1, then there are examples for (1) with functions g which are not in L1ð�Þ.
E.g., we easily prove

Proposition 2. If � ¼ �a; b½ � R is an open, nonvoid, bounded interval, if
x0 2R, and if

x 7! jx� ajgðxÞ2L1ð�Þ; or x 7! jx� bjgðxÞ2L1ð�Þ;
then (1) holds.

Proof. We consider v2C1
c ð�Þ. The case v2H1

0ð�Þ follows from a standard
density argument.

Furthermore, we assume x 7! jx� ajgðxÞ2L1ð�Þ. (The other case follows in a
quite similar way.) We have due to vðaÞ ¼ 0,

8x2 �a; b½: vðxÞ ¼
ðx
a

v0ðzÞ dz4
ffiffiffiffiffiffiffiffiffiffiffi
x� a

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx
a

ðv0ðzÞÞ2
dz

s
;

and therefore, ð
�

v2ðzÞgðzÞ dz ¼
ðb
a

v2ðxÞgðxÞ dx

4
ðb
a

ðx� aÞ
�ðx

a

ðv0ðzÞÞ2
dz

�
gðxÞ dx

¼
ðb
a

�
v0ðzÞÞ2

ðb
z

ðx� aÞgðxÞ dx
�
dz

4
�ðb

a

jx� ajgðxÞ dx
�ðb

a

ðv0ðxÞÞ2
dx:

An example for g which is not in L1ð�a; b½Þ but satisfies the assumptions of
Proposition 1 is

gðxÞ ¼ ðx� aÞ�2þ�; x2 �a; b½;
for some �2 �0; 1½.
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2. Weak Solutions – A Priori Estimates

We are concerned with weak solutions of (2) on a fixed time interval ½0; T �,
where T 2Rþ.

We put

8t2 ½0; T � : Q ¼ R��; Qt ¼ �0; t½ ��; Q�tt ¼ ½0; t� ��

and we introduce

C1
c ðQTÞ ¼ f� »

QT : �2C1
c ðQÞg

Definition 3. u is a weak solution of (2) iff

ws.1 u2L1ð0; T ;L2ðg dxÞÞ \ L2ð0; T ;H1
0ð�ÞÞ,

ws.2 for all �2C1
c ðQTÞ, and for almost all t2 ½0;T �,ð

�

uðtÞ�ðtÞg dxþ
ð
Qt

ðrxu � rx�Þ dð�; xÞ ¼
ð
�

u0�ð0Þg dxþ
ð
Qt

u _��g dð�; xÞ: ð5Þ

Note that the definition is similar to the one in [5] but the main difference is the
coefficient g for _uu:

2.1. Continuity with respect to time.

Lemma 4. If u is a weak solution of (2), then

u2Cð0;T ; L2ðg dxÞÞ and lim
t#0

kuðtÞ � u0kL2ðg dxÞ ¼ 0:

Proof. By definition, u2L1ð0; T ;L2ðg dxÞÞ. Redefining u, if necessary, on a set
of measure zero, we have

9K 2Rþ : 8t2 �0; T ½ : kuðtÞkL2ðg dxÞ 4K:

We recall Q ¼ R�� and we introduce

u� : Q ! R; u�ðt; xÞ ¼
uðt; xÞ; ðt; xÞ2QT

uð�t; xÞ; ðt; xÞ2 � � T ; 0½ ��
0; else:

8<
:

We observe u� 2L2ðR;H1
0ð�ÞÞ and since u is a weak solution of (2), we obtain

for each �2C1
c ðQÞ with suppð�Þ � � � T ; T ½ ��, after some elementary manip-

ulations from (5),ð
QT

ðrxu
� � rx�Þ dð�; xÞ ¼

ð
QT

ðrxu � rx�Þ dð�; xÞ

¼
ð
�

u0�ð0Þg dxþ
ð
QT

u _��g dð�; xÞ

¼
ð
�

u0�ð0Þg dxþ
ð
QT

u� _��g dð�; xÞ;
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and if we set ���ð�; xÞ ¼ �ð��; xÞ, ð�; xÞ2Q, thenð
��T ;0½ ��

ðrxu
� � rx�Þ dð�; xÞ ¼

ð
QT

ðrxu � rx���Þ dð�; xÞ

¼
ð
�

u0���ð0Þg dxþ
ð
QT

u _������g dð�; xÞ

¼
ð
�

u0�ð0Þg dx

þ
ð
��T ;0½ �Q

uð��; xÞ _������ð��; xÞg dð�; xÞ

¼
ð
�

u0�ð0Þg dx�
ð
��T ;0½ �Q

u� _��g dð�; xÞ:

Introducing

sign : R ! R; signð�Þ ¼ þ1; 04 �
�1; 0>�

�

we deduce ð
Q

u� _��g dð�; xÞ ¼
Xd
j¼1

ð
Q

ð@ju�Þ � ð@j�Þ � signð�Þ dð�; xÞ: ð6Þ

If we set

V ¼
�
�2L2ðR : H1

0ð�ÞÞ : _��2L2ðR : L2ðg dxÞÞ and

there is a sequence ð�nÞn 2N in C1
c ðQTÞ such that

lim
n"1

k� � �nkL2ðR:H1
0
ð�ÞÞ ¼ 0 and lim

n"1
k _�� � _�n�nkL2ðR:L2ðg dxÞÞ ¼ 0

�
;

then one verifies by a standard density argument that (6) holds for all
�2V .

In particular, if !2C1
c ðRÞ with suppð!Þ � � � T ; T ½, then for any �2V, taking

� ¼ !� in (6)ð
Q

u�! _��g dð�; xÞ ¼
Xd
j¼1

ð
Q

! � ð@ju�Þ � ð@j�Þ signð�Þ dð�; xÞ �
ð
Q

u� _!!�g dð�; xÞ:

ð7Þ
Given ðh; �Þ2Rþ � L2ðR; L2ð�ÞÞ we introduce

I�h ð�Þ : Q ! R; I�h ð�Þðt; xÞ ¼
1

h

ðt
t�h

�ðs; xÞ ds;

Iþh ð�Þ : Q ! R; Iþh ð�Þðt; xÞ ¼
1

h

ðtþh

t

�ðs; xÞ ds:

Then for ðh; �Þ2Rþ � L2ðR; L2ð�ÞÞ,
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(I1) I �
h ð�Þ2L2ðR; L2ð�ÞÞ,

and if additionally �2L2ðR;H1
0ð�ÞÞ, then I �

h ð�Þ2L2ðR;H1
0ð�ÞÞ and for

j ¼ 1; . . . ; d,

@jðI �
h ð�ÞÞ ¼ I �

h ð@j�Þ2L2ðR; L2ð�ÞÞ;
and if �1 2L2ðR; L2ð�ÞÞ, thenð

Q

�1 � Iþh ð�Þ dð�; xÞ ¼
ð
Q

I�h ð�1Þ � � dð�; xÞ;

(I2) limh#0 kI �
h ð�Þ � �kL2ðR;L2ð�ÞÞ ¼ 0 (see [LSU88]),

(I3) if �2L2ðR;H1
0ð�ÞÞ, then I �

h ð�Þ2L2ðR; L2ðg dxÞÞ (here we use (1) for the
first time),

(I4) I �
h ð�Þ are absolutely continuous in t and since for all �2C1

c ðQÞ,ð
Q

I�h ð�Þ _�� dð�; xÞ ¼ �
ð
Q

�ðs; xÞ � �ðs� h; xÞ
h

� dð�; xÞ;ð
Q

Iþh ð�Þ _�� dð�; xÞ ¼ �
ð
Q

�ðsþ h; xÞ � �ðs; xÞ
h

� dð�; xÞ;

we have in the sense of distributions

@tðI�h ð�ÞÞ ¼ D�
h � : Q ! R; ðD�

h �Þðt; xÞ ¼
�ðt; xÞ � �ðt � h; xÞ

h
;

@tðIþh ð�ÞÞ ¼ Dþ
h � : Q ! R; ðDþ

h �Þðt; xÞ ¼
�ðt þ h; xÞ � �ðt; xÞ

h
;

(I5) if �2L2ðR;H1
0ð�ÞÞ, we have @tðI �

h ð�ÞÞ ¼ ðD �
h �Þ2L2ðR;H1

0ð�ÞÞ as
well, and therefore I �

h ð�Þ2V (here we use (1) for the second time).

