Monatsh. Math. 143, 35-59 (2004) Monatshefte fiir
DOI 10.1007/s00605-003-0041-6 Mathematik

Printed in Austria

Generalized Hardy-Sobolev Inequalities
and Exponential Decay of the Entropy
of g(x)iu=Au
By
Mythily Ramaswamy'’ and Andreas Unterreiter>*

I'TIER. Bangalore, India
2 Technische Universitat Berlin, Germany

Communicated by P. Markowich

Received February 13, 2003; in revised form March 26, 2003
Published online December 9, 2003 © Springer-Verlag 2003

Abstract. Provided the non-negative function g € L (2) allows for a generalized Hardy-Sobolev
inequality, existence and uniqueness of global weak solutions of the possibly degenerate parabolic
PDE g(x)it = Au, subject to homogeneous Dirichlet boundary conditions, is proved. The maximum/
minimum principle holds. The associated entropy decays exponentially as ¢ T co with a rate not
exceeding 2/C, where C is the constant arising in the generalized Hardy-Sobolev inequality.
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1. Introduction

In the sequel, 2 C RY is a smooth, bounded, nonvoid domain. We want to
investigate the interplay of generalized Hardy-Sobolev inequalities

Yoe Hy () : J vigdx < CJ V.| dx, (1)
Q Q

with (possibly degenerated) parabolic PDE
gt = Au, u(t =0) = ug € L*(gdx), u(t,.)€Hy(Q). (2)
In (1), the constant C € R" only depends on 2, “dx” is integration with respect
to the d-dimensional Lebesgue measure on €2. A crucial role, both in (1) and (2) is
played by the measurable, non-negative function g: {2 — Rj. All subsequent
investigations are based on the assumption

0<geLl ().
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Let us explain on a formal level, how the generalized Hardy-Sobolev inequality
(1) and the evolution problem (2) are correlated. If we multiply the PDE of (2) for
a fixed time 7€ R" by u(7), integrate over (2, interchange differentation with
integration and make use of Gauss’ integration by parts formula in HJ(f2), we
obtain

d d (1
—E(r) =~ 5| #?(ngdx) =~ |V.u(r)] dx, 3
50 =5 (5] wea) == | watPa 3
where the “entropy E(-) of (2)” is the function
1
E:Rf — R, E() :EJ u*(t)g dx.
Q
Due to the generalized Hardy-Sobolev inequality (1), we deduce
d 2 2
VreR] : EE(T) < - CJQ u?(t)g dx = —EE(T),
such that

VreRY : E(1) < E(0)e /€, (4)

i.e. the entropy decays at an exponential rate. Furthermore, if we integrate (3) from
7 to oo and if we make use of lim;;, E(f) = 0, we obtain via (4),

VTeRy : J ||qu(r)\|i2m:w) dt < E(0)e 27/,

i.e. the integrated (squared) gradient norm of u decays exponentially as 7 T oc.
In this paper we justify these formal calculations, prove existence and unique-

ness of the solution of the degenerate equation (2), when the inequality (1) holds

and show the entropy decay and the integrated gradient norm decay in this set up.

Remark 1. An additional difficulty for the analysis is the lack of existence and
uniqueness results for weak solutions of (2). Hence, we have to develop such a
theory in advance before entering the entropy estimates.

Let us collect some examples of functions g in Hardy-Sobolev inequalities (2).
Example 1. If geL>(Q), then (1) holds and is equivalent to Poincaré’s
inequality.

Example 2.1f d > 3, then H' (Q) is continuously embedded in L73(12). Hence,
for each ve H'(2), we have v? € L#*2(Q) and by the continuous embedding of
HY(Q) in L#3(Q) the generalized Hardy-Sobolev inequality (1) holds whenever
g €LY2(), with a constant C not exceedmg llgllLar(q)- Similiarly for d = 2, (1)
holds whenever g € L'(Q) for some § € R"

Example 3. A much less trivial example concerns the usual Hardy-Sobolev
inequality, see [7]. If d = 3, and if xy €€, then (1) holds for
1
g:Q—> R, g(x): {xxoz’ X#XO
0, X = Xo.