As a consequence, by (7), for all �2L2ðR;H1
0ð�ÞÞ,ð

Q

ðu�!Þ@tðI�h ð�ÞÞg dð�; xÞ

¼
Xd
j¼1

ð
Q

ð@j�ÞIþh ðð@ju�Þ!Þ signð�Þ dð�; xÞ �
ð
Q

�Iþh ðu� _!!Þg dð�; xÞ; ð8Þ

where we made use of (I1), (I3), (I5).
Now, if we make the particular choice � ¼ �ð�Þ�ð�Þ, where �2C1

c ðRÞ and
�2H1

0ð�Þ, then the left hand side of (8) isð
Q

ðu�!Þ@tðI�h ð��ÞÞg dð�; xÞ ¼
ð
Q

ðu�!Þ��ðsÞ � �ðs� hÞ
h

g dð�; xÞ

¼
ð
Q

ðu�!Þ�I�h ð _��Þg dð�; xÞ

¼
ð
Q

_��Iþh ðu�!Þ�g dð�; xÞ;
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and (8) leads to

ð
R

_��

� ð
�

Iþh ðu�!Þ�g dx
�
d�

¼
ð
R

�

�
signð�Þ

ð
�

Xd
j¼1

ð@j�ÞIþh ðð@ju�Þ!Þ dx�
ð
�

�Iþh ðu� _!!Þg dx
�
d�;

As a consequence, in the sense of distributions,

@t

�ð
�

Iþh ðu�!Þ�g dx
�

¼ �signð�Þ
Xd
j¼1

ð
�

ð@j�ÞIþh ðð@ju�Þ!Þ dxþ
ð
�

�Iþh ðu� _!!Þg dx2L1ðRÞ;

such that via (I5) for all ðh;HÞ2Rþ �Rþ and for all �2H1
0ð�Þ,

Jð�ÞðtÞ :¼
ð
�

� � ðDþ
h ðu�!Þ � Dþ

Hðu�!ÞÞg dx

¼ �signð�Þ
Xd
j¼1

ð
�

ð@j�Þ � ðIþh ðð@ju�Þ!Þ � IþH ðð@ju�Þ!ÞÞ dx

þ
ð
�

� � ðIþh ðu� _!!Þ � IþH ðu� _!!ÞÞg dx

¼: Sð�ÞðtÞ; almost everywhere on R: ð9Þ

The function Sð�ÞðtÞ is uniformly continuous on Rþ and on R�, respectively and
the limits Sð�Þð0� Þ exist (with Sð�Þð0Þ ¼ Sð�Þð0þÞ).

Concerning (9) we observe that the set where equality holds depends on � a
priori, i.e. there is for each �2H1

0ð�Þ a set Nð�Þ�R, such that �1ðNð�ÞÞ ¼ 0
(where �1 is the one dimensional Lebesgue measure) and Jð�Þ ¼ Sð�Þ for all
t2RnNð�Þ.

We prove:
There is a one-dimensional Lebesgue nullset N,

such that for all ðt; �Þ2 ðRnNÞ�H1
0ð�Þ: Jð�ÞðtÞ ¼ Sð�ÞðtÞ: ð10Þ

Proof. We recall (see, e.g., [6]): t2R is a Lebesgue point of Jð�Þ iff

lim
r#0

1

2r

ðtþr

t�r

jJð�ÞðsÞ � Jð�ÞðtÞj ds ¼ 0:

Since Jð�ÞðtÞ ¼ Sð�ÞðtÞ for almost all t2R, and since Sð�Þ is continuous on
Rnf0g, we have for all t2Rnf0g: if Jð�ÞðtÞ ¼ Sð�ÞðtÞ, then t is a Lebesgue
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point of Jð�Þ, because due to continuity of Sð�Þ,

04 lim sup
r#0

1

2r

ðtþr

t�r

jJð�ÞðsÞ � Jð�ÞðtÞj ds

¼ lim sup
r#0

1

2r

ðtþr

t�r

jJð�ÞðsÞ � Sð�ÞðtÞj ds

¼ lim sup
r#0

1

2r

ðtþr

t�r

jSð�ÞðsÞ � Sð�ÞðtÞj ds ¼ 0:

On the other hand, if t2Rnf0g is a Lebesgue point of Jð�Þ, then for all
r2Rþ,

04 jSð�ÞðtÞ � Jð�ÞðtÞj

4
����Sð�ÞðtÞ � 1

2r

ðtþr

t�r

Sð�ÞðsÞ ds
����þ

����Jð�ÞðtÞ � 1

2r

ðtþr

t�r

Sð�ÞðsÞ ds
����

¼
����Sð�ÞðtÞ � 1

2r

ðtþr

t�r

Sð�ÞðsÞ ds
����þ

����Jð�ÞðtÞ � 1

2r

ðtþr

t�r

Jð�ÞðsÞ ds
����

¼
���� 1

2r

ðtþr

t�r

ðSð�ÞðtÞ � Sð�ÞðsÞÞ ds
����þ

���� 1

2r

ðtþr

t�r

ðJð�ÞðtÞ � Jð�ÞðsÞÞ ds
����

4
1

2r

ðtþr

t�r

jSð�ÞðsÞ � Sð�ÞðtÞj dsþ 1

2r

ðtþr

t�r

jJð�ÞðsÞ � Jð�ÞðtÞj ds;

where both terms of the right-hand side of this inequalities tend to zero as r # 0.
We conclude:

8t2Rnf0g : Jð�ÞðtÞ ¼ Sð�ÞðtÞ if and only if t is a Lebesgue point of Jð�Þ:
It remains to be shown that there is a one-dimensional nullset N such that for all

�2H1
0ð�Þ, RnN is contained in the set of all Lebesgue points of Jð�Þ. H1

0ð�Þ is
separable. Let f�n : n2Ng be a dense subset of H1

0ð�Þ. By (9), for each n2N, there
is a one-dimensional Lebesgue null set Nð�nÞ such that Jð�nÞðtÞ ¼ Sð�nÞðtÞ if and
only if t2RnNð�nÞ, i.e. the set of all Lebesgue points of Jð�nÞ is RnNð�nÞ.

We set N ¼
S

n2N Nð�nÞ. Since N is a countable union of one-dimensional
Lebesgue null sets, N is a one-dimensional null set. We have to prove: If
ðt; �Þ2 ðRnNÞ�H1

0ð�Þ, then t is a Lebesgue point of Jð�ÞðtÞ.
Let us fix �2H1

0ð�Þ. If �2Rþ, then there is nð�Þ2N such that

k�� �ðnð�ÞÞkH1ð�Þ 4 �:

Using (1) for the third time we deduce for all t2R,

jJð�ÞðtÞ � Jð�ðnð�ÞÞÞðtÞj
4 k�� �ðnð�ÞÞkL2ðg dxÞkDþ

h ðu�!ÞðtÞ � Dþ
Hðu�!ÞðtÞkL2ðg dxÞ

4
ffiffiffiffi
C

p
k�� �ðnð�ÞÞkH1ð�ÞkDþ

h ðu�!ÞðtÞ � Dþ
Hðu�!ÞðtÞkL2ðg dxÞ

4
ffiffiffiffi
C

p
� �

kðu�!Þðt þ hÞkL2ðg dxÞ þ kðu�!ÞðtÞkL2ðg dxÞ
h
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þ
ffiffiffiffi
C

p
� �

kðu�!Þðt þ hÞkL2ðg dxÞ þ kðu�!ÞðtÞkL2ðg dxÞ
H

4 2K
ffiffiffiffi
C

p
� �

�
1

h
þ 1

H

�
;

where K is a uniform bound on ku�ðtÞkL2ðg dxÞ.
Now let ðt; rÞ2 ðRnNÞ�Rþ. Then t is a Lebesgue point of Jð�ðnð�ÞÞÞ, and we

calculate

04
1

2r

ðtþr

t�r

jJð�ÞðsÞ � Jð�ÞðtÞj ds

4
1

2r

ðtþr

t�r

jJð�ÞðsÞ � Jð�ðnð�ÞÞÞðsÞj ds

þ 1

2r

ðtþr

t�r

jJð�ðnð�ÞÞÞðsÞ � Jð�ðnð�ÞÞÞðtÞj ds

þ 1

2r

ðtþr

t�r

jJð�ðnð�ÞÞÞðtÞ � Jð�ÞðtÞj ds

4 2K
ffiffiffiffi
C

p
� �

�
1

h
þ 1

H

�
þ 1

2r

ðtþr

t�r

jJð�ðnð�ÞÞÞðsÞ � Jð�ðnð�ÞÞÞðtÞj ds

þ 2K
ffiffiffiffi
C

p
� �

�
1

h
þ 1

H

�

¼ 4K
ffiffiffiffi
C

p
� �

�
1

h
þ 1

H

�
þ 1

2r

ðtþr

t�r

jJð�ðnð�ÞÞÞðsÞ � Jð�ðnð�ÞÞÞðtÞj ds;

hence, since t is a Lebesgue point of Jð�ðnð�ÞÞÞ,

04 lim sup
r#0

1

2r

ðtþr

t�r

jJð�ÞðsÞ � Jð�ÞðtÞj ds

4 4K
ffiffiffiffi
C

p
� �

�
1

h
þ 1

H

�
þ lim

r#0

1

2r

ðtþr

t�r

jJð�ðnð�ÞÞÞðsÞ � Jð�ðnð�ÞÞÞðtÞj ds;

¼ 4K
ffiffiffiffi
C

p
� �

�
1

h
þ 1

H

�
þ 0:

This estimate holds for all �2Rþ. Thus,

0 ¼ lim
r#0

1

2r

ðtþr

t�r

jJð�ÞðsÞ � Jð�ÞðtÞj ds:

&

Note that the function kIþh ðu�!Þ � IþH ðu�!Þk
2
L2ðg dxÞ is in L1ðRÞ thanks to (I3). It

is easy to see that in the sense of distributions,

1

2
@t
	
kIþh ðu�!Þ � IþH ðu�!Þk

2
L2ðg dxÞ



¼

ð
�

	
Dþ

h ðu�!Þ � Dþ
Hðu�!Þ



�
	
Iþh ðu�!Þ � IþH ðu�!Þ



g dx: ð11Þ
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Now let us take t1 2RnN, where N is the one dimensional null set in (10). We
choose

� ¼ ðIþh ðu�!Þ � IþH ðu�!ÞÞðt1Þ2H1
0ð�Þ

in (9) and evaluate (9) at t ¼ t1, to deduce

1

2
@t
	
kIþh ðu�!Þðt1Þ � IþH ðu�!Þðt1Þk

2
L2ðg dxÞ



¼ �signðt1Þ

Xd
j¼1

ð
�

��Iþh ðð@ju�Þ!Þ � IþH ðð@ju�Þ!Þðt1Þ
��2 dx

þ
ð
�

	
Iþh ðu�!Þ � IþH ðu�!Þ



ðt1Þ �

	
Iþh ðu� _!!Þ � IþH ðu� _!!Þ



ðt1Þg dx: ð12Þ

for almost all t1 2R. The right-hand side of (12) is in C½0;þ1½. Now let us take
!2C1

c ðRÞ with suppð!Þ � �� T ;þT ½ and ! ¼ 1 on an interval �� �;þ� ½, where
� 2 �0; T ½. Furthermore, let 	2 �0; 1½. Then, for all h;H2 �0; ð1 � 	Þ� ½,

Iþh ðu� _!!Þ ¼ IþH ðu� _!!Þ ¼ 0 on ½��;þ	� �:
We observe that for each !2C1

c ðRÞ and for each pair ðh;HÞ2Rþ �Rþ,


ð!; h;H; :Þ ¼ kIþh ðu�!Þð�Þ � IþH ðu�!Þð�Þk
2
L2ðg dxÞ

is a continuous function on R. Furthermore, due to (11), in the sense of distributions,

@t
ð!; h;H; :Þ4 0 on �0;þ	� �;
and

@t
ð!; h;H; :Þ5 0 on ½��; 0½;
where both derivatives are continuous functions on the respective intervals. Thus,

04
ð!; h;H; tÞ4
ð!; h;H; 0Þ on ½��;þ	� �:
Since limðh;HÞ!ð0;0Þ 
ð!; h;H; 0Þ ¼ 0, we deduce

lim
ðh;HÞ!ð0;0Þ

sup
�

ð!; h;H; tÞ : t2 ½��;þ	� �

�
¼ 0:

As a consequence, for each sequence ðhðnÞÞn 2N in Rþ with limn"1 hðnÞ ¼ 0, the
sequence 	

IþhðnÞðu
�!Þ »½��;þ	� �



n 2N

is a Cauchy sequence in CBð½��;þ	� �; L2ðg dxÞÞ. Hence, for each such sequence
there is an I0 2CBð½��;þ	� �; L2ðg dxÞÞ with

lim
h#0

kIþh ðu�!Þ � I0kCBð½��;þ	� �;L2ðg dxÞÞ ¼ 0:

On the other hand, for almost all t2R, limh#0 kIþh ðu�!ÞðtÞ � ðu�!ÞðtÞkL2ðg dxÞ ¼ 0,
hence I0 ¼ u�! almost everywhere on Q, i.e. changing, if necessary, u�! on a set
of measure zero, u�!2CBð½��;þ	� �;L2ðg dxÞÞ.

Repeating the argument for variable �; 	, we deduce, possibly after redefining
u� on a set of measure zero: u� »� � T ;T ½ ��2Cð�T ; T ; L2ðg dxÞÞ. In particular,
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if we redefine, if necessary, u on a set of measure zero, then u2Cð0;T ; L2ðg dxÞÞ
and there is w2L2ðg dxÞ with limt#0 kuðtÞ � wkL2ðg dxÞ. As a consequence, (5) holds
for all t2 �0; T ½ and for all �2C1

c ð�TÞ.
It remains to be shown: w ¼ u0. Let 	2Ccð½0;þ1½Þ with suppð	Þ � ½0; t0� �

½0;T ½, 04 	, _		4 0 and ð
½0;T ½

	ðtÞ dt ¼ 1:

We introduce

8k2N : 	k : ½0; T ½! R; 	kðtÞ ¼ k	ðktÞ;
and we set

8k2N : Rk : ½0;T ½! R; RkðtÞ ¼ 1 �
ð
½0;t½

	kðsÞ ds:

For �2C1
c ð�Þ and k2N take �k ¼ �ð�ÞRkð�Þ in (5). We obtain for all k2N, and

for all t0 < t< T ,ð
�t

Rkrxu � rx� dð�; xÞ ¼
ð
�

u0 � g dx�
ð
�0;t½

	kðsÞ
�ð

�

u� g dx

�
ds: ð13Þ

Obviously, since for all k2N, suppðRkÞ � ½0; t0
k
�, 04Rk 4 1, for all k2Nð

�t

Rkrxu � rx� dð�; xÞ4
ð
�0;t0

k
½ ��

jrxu � rx�j dð�; xÞ;

where limk"1 �ð�0; t0
k
½ ��Þ ¼ 0, such that due to rxu � rx�2L1ðQTÞ,

lim
k "1

ð
�t

RkðsÞrxu � rx� dð�; xÞ ¼ 0: ð14Þ

Since for all k2N,
Ð
�0;t½ 	k ds ¼ 1, we can rewrite the right-hand side of (13) asð

�

u0�g dx�
ð
�0;t½

	kðsÞ
�ð

�

u�g dx

�
ds

¼
ð
�0;t½

	kðsÞ
�ð

�

ðu0 � uðsÞÞ�g dx
�
ds

¼
ð
�0;t½

	kðsÞ
�ð

�

ðu0 � wÞ�g dx
�
dsþ

ð
�0;t½

	kðsÞ
�ð

�

ðw� uðsÞÞ�g dx
�
ds

¼
ð
�

ðu0 � wÞ� g dxþ
ð
�0;t½

	kðsÞ
�ð

�

ðw� uðsÞÞ�g dx
�
ds:

Since limt#0 kw� uðtÞkL2ðg dxÞ ¼ 0, we have

lim
k"1

ð
�0;t½

	kðsÞ
�ð

�

ðw� uðsÞÞ�g dx
�

¼ lim
k"1

ð
�0;t0

k
½
	kðsÞ

�ð
�

ðw� uðsÞÞ�g dx
�

4 lim
k "1

�ð
½0;t0

k
�
	kðsÞkw� uðsÞkL2ðgdxÞk�kL2ðgdxÞ

�
¼ 0:
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From the above and (13) due to (14), by carrying out the limit k " 1,ð
�

ðu0 � wÞ�g dx ¼ 0: ð15Þ

Equation (15) holds for each �2C1
c ð�Þ. Thus w ¼ u0 almost everywhere. &

Corollary 5. If u2Cð0;T ;L2ðg dxÞÞ is a weak solution of (2), then for all
�2C1

c ðQTÞ, the function

Bð�Þ : ½0; T ½! R; Bð�ÞðtÞ ¼
ð
�

uðtÞ�ðtÞg dx;

is continuous and for all t2 ½0; T ½,ð
�

uðtÞ�ðtÞg dxþ
ð
Qt

ðrxu � rx�Þ dð�; xÞ ¼
ð
�

u0�ð0Þg dxþ
ð
Qt

u _��g dð�; xÞ: ð16Þ

2.2. The energy estimate. In this section we shall prove an energy estimate for
weak solutions of (2). In a preparational step we establish the following auxiliary
result.

Lemma 6. Let u2Cð0;T ; L2ðg dxÞÞ be a weak solution of (2). Then for all
t2 �0; T ½, h2 �0; T � t½, and �2L2ð0; T ;H1

0ð�ÞÞ,Xd
j¼1

ð
Qt

Iþh ð@juÞð@j�Þ dð�; xÞ ¼ �
ð
Qt

Dþ
h ðuÞ�g dð�; xÞ: ð17Þ

Proof. Let �2C1
c ðQÞ. Testing (16) with I�h ð�Þ

»

QT , 0< h< t< T , givesð
�

uðtÞI�h ð�ÞðtÞg dxþ
Xd
j¼1

ð
Qt

ð@juÞ � ðI�h ð@j�ÞÞ dð�; xÞ

¼
ð
�

u0I
�
h ð�Þð0Þg dxþ

ð
Qt

uD�
h ð�Þg dð�; xÞ;

from which we deduce by interchanging orders of integration and transforming
integration variables,

ð
�

uðtÞI�h ð�ÞðtÞg dxþ
Xd
j¼1

ð
��h;0½ ��

ð@j�Þð�; xÞ
�

1

h

ð�þh

0

ð@juÞð�; xÞ d�
�
dð�; xÞ

þ
Xd
j¼1

ð
Qt�h

Iþh ð@juÞð@j�Þ dð�; xÞ

þ
Xd
j¼1

ð
�t�h;t½ ��

ð@j�Þð�; xÞ
�

1

h

ðt
�

ð@juÞð�; xÞ d�
�
dð�; xÞ

¼
ð
�

u0I
�
h ð�Þð0Þg dx
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þ 1

h

ð
�t�h;t½ ��

u�g dð�; xÞ �
ð
Qt�h

Dþ
h ðuÞ�g dð�; xÞ

� 1

h

ð
��h;0½ ��

uð� þ hÞ�ð�Þg dð�; xÞ: ð18Þ

Now let t2 �0; T ½ be fixed. Then for all �2C1
c ðQÞ with suppð�Þ � ½0; t�, if we

evaluate (18) at t þ h, 0< h< T � t,

Xd
j¼1

ð
Qt

Iþh ð@juÞð@j�Þ dð�; xÞ ¼ �
ð
Qt

Dþ
h ðuÞ�g dð�; xÞ: ð19Þ

If !2C1
c ðRÞ with suppð!Þ � ½0; t�, and if �2C1

c ð�TÞ, then we can use !� as test
function in (19) and we deduce for all h2 �0; T � t½,

Xd
j¼1

ð
Qt

!Iþh ð@juÞð@j�Þ dð�; xÞ ¼ �
ð
Qt

!Dþ
h ðuÞ�g dð�; xÞ:

As a consequence, for all �2C1
c ðQTÞ and for all h2 �0; T � t½,

Xd
j¼1

ð
Qt

Iþh ð@juÞð@j�Þ dð�; xÞ ¼ �
ð
Qt

Dþ
h ðuÞ�g dð�; xÞ: ð20Þ

Now let �2L2ð0; T ;H1
0ð�ÞÞ. Then there is a sequence ð�ðnÞÞn 2N in C1

c ðQTÞ with
limn"1 k� � �ðnÞkL2ð0;T ;H1

0
ð�ÞÞ ¼ 0, in particular, by using (1) for the fourth time,

limn"1 k� � �ðnÞkL2ð0;T ;L2ðg dxÞÞ ¼ 0. Hence, if we use for each n2N the function
�ðnÞ as test function in (20), we can pass to the limit n " 1 in (20). &

Lemma 7. If u2Cð0; T ;L2ðg dxÞÞ is a weak solution of (2), then

8t2 ½0; T ½: Eð0Þ ¼ EðtÞ þ
ð
Qt

jrxuj2 dð�; xÞ; ð21Þ

and

8t1; t2 2 ½0; T ½:
ðt2
t1

krxuð�Þk2
L2ð�:RdÞ d� ¼ Eðt1Þ � Eðt2Þ: ð22Þ

Proof. The case t ¼ 0 is trivial. If t2 �0; T ½ and if 0< h< T � t, then we can
use Iþh ðuÞ as test function in (17). We obtain

Xd
j¼1

ð
Qt

Iþh ð@juÞIþh ð@juÞ dð�; xÞ ¼ �
ð
Qt

Dþ
h ðuÞIþh ðuÞg dð�; xÞ: ð23Þ

One easily verifies using (I4) that

A :�0; t½! R; Að�Þ ¼ kIþh ðuÞð�Þk
2
L2ðg dxÞ
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is also differentiable even in the classical sense since u2Cð0;T ; L2ðgdxÞÞ with
continuous

_AA : �0; t½! R; _AAð�Þ ¼ 2

ð
�

Dþ
h ðuÞIþh ðuÞg dx:

Consequently, if 0< t1 < t2 < t, then

2

ðt2
t1

� ð
�

Dþ
h ðuÞIþh ðuÞg dx

�
ds ¼ kIþh ðuÞðt2Þk

2
L2ðg dxÞ � kIþh ðuÞðt1Þk

2
L2ðg dxÞ: ð24Þ

Actually, function Að�Þ can be continuously extended to ½0; t�. Thus, we can con-
sider the limit t1 # 0 and t2 " t in (24) to deduce

2

ð
Qt

Dþ
h ðuÞIþh ðuÞg dð�; xÞ ¼ kIþh ðuÞðtÞk

2
L2ðg dxÞ � kIþh ðuÞð0Þk

2
L2ðg dxÞ;

such that via (23),

kIþh ðuÞðtÞk
2
L2ðg dxÞ þ 2

Xd
j¼1

ð
Qt

Iþh ð@juÞIþh ð@juÞ dð�; xÞ ¼ kIþh ðuÞð0Þk
2
L2ðg dxÞ: ð25Þ

Due to u2Cð0; T ; L2ðg dxÞÞ and since limt#0 kuðtÞ � u0kL2ðg dxÞ ¼ 0 we have

8� 2 ½0; t½ : lim
h#0

kuð�Þ � Iþh ðuÞð�ÞkL2ðg dxÞ ¼ 0;

and since

lim
h#0

kð@juÞ � Iþh ð@juÞkL2ðQtÞ ¼ 0;

as well, we can pass to the limit h # 0 in (25).
Finally, (22) follows from evaluation (21) at t1, t2, respectively. &

2.3. The maximum=minimum principle. Due to the classical maximum prin-
ciple, the maximum of the solution of a parabolic equation never exceeds the
maximum of the initial data and of the boundary data. A similar result holds for
the minimum.

In this section we extend these maximum=minimum principles to the degen-
erate situation (2). Since the boundary data vanish, the contribution of the bound-
ary data is in our setting simply 0, see (26). The strategy of the proof is classical:
We use an apropriate ‘‘cut-off’’ function as test-function and prove that this cut-off
function must vanish almost everywhere. The hard part of the proof is already
done: We have already proved that we can use the ‘‘standard’’ cut-off function as
test function, see (17).

Lemma 8. If u2Cð0; T ; L2ðg dxÞÞ is a weak solution of (2), then for all
t2 ½0; T ½,

�14min
n

0; ess inf
�
u0

o
4 ess inf

�
uðtÞ

4 ess sup
�

uðtÞ4max
n

0; ess sup
�

u0

o
4 þ1: ð26Þ

48 M. Ramaswamy and A. Unterreiter



Proof. We prove ess sup� uðtÞ4maxf0; ess sup� u0g. The other inequality fol-
lows in analogy. Naturally, only the case K ¼ ess sup� u0 <þ1 is of interest. The
case t0 ¼ 0 is trivial. We introduce for maxf0;Kg<
 the function

H
 : R ! R; H
ðxÞ ¼ maxfx� 
; 0g:

Let 0< h< T � t. We introduce

Iþh ðuÞ : Q�tt ! R; Iþh ðuÞð�; xÞ ¼
1

h

ð�þh

�

uð�; xÞ d�:

We observe: Iþh ðuÞ is in C1ð0; t; L2ðg dxÞÞ \ L2ð0; t;H1
0ð�ÞÞ. Since H
 is uniformly

Lipschitz continuous (1 is a global Lipschitz constant) we have in the sense of
ðC1

c ðQtÞÞ0,
8j2f1; . . . ; dg : @jðH
ðIþh ðuÞÞÞ ¼ H0


ðIþh ðuÞÞ � ð@jIþh ðuÞÞ;
@t½H
ðIþh ðuÞÞ�

2 ¼ 2H0

ðIþh ðuÞÞ � H
ðIþh ðuÞÞ � ð@tIþh ðuÞÞ:

Since 0<
, we have H
ð0Þ ¼ 0. Thus, h
ðwÞ2H1
0ð�Þ for all w2H1

0ð�Þ. Conse-
quently, H
ðIþh ðuÞÞ2Cð0; t;H1

0ð�ÞÞ, and we can use H
ðIþh ðuÞÞ as test function in
(17). We obtain

Xd
j¼1

ð
Qt

@jI
þ
h ðuÞ @jðH
ðIþh ðuÞÞÞ dð�; xÞ ¼ �

ð
Qt

Dþ
h ðuÞH
ðIþh ðuÞÞg dð�; xÞ: ð27Þ

Since H0

ðxÞ ¼ 1 for x>
, we have

2
Xd
j¼1

ð
Qt

@jI
þ
h ðuÞ@jðH
ðIþh ðuÞÞÞ dð�; xÞ ¼ 2

ð
Qt

jrxH
ðIþh ðuÞÞj
2
dð�; xÞ: ð28Þ

Furthermore, we have in the sense of ðC1
c ð�0; t½ÞÞ0,

@tkH
ðIþh ðuÞÞk
2
L2ðg dxÞ ¼ 2

ð
�

Dþ
h ðuÞH
ðIþh ðuÞÞg dx; ð29Þ

where we made use of H0

ð�Þ ¼ 1 for �>
, H0


ð�Þ ¼ 0 for �<
 and H
ð
Þ ¼ 0.
We note that due to u2Cð0; T ; L2ðg dxÞÞ the left-hand side of (29) is actually
continuously differentiable. Consequently, if 0< t1 < t2 < t, then

2

ðt2
t1

ð
�

Dþ
h ðuÞH
ðIþh ðuÞÞg dx d�

¼ kH
ðIþh ðuÞÞðt2Þk
2
L2ðg dxÞ � kH
ðIþh ðuÞÞðt1Þk

2
L2ðg dxÞ: ð30Þ

As before, we can consider the limit t1 # 0 and t2 " t in (30) to deduce

2

ð
Qt

Dþ
h ðuÞH
ðIþh ðuÞÞg dð�; xÞ

¼ kH
ðIþh ðuÞÞðtÞk
2
L2ðg dxÞ � kH
ðIþh ðuÞÞð0Þk

2
L2ðg dxÞ;
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such that via (27), (28)

kH
ðIþh ðuÞÞðtÞk
2
L2ðg dxÞ þ 2

Xd
j¼1

ð
Qt

jrxH
ðIþh ðuÞÞj
2
dð�; xÞ

¼ kH
ðIþh ðuÞÞð0Þk
2
L2ðg dxÞ: ð31Þ

Due to continuity of H
, due to u2Cð0; T ; L2ðg dxÞÞ and since limt#0 kuðtÞ�
u0kL2ðg dxÞ ¼ 0, we have

8� 2 ½0; t½ : lim
h#0

kH
ðuÞð�Þ � H
ðIþh ðuÞÞð�ÞkL2ðg dxÞ ¼ 0:

We deduce from (31) by carrying out the limit h # 0,

kH
ðuÞð�Þk2
L2ðg dxÞ 4 kH
ðu0Þk2

L2ðg dxÞ ¼ 0;

for all � 2 ½0; t½, because ess sup� u0 <
. &

3. The Existence- and Uniqueness Result and Exponential
Decay of the Entropy

In this section we prove our main result, Theorem 8. A difficulty for the proof
is the lack of an existence- and uniqueness theory for (2). Such a theory is devel-
oped during the proof. For the sake of being self-contained we include the assump-
tions on �, g and on u0 explicitly in the theorem.

Theorem 9. Assume � � Rd, d2N, is a smooth, bounded, nonvoid domain
and

1. g2L1
locð�Þ is non-negative.

2. There is a generalized Hardy-Sobolev inequality with respect to g dx, i.e.
there is C2Rþ such that

8v2H1
0ð�Þ :

ð
�

v2g dx4C

ð
�

jrxvj2dx: ð32Þ

3. u0 2L2ðg dxÞ.
Then the (possibly degenerated) parabolic PDE

gðxÞ _uu ¼ �u; uðt ¼ 0Þ ¼ u0; uðt; :Þ2H1
0ð�Þ; ð33Þ

has a unique global weak solution. Furthermore,

1. u2Cð0;1; L2ðg dxÞÞ \ L2ð0;1;H1
0ð�ÞÞ and limt#0 kuðtÞ � u0kL2ðg dxÞ ¼ 0.