Note that for d = 3, g is not in LY?(Q).
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Example 4. For the improved versions of Hardy-Sobolev inequality, (see [4]
and [1]) (1) holds for d = 3,

| 1
g:0—-R, gx) = {lxxoP + wrioghmry’ Y7
0, X = Xp.
For d = 2, (1) holds with g = (|x — xo|*|log |x — xo|[*) " which is not in L'**(Q)
for any 6 € R™.

Example 5. q(x) = (dist(x, 9Q))%, x€Q (see [3]).

Example 6. More generally, for a k co-dimensional piecewise smooth surface K
and the distance function d(x) = dist{x,K}, under suitable assumptions the
inequality (1) holds with g(x) = d(x). (see [2], also for series improvement of
the inequality). Note that this includes the examples 3, 4 and 5 as special cases.

Example 7. In all the previous examples, the functions g belong to L' (). If
d = 1, then there are examples for (1) with functions g which are not in L'((2).
E.g., we easily prove

Proposition 2. If Q =]a,b[C R is an open, nonvoid, bounded interval, if
x0 €R, and if
x—|x —alg(x) €LY(Q), or xw—|x—blg(x)eL'(Q),
then (1) holds.

Proof. We consider v€ C>°(Q). The case ve€ H}(Q) follows from a standard
density argument.

Furthermore, we assume x +— |x — a|g(x) € L'(Q). (The other case follows in a
quite similar way.) We have due to v(a) =0,

"X

Vx€la,b: v(x) = J

a

"X

W@&<~Etztwﬂ@fﬁy

a

and therefore,
b

J v*(2)g(2) dz =J v*(x)g(x) dx
Q

a

< Jb(x —a) < r(v/(z))2 dz)g(x) dx

a a

—f(wafru—@ama)&

a 4

< (r Ix — alg(x) dx) r(z/(x))2 dx.

a a
An example for g which is not in L!(]a, b[) but satisfies the assumptions of
Proposition 1 is

g(x) = (X - a)72+67 XE}a,b[,

for some 6 €10, 1].
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2. Weak Solutions — A Priori Estimates

We are concerned with weak solutions of (2) on a fixed time interval [0, 7],
where T € R™.
We put

Vie[0,T]: 0 =R xQ, 0, =10, 1] x Q, 0 =10,1] xQ
and we introduce

Co(Q7) = {01 Q07:0€CT(Q)}

Definition 3. u is a weak solution of (2) iff

ws.l ueL™(0,T;L*(gdx)) NL*(0,T; H)(Q)),
ws.2 for all n€ CX(Q5), and for almost all 7€ [0, T],

jlmmmgw+j<vM-vawm»=juwwww+[ wigd(r,x). (5)
9] 2 Q A

Note that the definition is similar to the one in [5] but the main difference is the
coefficient g for i.

2.1. Continuity with respect to time.

Lemma 4. If u is a weak solution of (2), then

ucC(0,T;L*(gdx))  and 1i1161||u(t)—u0||Lz(gdx):0.
13

Proof. By definition, u € L>*(0, T; L*(g dx)). Redefining u, if necessary, on a set
of measure zero, we have

IK €RY:V1€]0, T]: ()| 2(ga) < K-

We recall Q = R x © and we introduce

u(t, x), (t,x) €07
Wi Q- R, u*(,x)={ u(-1,x), (tL,x)€]—T,0[xQ
0, else.

We observe u™ € L?(R; H} (€2)) and since u is a weak solution of (2), we obtain
for each ne C>°(Q) with supp(n) C | — T, T[ x Q, after some elementary manip-
ulations from (5),

J (Vo™ - V) d(t,x) = , (Vyu - Vi) d(T, x)

= | uon(0)gdx + J ung d(,x)
o) .