2. The weak maximum=minimum principle

8t2Rþ
0 : �14min 0; ess inf

�
u0

� �
4 ess inf

�
uðtÞ

4 ess sup
�

uðtÞ4max 0; ess sup
�

u0

� �
4þ1

holds.
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3. The entropy

EðtÞ ¼ 1

2

ð
�

u2ðtÞg dx; t2Rþ
0 ; Eð0Þ ¼ 1

2

ð
�

u2
0g dx;

is continuous on Rþ
0 and for all t2Rþ

0 , the energy estimate

Eð0Þ ¼ EðtÞ þ
ð
Qt

jrxuj2 dð�; xÞ;

the exponential decay law

EðtÞ4Eð0Þ e�2t=C;

and the exponential decay of the (squared) gradient normð1
t

krxuð�Þk2
L2ð�:RdÞ d� 4Eð0Þ e�2t=C

hold, where C is the constant of the Hardy-Sobolev inequality (32).

Proof. The proof is divided into several steps.

Step 1. We construct a sequence of smooth functions �ðnÞ, n2N, such that
�ðnÞ converges in L1

locð�Þ to g as n ! 1. We take the truncated function ��n and
convolve it with a smoothing kernel to obtain �ðnÞ: Let r2 �2; ð2d=d � 2Þ½ such
that H1

0ð�Þ is continuously embedded in Lrð�Þ. If d ¼ 1 or 2, then any r in �2;1½
does.

We set s ¼ r
r�2

. Then s2 �1;þ1½ and there is C0 2Rþ such that

8ðv;wÞ2H1
0ð�Þ� Lsð�Þ :

ð
�

jv2wj dx4C0krxvk2
L2ð�:RdÞkwkLsð�Þ: ð34Þ

We introduce for n2N,

��n : Rd ! R; ��n ðxÞ ¼
max

n
1
n
;minfgðxÞ; ng

o
; x2�

1; x 2=�

(
;

such that

8ðx; nÞ2Rd �N :
1

n
4 ��n ðxÞ4 n: ð35Þ

Let us take a function �2C1
c ðRdÞ with suppð�Þ � fz2Rd : jzj4 1g, 04�4 1,

and
Ð
Rd � dx ¼ 1. We set

8"2Rþ : �" : R
d ! Rþ

0 ; �"ðxÞ ¼ "d�ð"xÞ:
We set for ðn; "Þ2N�Rþ, ��n;" ¼ ��n ? �" (convolution in Rd). Then, due to (35),
we have

8ðn; "Þ2N�Rþ : ��n;"

»�2C1
unifð�Þ;

and

8n2N : lim
"#0

ð
�

j��n;"ðxÞ � ��n ðxÞj
s ¼ 0:
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Now, for n2N we choose "ðnÞ2Rþ withð
�

j��n;"ðnÞðxÞ � ��n ðxÞj
s 4

1

n
:

We set

8n2N : �ðnÞ ¼ ��n;"ðnÞ

»�:

Then

8n2N : �ðnÞ2C1
unifð�Þ and

1

n
4 �ðnÞ4 n:

Furthermore,

8n2N : k�ðnÞ � ��ðnÞkLsð�Þ 4
1ffiffiffi
ns

p ; ð36Þ

where

8n2N : ��ðnÞ ¼ ��n

»� ¼ max

�
1

n
;minfg; ng

�
:

If A is a compact subset of �, and if m2N, then we set

rðA;mÞ ¼
ð
A

½g� m�þ dx:

Since g2L1
locð�Þ, we have for each compact A � �,

lim
m"1

rðA;mÞ ¼ 0: ð37Þ

We estimate for each compact A � �, 8n2N:ð
A

jg� �ðnÞj dx4
ð
A

jg� ��ðnÞj dxþ
ð
A

j��ðnÞ � �ðnÞj dx

¼
ð
fx 2 A:gðxÞ< 1=ng

jg� ��ðnÞj dxþ
ð
fx 2 A:gðxÞ> ng

jg� ��ðnÞj dx

þ
ð
A

j��ðnÞ � �ðnÞj dx

¼
ð
fx 2 A:gðxÞ< 1=ng

�
1

n
� gðxÞ

�
dxþ

ð
fx 2 A:gðxÞ> ng

½g� n�þ dx

þ
ð
A

j��ðnÞ � �ðnÞjdx

4
ð
A

1

n
dxþ

ð
A

½g� n�þ dxþ
ð
�

j��ðnÞ � �ðnÞjdx

4
j�j
n

þ rðA; nÞ þ k��ðnÞ � �ðnÞkLsð�Þ � j�j
1�1

s;

such that for each compact A � � via (36),

8n2N :

ð
A

jg� �ðnÞj dx4 j�j
n

þ rðA; nÞ þ j�j1�
1
sffiffiffi

ns
p : ð38Þ
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Step 2. We define a sequence of smooth functions approximating u0. Since
u0

ffiffiffi
g

p 2L2ð�Þ, there is a sequence ðw�n Þn 2N in C1
c ð�Þ such that w�n converges in

L2ð�Þ to u0
ffiffiffi
g

p
as n " 1. We set for n2N, w0ðnÞ ¼ w�n =

ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
. Then

w0ðnÞ
ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
! u0

ffiffiffi
g

p
; strongly in L2ð�Þ as n " 1;

where for each n2N, w0ðnÞ2C1
c ð�Þ. In particular, we have

lim
n"1

ð
�

ðw0ðnÞÞ2�ðnÞ dx ¼
ð
�

u2
0g dx: ð39Þ

Step 3. We consider for n2N the (non-degenerated) initial value problem

�ðnÞðxÞ @wðnÞ
@t

¼ �wðnÞ; wðnÞðt ¼ 0Þ ¼ w0ðnÞ; wðnÞðt; :Þ2H1
0ð�Þ; ð40Þ

where due to construction, �ðnÞ, w0ðnÞ satisfy for each n2N,

A.1 �ðnÞ2C1
unifð�Þ and 1

n
4 �ðnÞ4 n.

A.2 w0ðnÞ2C1
c ð�Þ.

We introduce for n2N

CðnÞ ¼ sup

�ð
�

v2�ðnÞ dx : v2H1
0ð�Þ and

ð
�

jrxvj2 dx ¼ 1

�
: ð41Þ

Due to A.1, A.2, by means of Poincar�ee’s inequality, we have CðnÞ2Rþ. Naturally,
for each n2N, CðnÞ is the optimal constant in the corresponding Hardy-Sobolev
inequality ð

�

v2�ðnÞ dx4CðnÞ
ð
�

jrxvj2 dx; v2H1
0ð�Þ: ð42Þ

Following [5], for each n2N, the initial value problem (40) has a unique
global weak solution wðnÞ which is smooth and bounded. The weak maximum
principle holds for wðnÞ, n2N. By integration by parts one easily verifies for each
n2N the energy estimate

8t2Rþ
0 :

ð
�

ðw0ðnÞÞ2�ðnÞ dx ¼
ð
�

ðwðnÞðtÞÞ2�ðnÞ dx

þ 2

ð
Qt

jrxwðnÞj2 dð�; xÞ; ð43Þ

and in a straight-forward manner – as indicated in the introduction – we obtain by
making use of the smoothness of wðnÞ,

8t2Rþ
0 :

ð
�

ðwðnÞðtÞÞ2�ðnÞ dx4 e�2t=CðnÞ
ð
�

ðw0ðnÞÞ2�ðnÞ dx: ð44Þ

Step 4. Now we shall establish the existence of a weak solution of

gðxÞ @u
@t

¼ �u; uðt ¼ 0Þ ¼ u0; uðt; :Þ2H1
0ð�Þ; ð45Þ

where we recall u0 2L2ðg dxÞ. The strategy is to establish several a priori estimates
on the sequence ðwðnÞÞn 2N and to pass to the limit n " 1 then.
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According to (39) and due the energy estimate (43), we have for all n2N and
8t2Rþ

0 , the estimateð
�

ðwðnÞðtÞÞ2�ðnÞ dxþ 2

ð
Qt

jrxwðnÞj2 dðs; xÞ ¼
ð
�

ðw0ðnÞÞ2�ðnÞ dx4K1 2Rþ;

where

K1 ¼ 1 þ max
n 2N

kw0ðnÞ
ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
k2
L2ð�Þ:

We deduce

8n2N : kwðnÞ
ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
kL1ðRþ

0
;L2ð�ÞÞ 4K1; krxwðnÞkL2ð~QQÞ 4K1;

where here and in the sequel

~QQ ¼ Rþ ��:

Furthermore, due to Poincar�ee’s inequality there is CP2Rþ such that

8v2H1
0ð�Þ :

ð
�

v2 dx4CP

ð
�

jrxvj2 dx; ð46Þ

hence for each n2N, and for each t2Rþ
0 ,ð

Qt

ðwðnÞÞ2
dð�; xÞ ¼

ð
½0;t½

� ð
�

ðwðnÞð�ÞÞ2
dx

�
d�

4CP

ð
½0;t½

� ð
�

jrxwðnÞð�Þj2 dx
�
d� 4CP � K2

1 ;

and therefore

8n2N : kwðnÞk2
L2ð~QQÞ 4CP � K2

1 :

We observe,

1. L1ð0;1;L2ð�ÞÞ is isometrically isomorphic to the dual space of the separ-
able space L1ð0;1;L2ð�ÞÞ, thus each sequence in L1ð0;1;L2ð�ÞÞ which
bounded in L1ð0;1; L2ð�ÞÞ has a subsequence which converges weak� in
L1ð0;1; L2ð�ÞÞ,

2. since L2ð~QQ : RdÞ is a Hilbert space, each sequence in L2ð~QQ : RdÞ which
is bounded in L2ð~QQ : RdÞ has a subsequence which converges weakly in
L2ð~QQ : RdÞ,

3. and L2ð~QQÞ is also a Hilbert space such that each sequence in L2ð~QQÞ which
is bounded in L2ð~QQÞ has a subsequence which converges weakly in L2ð~QQÞ.

As a consequence, we can extract, if necessary, a subsequence of ðwðnÞÞn 2N –
but we do not change notations here – and there are v, V , u, such that

(C1) v2L1ð0;1;L2ð�ÞÞ and

wðnÞ
ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
* v; weak� in L1ð0;1; L2ð�ÞÞ;
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(C2) V 2L2ð~QQ : RdÞ and

rxwðnÞ * V ; weakly in L2ð~QQ : RdÞ;
(C3) u2L2ð~QQÞ and

wðnÞ * u; weakly in L2ð~QQÞ:

Certainly, via (C2) and (C3), V ¼ rxu, and since for each n2N, wðnÞ2
L2ð0;T ;H1

0ð�ÞÞ, we have

u2L2ð0;1;H1
0ð�ÞÞ; wðnÞ * u; weakly in L2ð0;1;H1

0ð�ÞÞ:
Now let �2C1

c ðRþ
0 ��Þ. Since �ðnÞ ! g in L1

locð�Þ and since � is compactly
supported, we have

�
ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
! �

ffiffiffi
g

p
; strongly in L2ð~QQÞ;

such that via (C1) and (C3),

lim
n"1

ð
~QQ

wðnÞ�
ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
dð�; xÞ ¼

ð
~QQ

v� dð�; xÞ ¼
ð
~QQ

u�
ffiffiffi
g

p
dð�; xÞ;

and since this identity holds for all �2C1
c ðRþ

0 ��Þ, we deduce

v ¼ u
ffiffiffi
g

p
:

We summarize for later reference:

(D0) u2L1ð0;1;L2ðg dxÞÞ \ L2ð0;1;H1
0ð�ÞÞ,

(D1) wðnÞ
ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
* u

ffiffiffi
g

p
, weak� in L1ð0;1; L2ð�ÞÞ,

(D2) wðnÞ * u, weakly in L2ð0;1;H1
0ð�ÞÞ:

Next, we shall pass to the limit n " 1 in the weak formulation of (40). Let
�2C1

c ðRþ
0 ��Þ. Then we have for each n2N, and for almost all t2Rþ

0 ,

0 ¼ T1ðn; �ÞðtÞ þ T2ðn; �ÞðtÞ � T3ðn; �Þ � T4ðn; �ÞðtÞ

¼
ð
�

wðnÞðtÞ�ðtÞ�ðnÞ dxþ
ð
Qt

ðrxwðnÞ � rx�Þ dð�; xÞ

�
ð
�

w0ðnÞ�ð0Þ�ðnÞ dx�
ð
Qt

wðnÞ _���ðnÞ dð�; xÞ: ð47Þ

T1ðn; �ÞðtÞ: � is compactly supported in Rþ
0 �� and �ðnÞ converges in L1

locð�Þ
with limit g. Hence �

ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
converges strongly in L1ð0;1; L2ð�ÞÞ with limit

�
ffiffiffi
g

p
. Thus via (D1),

lim
n"1

ð
~QQ

ðwðnÞ
ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
Þð�

ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
Þ dð�; xÞ ¼

ð
~QQ

u
ffiffiffi
g

p
�

ffiffiffi
g

p
dð�; xÞ ¼

ð
~QQ

u�g dð�; xÞ;

and consequently for almost all t2Rþ
0 ,

lim
n"1

T1ðn; �ÞðtÞ ¼ lim
n"1

ð
�

wðnÞðtÞ�ðtÞ�ðnÞ dx ¼
ð
�

uðtÞ�ðtÞg dx:
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T2ðn; �ÞðtÞ: rxwðnÞ * rxu weakly in L2ð~QQ : RdÞ (see (D2)). We deduce for
almost all t2Rþ

0 ,

lim
n"1

T2ðn; �ÞðtÞ ¼ lim
n"1

ð
Qt

ðrxwðnÞ � rx�Þ dð�; xÞ ¼
ð
Qt

ðrxu � rx�Þ dð�; xÞ:

T3ðn; �Þ: We recall w0ðnÞ
ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
! u0

ffiffiffi
g

p
strongly in L2ð�Þ and �ðnÞ ! g in

L1
locð�Þ. Since �ð0Þ is compactly supported we deduce �ð0Þ

ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
! �ð0Þ ffiffiffi

g
p

strongly in L2ð�Þ. Consequently,

lim
n"1

T3ðn; �ÞðtÞ ¼ lim
n"1

ð
�

w0ðnÞ�ð0Þ�ðnÞ dx ¼
ð
�

u0�ð0Þg dx:

T4ðn; �ÞðtÞ: _�� is compactly supported in Rþ
0 �� and �ðnÞ converges in L1

locð�Þ
with limit g. Hence _��

ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
converges strongly in L1ð0;1; L2ð�ÞÞ with limit

_��
ffiffiffi
g

p
. Thus via (D1),

lim
n"1

ð
~QQ

ðwðnÞ
ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
Þð _��

ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
Þ dð�; xÞ ¼

ð
~QQ

u
ffiffiffi
g

p
_��

ffiffiffi
g

p
dð�; xÞ ¼

ð
~QQ

u _��g dð�; xÞ;

and consequently for almost all t2Rþ
0 ,

lim
n"1

T4ðn; �ÞðtÞ ¼
ð
Qt

u _��g dð�; xÞ:

Putting the limits together, we deduce: u is a weak solution of (45).