Or

_ umwmw+J w*ig d(r,x),
0 or
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and if we set (7, x) = n(—7,x), (7,x) € Q, then

J (vxu* ' vx”?) d(Ty x) = (vx” : vxﬁ) d(Tv )C)
|-T,0[x JOr

- uw@MM+J uiig d(r, x)
JQ Or

= | uon(0)gdx
JQ

+ J u(—7,x)7(—1,x)g d(1,x)
J-T.0[x ©

= uon(0)gdx — J u*ngd(t, x).
Jo ]-T,0[xQ
Introducing
<
sign: R — R, sign(7) = {j}’ %;:
we deduce
d
J u*ngd(r,x) ZJ dm) - sign(7) d(, x). (6)
0 Jj=1
If we set

V= {neL2(R DHY () :neLl*(R: L*(gdx)) and
there is a sequence (¢,), .y in C.°(Q5) such that
}}& 17 = @nll 2 (@10 = O and ’111& 1% = Gnll 2rer2 (e ) = 0},

then one verifies by a standard density argument that (6) holds for all
neVv.

In particular, if w € C2°(R) with supp(w) C | — T, T, then for any ® € V, taking
n = w® in (6)

JQu whgd(r,x zdjj ) - (0;®) sign(7) d(T,x) —J u*o®gd(T, x).

Jj=1 o
(7)
Given (h,n) € R x L*(R; L*(2)) we introduce

t

1
Li(m:0—R, I (ntx) = EJ,, n(s, x) ds,
t+h

Fwio—R  fe=;| na
Then for (h,n) € RT x L*(R; L*(12)),
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D) 1,7 (n) € L2(R; L(),
and if additionally ne€L*(R;H}(Q)), then I* (n)€L*(R;H}(Q)) and for
i=1,....d
0,1y () = 1" (9m) € L (R; L(Q)),
and if n; € L*(R; L*(12)), then

j m -1 () d(r,x) = J I (m) - nd(r,x),
4 0

(12) limy,o [|7," (n) — Nl r2(riz2()) = 0 (see [LSUSS)),

(13) if ne L*(R; H}(Q)), then 1,5 (n) € L*(R; L*(g dx)) (here we use (1) for the
first time),

I4) IhjE (n) are absolutely continuous in ¢ and since for all o € C*(Q),

J I, (n)ad(r,x) = —j n(s,%) = s = h,x) ad(r,x),
0o

0 h
[ o) = - | HoHRA 00
0 0 h
we have in the sense of distributions
- h - [,.X - t— h,x
O () =Dy 0~ R, (Dy)(nx) = W0,
t+ h,x — t7x
oI (m)=Din:0—R,  (Dfn)(t,x) = ( })l n( ),

(15) if ne*(R;H)(S)), we have O,(I;(n)) = (D n) e L*(R;H}(Q?)) as
well, and therefore Ihi(n) €V (here we use (1) for the second time).

As a consequence, by (7), for all n € L*(R; H}(Q2)),

jgw*w)af(l;(n))gd(a %)

d
= | @t (O sien(r) ) = | i@ g a0, (®)
=1
where we made use of (I1), (I3), (I5).
Now, if we make the particular choice 7 = x(-)¢(-), where x € C>°(R) and
¢ € HL(S2), then the left hand side of (8) is
—Xx(s—h)

JQ<u*w>at<Ih<x¢>>gd<nx>= (s X

gd(7,x)
0 h

= | WFw)el, (x)gd(r,x)
(0]

= | Xty (W*w)ggd(r,x),
0
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and (8) leads to

JRX“Q 1;<u*w>¢gdx} dr
d

_ JR X [sign(T) J S @0} (D)) dx — JQ S () dx] dr,

Q0 j=1

As a consequence, in the sense of distributions,

o [ nwrrsear)

d

= —sign() Y | @0 (")) dv+ | ol )gareL) ()

=178

such that via (I5) for all (h, H) € R" x R" and for all ¢ € H}(Q),

J(@)(t) := JQ ¢ - (D (W*w) — D} (u*w))g dx
d

= —sign() ) JQ(@@ (I (O™ )w) — L (O™ )w)) dx

=1
] o) - f0)gas
Q
=:S(¢)(¢), almost everywhere on R. 9)

The function S(¢)(¢) is uniformly continuous on R* and on R™, respectively and
the limits S(¢)(0+ ) exist (with S(¢)(0) = S(¢)(0+)).

Concerning (9) we observe that the set where equality holds depends on ¢ a
priori, i.e. there is for each ¢ € H}(2) a set N(¢) CR, such that A\;(N(¢)) =0
(where \; is the one dimensional Lebesgue measure) and J(¢) = S(¢) for all
teR\N(¢).

We prove:

There is a one-dimensional Lebesgue nullset N,

such that for all (1, ¢) € (R\N) x Hy(2): J(¢)(t) = S(¢)(¢). (10)
Proof. We recall (see, e.g., [6]): t€R is a Lebesgue point of J(¢) iff

ima- [ 100)6) (0101 ds =

rl0 2r J,_,

Since J(¢)(1) = S(¢)(¢) for almost all 1€ R, and since S(¢) is continuous on
R\{0}, we have for all t€R\{0}: if J(¢)(r) = S(¢)(z), then r is a Lebesgue
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point of J(¢), because due to continuity of S(¢),

0< timsupy [ 15(6)6) ()1 ds

rl0 rJi—r

=timsupy [ 17(6)6) - s(6)0)] i

rl0 rJe—r
= timsupa [ 15(6)s) ~ $(0) (1] s =0,

On the other hand, if 7€ R\{0} is a Lebesgue point of J(¢), then for all
reR*,

0 < |S(o)(t) = J()(2)
< S0 5| s@0d

< o[ st sl as+ 5[ @) - s@wlas

t—r 2r),

where both terms of the right-hand side of this inequalities tend to zero as r | 0.
We conclude:

Vi€ R\{0} : J(¢)(r) = S(¢)(z) if and only if ¢ is a Lebesgue point of J(¢).

It remains to be shown that there is a one-dimensional nullset N such that for all
pE€HL(2), R\N is contained in the set of all Lebesgue points of J(¢). H} () is
separable. Let {¢, : n € N} be a dense subset of H} (2). By (9), for each n € N, there
is a one-dimensional Lebesgue null set N(¢,) such that J(¢,)(t) = S(¢,)(¢) if and
only if 1€ R\N(¢,), i.e. the set of all Lebesgue points of J(¢,) is R\N(¢,).

We set N = J,cn N(én). Since N is a countable union of one-dimensional
Lebesgue null sets, N is a one-dimensional null set. We have to prove: If
(t,¢) € (R\N) x H}(Q), then 7 is a Lebesgue point of J(¢)(t).

Let us fix ¢ € H(Q). If e€ RY, then there is n(e) € N such that

16 — @)l (o) < €
Using (1) for the third time we deduce for all 1 € R,
() (1) = J((n(e))) (1)
< ¢ = () 2(gan) | Dy (¥ w)(6) — Dy (u™w) (1) 2 gy
< V6 — d(n(e))llg ) ID5 (u*w) (1) — Dy (™) (D) 2 ar)

I|(u*w)(t + h)HL2< a) T ||<“*W><t)||L2( dx)
Ce. gdx gax
VCe A

N




Generalized Hardy-Sobolev Inequalities and Exponential Decay 43

||(u*w)(t+h)||Lz( w t ||(“*W)(f)||1}( dx)
Ce - gdx gax
+V/Ce H

< 2K\ Ce - (1 1),

nH
where K is a uniform bound on [|u* ()| 124 40)-

Now let (¢,7) € (R\N) x RT. Then # is a Lebesgue point of J(¢(n(¢))), and we
calculate

o< L J ")) - I(0) 1) ds

<2k Ve (34 ) o | WO ~Jetu(e))0]as

t—r

=k (Gt ) | MO0 - o) 0] as,

t—r

hence, since 7 is a Lebesgue point of J(¢(n(e))),

1 t+r
0 < lim sup—J [ ()(s) — J(p)(2)| ds
rl0 rJe—r

1 1 1 t+r
<ak Ve (g ) Him [ V@) - @) (0] as,
1 1
:4K\/E€' <E+E> + 0.
This estimate holds for all e € R*. Thus,
1 t+r
0=timo | (6)s) - (60 as.