Step 5. Conclusions (1), (2) and (3) of the theorem follow from the previous
section’s results.

Step 6. It remains to prove exponential decay of the entropy and the corre-
sponding formula for the integrated (squared) gradient norm of u.

Concerning the decay of the entropy, we already know that the function
kuð�ÞkL2ðg dxÞ is continuous in time. Thus, E is a continuous function. The idea is
to pass to the limit n " 1 in (44). However, we can not directly pass to this limit in
(44), because there is no result which concerns the pointwise (in time) behaviour
of 1

2

Ð
�ðwðnÞðtÞÞ

2�ðnÞ dx as n " 1.
We define

C� ¼ sup

�ð
�

v2g dx : v2H1
0ð�Þ and

ð
�

jrxvj2 dx ¼ 1

�
:

Then

8v2H1
0ð�Þ :

ð
�

v2g dx4C�
ð
�

jrxvj2 dx: ð48Þ

Step 6a. We shall prove C� ¼ limn"1 CðnÞ, where for n2N, CðnÞ is as in (41).
If �2C1

c ð�Þ with
Ð
� jrx�j2 dx ¼ 1, then, since suppð�Þ � � is compact, via (38)

for all n2N,ð
�

�2g dx ¼
ð

suppð�Þ
�2 � ðg� �ðnÞÞ dxþ

ð
suppð�Þ

�2�ðnÞ dx

4 k�2kL1ð�Þ �
�
j�j
n

þ rðsuppð�Þ; nÞ þ j�j1�
1
sffiffiffi

ns
p

�
þ CðnÞ;
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henceð
�

�2g dx4 lim inf
n"1

�
k�2kL1ð�Þ �

�
j�j
n

þ rðsuppð�Þ; nÞ þ j�j1�
1
sffiffiffi

ns
p

�
þ CðnÞ

�
¼ lim inf

n"1
CðnÞ;

such that due to the definition of C�,

C�4 lim inf
n"1

CðnÞ: ð49Þ

On the other hand, if �2C1
c ð�Þ with

Ð
� jrx�j2 dx ¼ 1, then for all n2N, via

(34), (36), via Poincar�ee’s inequality (46) and via the optimized Hardy-Sobolev
inequality (48) (thus, we implicitly apply (1) for the fifth time),ð

�

�2�ðnÞ dx ¼
ð

suppð�Þ
�2�ðnÞ dx

¼
ð

suppð�Þ
�2 � ð�ðnÞ � ��ðnÞÞ dxþ

ð
suppð�Þ

�2 � ð��ðnÞ � gÞ dx

þ
ð

suppð�Þ
�2g dx

4C0krx�kL2ð�:RdÞk�ðnÞ � ��ðnÞkLsð�Þ

þ
ð

suppð�Þ
�2 � ½��ðnÞ � g�þdxþ C�

4
C0ffiffiffi
ns

p þ 1

n

ð
�

�2 dxþ C�4 C0ffiffiffi
ns

p þ CP

n
þ C�;

such that due to the definition of CðnÞ,

8n2N : CðnÞ4 C0ffiffiffi
ns

p þ CP

n
þ C�;

and therefore

lim sup
n"1

CðnÞ4C�;

and we deduce limn"1 CðnÞ ¼ C� via (49).

Step 6b. As shown in Step 4 we have wðnÞ
ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
* u

ffiffiffi
g

p
weak� in

L1ð0;1; L2ð�ÞÞ. Consequently, wðnÞ
ffiffiffiffiffiffiffiffiffi
�ðnÞ

p
* u

ffiffiffi
g

p
weakly in L2ð0;1;L2ð�ÞÞ

and we deduce
for all t1, t2 2Rþ: if t1 4 t2, thenðt2
t1

Eð�Þ d� ¼ 1

2

ð
½t1;t2� ��

u2g dx4 lim inf
n"1

1

2

ð
½t1;t2� ��

ðwðnÞðtÞÞ2�ðnÞ dx: ð50Þ

Step 6c. Since E2CðRþ
0 Þ, each t2Rþ

0 is a Lebesgue point of E. In particular,

8t2Rþ : EðtÞ ¼ lim
h#0

1

2h

ðtþh

t�h

Eð�Þ d�: ð51Þ
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We deduce from (50), (51) via (44),

8ðt; hÞ2Rþ �Rþ : If 0< t � h; then

1

2h

ðtþh

t�h

Eð�Þ d� 4 lim inf
n"1

1

4h

ð
½t�h;tþh� ��

ðwðnÞðtÞÞ2�ðnÞ dx

4 lim inf
n"1

1

2h

ðtþh

t�h

EðnÞð0Þe�2�=CðnÞ d�

¼ lim inf
n"1

�
e�2t=CðnÞEðnÞð0Þ � sinh ð2h=CðnÞÞ

2h=CðnÞ

�
; ð52Þ

where we put for the sake of brevity

8n2N : EðnÞð0Þ ¼ 1

2

ð
�

ðw0ðnÞÞ2�ðnÞ dx:

According to (39) we have

lim
n"1

EðnÞð0Þ ¼ Eð0Þ;

and according to Step 6a we have limn"1 CðnÞ ¼ C�. Therefore we can easily
carry out the limit n " 1 in (52) to obtain

8ðt; hÞ2Rþ �Rþ : If 0< t � h; then

1

2h

ðtþh

t�h

Eð�Þ d� 4 lim inf
n"1

1

4h

ð
½t�h;tþh� ��

ðwðnÞðtÞÞ2�ðnÞ dx

4Eð0Þe�2t=C� � sinh ð2h=C�Þ
2h=C� : ð53Þ

Passing to the limit h # 0 in (53) we obtain via (51),

8t2Rþ : EðtÞ4Eð0Þe�2t=C� ;
which is due to C�4C an estimate not worse than stated in the theorem.

Step 7. For all t, T 2Rþ with t4T , due to (22),ðT
t

krxuð�Þk2
L2ð�:RdÞ d� ¼ EðtÞ � EðTÞ;

such that via limT"1 EðTÞ ¼ 0,ð1
t

krxuð�Þk2
L2ð�:RdÞ d� ¼ EðtÞ4Eð0Þe�2C=t:

&

References

[1] Adimurthi, Chaudhuri N, Ramaswamy M (2002) An improved Hardy-Sobolev inequality and its
application. Proc Amer Math Soc 130(2): 489–505

[2] Barbatis G, Filippas S, Tertikas A (2001) Series expansion for Lp Hardy Inequalities. Preprint
[3] Br�eezis H, Marcus M (1997) Hardy’s inequalities revisited. Ann Sc Norm Sup Pisa, Cl Sci 25(4):

217–237

58 M. Ramaswamy and A. Unterreiter



[4] Br�eezis H, Vázquez JL (1997) Blow-up solutions of some nonlinear elliptic problems. Revista Mat
Univ Complutense Madrid 10: 443–469

[5] Ladyzenskaja OA, Solonnikov VA, Ural’ceva NN (1988) Linear and Quasilinear Equations of
Parabolic Type. Providence, RI: Amer Math Soc

[6] Rudin W (1987) Real and Complex Analysis. New York: McGraw-Hill
[7] Opic B, Kufner A (1990) Hardy Type Inequalities. Pitman Research Notes in Math 219.

New York: Longman

Authors’ addresses: M. Ramaswamy, T.I.F.R. Centre, I.I.Sc Campus, Bangalore, 560 012, India;
A. Unterreiter, Institut f€uur Mathematik, MA 6-3, TU Berlin, D-10623 Berlin, Germany, e-mail:
unterreiter@math.TU-Berlin.de

Generalized Hardy-Sobolev Inequalities and Exponential Decay 59