0J

Note that the function ||, (u*w) — I} (u*w) ||iz(gdx) is in L' (R) thanks to (13). It
is easy to see that in the sense of distributions,

1
E@(Hl,f(u*w) — I (u*w) ||I%2(ng))

= L (D (W*w) — Dfy(u*w)) - (If (u*w) — I (u¥w)) g dx. (11)
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Now let us take #; € R\ N, where N is the one dimensional null set in (10). We
choose

¢ = (I (u*w) — L (u*w)) (1) € Hy(2)
in (9) and evaluate (9) at r = ¢;, to deduce

1
§3t(||1h+(u*W)(f1) — I () (1) 22 gar)

d
= —sign(r) | (17 (@p")) — 13 (9"} 1)

+ Jﬂ (I;(u*w) — I;(u*w))(tl) . (I;(u*w) — I,j(u*d)))(tl)g dx. (12)

for almost all #; € R. The right-hand side of (12) is in C[0, +o00[. Now let us take
we CX(R) with supp(w) C |- T,+T[ and w = 1 on an interval |— 7, 47|, where
7€]0, T[. Furthermore, let # €10, 1[. Then, for all 2, H €]0, (1 — 0)7|,

I (u*d) = Ly (u*w) =0 on [T, +07].
We observe that for each we C2°(R) and for each pair (h,H) € R x RY,
Rl H, ) = [ 0) () = I 00 Ol eay
is a continuous function on R. Furthermore, due to (11), in the sense of distributions,
Ok(w,h,H,.) <0 on ]0,+67],
and
Ok(w,hyH,.) =20 on [-T,0],
where both derivatives are continuous functions on the respective intervals. Thus,
0 < k(w,h,H,t) < K(w,h,H,0) on [—T,+07].
Since lim, 7)—.(0,0) 5(w, h, H,0) = 0, we deduce

li JhoH t) s te|—1,407]; = 0.

(h.H)IE}O,O) sup {Ii(w ) [—T T}}

As a consequence, for each sequence (h(n)), . in RY with lim,; h(n) = 0, the
sequence

(I (0" ) L [=7,467]),,

is a Cauchy sequence in Cg([—T, +67]; L*(gdx)). Hence, for each such sequence
there is an Iy € Cp([—T, +07]; L*(g dx)) with

ot 115 (1 w) = Toll oy —r0m 225 as)) = O-

On the other hand for almost all £ € R, limy, 1 (¥ w) (1) = () (D)l 2 (g ar) = Os
hence Iy = u*w almost everywhere on Q, i.e. changing, if necessary, u™w on a set
of measure zero, u*w € Cp([—T, +07]; L*(g dx)).

Repeating the argument for variable 7, 6, we deduce, possibly after redefining
u™ on a set of measure zero: u* || — T, T[x Q€ C(—T,T;L*(gdx)). In particular,
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if we redefine, if necessary, u on a set of measure zero, then u € C(0, T; L*(g dx))
and there is w € L?(g dx) with lim, o [|u(f) — w|| 2 (¢ax)- AAs @ consequence, (5) holds
for all 1€]0, 7| and for all ne C*(Q5).

It remains to be shown: w = ug. Let 6 € C.([0, +-00]) with supp(#) C [0,1)] C
[0,7,0<6,0<0and

J O(t)dt = 1.
[0.7]

We introduce
VkeN : 6, :[0,T[— R, 0k(t) = kO(kt),
and we set

VkeN : R, :[0,T[— R, Re(r) =1 —J Ok(s) ds.
(0.4

For @ € C2°(€2) and k € N take 7 = ®(-)Ri(-) in (5). We obtain for all k€ N, and
for all fo<t<T,

J RV -V, ®d(r,x) :J uo(I)gdx—J Hk(s)<J u@gdx) ds. (13)
: Q 0.4 Q

Obviously, since for all k€ N, supp(Ry) C [0,%], 0 < R, < 1, for all ke N
j RVt~ Vb d(r,x) < J IVt VD] d(r, %),
Q 109 x
where limgjoc A(]0,% [ x ) = 0, such that due to V,u - V,® L' (Qr),
Jim J Ru(s)Vatt- V.0 d(7, %) = 0. (14)
0 Jq,

Since for all k€ N, I]OJ[ 0, ds = 1, we can rewrite the right-hand side of (13) as

J ug®g dx — J Ok () (J u <I>gdx> ds
Q 0,4 Q

=], 01(s) ( JQ(MO — u(s)) g dx> ds

= Jou Ok (s) ( JQ(MO —w)dg dx) ds + J]oj[ 01 (s) ( JQ (w—u(s))Pg dx) ds
| (wo—w) dgax+ J]O 4 ( JQ(W ~ u(s))Dg dx> ds.

Jo

Since limy|o [|w — () || ;2(g ) = 0, we have
hm ( (w—u(s))Pg dx)
kTOO 10, r[ Q

=tim [ oo ] 00wt pear)

3

< lim 0 _ . i o
om (J[Of?] () |lw — u(s)]|, (gdx)||¢|L(gdx>>
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From the above and (13) due to (14), by carrying out the limit k£ T oo,
J (ug — w)Pgdx = 0. (15)
Q

Equation (15) holds for each ® € C°(€2). Thus w = 1y almost everywhere. [
Corollary 5. If uc C(0,T;L*(gdx)) is a weak solution of (2), then for all
ne€ CX(Q7), the function

B :[0.T[— R, B(y)(1) = J u(t)n()g s,

is continuous and for all t€ [0, T,
| womgac+ | (@ Vandtrn = [ wnOgax+ | wigatra). o)
Q Qr Q2 t

2.2. The energy estimate. In this section we shall prove an energy estimate for
weak solutions of (2). In a preparational step we establish the following auxiliary
result.

Lemma 6. Let uc C(0,T;L*(gdx)) be a weak solution of (2). Then for all
€10,T[, hel0,T —t], and ne L*(0, T; H} (),

d

> ]
Proof. Let n€ C*(Q). Testing (16) with I, (1) | Oz, 0<h <t <T, gives

J, v gdx+zj (O) - (I (Om)) d(7,)

I} (0u)(9pm) d(r, x) = —j Dy (w)ng d(r.x). (17)
[on Oy

= J uol, (1)(0)g dx +J uD, (n)gd(t,x),
Q

from which we deduce by interchanging orders of integration and transforming
integration variables,

d 1 T+h

u(t (t)gdx + J T, X [—J ou)(o,x da] d(T,x
[RCAUCIZED ) BCHICE] P RGBSR RS

*ZJQ,,, (Ou) () d(7,)

j=1

+§d:Jt UL Lllr(aju)(o,x)da} d(7,x)

=1

~.

=j ol (1) (0)g dx
Q
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1
+ J ung d(r,x) — J Djf (u)ng d(,x)
h Jt—ht[x Q O

1

_EJ] hO[XQu(T—Fh)’r](T)gd(T,X). (18)

Now let 1€]0,T[ be fixed. Then for all ne C2*(Q) with supp(n) C [0, 1], if we
evaluate (18) att+h, O<h<T — 1,

d

>

If we C°(R) with supp(w) C [0,1], and if ¢ € C2°(€25), then we can use we as test
function in (19) and we deduce for all h€]0,T — 1],

B 0(0m) d() = —j D} (u)ng d(, ). (19)

d

> ]

As a consequence, for all ¢ € C°(Q5) and for all h€]0,T — 1,

I O(00)dr0) = = | WD W)ogd(r ).

Y| nom@e g =~ | Diwosdmy. @)

Jj=1 t

Now let n€ L*(0, T; H}(©2)). Then there is a sequence (¢(n)), c  in C°(Q7) with
lim, o0 |7 — ¢(n )||L2 071 (0)) = 0, in particular, by using (1) for the fourth time,
limyjo0 || — ¢(n)||Lz(0 Ti12(gav)) = O- Hence, if we use for each n € N the function
¢(n) as test function in (20), we can pass to the limit n T co in (20). O

Lemma 7. If uc C(0,T; L*(gdx)) is a weak solution of (2), then

Vie[0,T[: E(0) —E(t)+J |Vl d(,x), (21)

1

and
5]
Vi1, 1 €[0, T J IV () | gy, d7 = E(t1) — E(t2). (22)
n

Proof. The case t = 0 is trivial. If r€]0,T[ and if 0 <h <T — ¢, then we can
use 1, (u) as test function in (17). We obtain

d
S| nr@wiowata) = - | piwrwedra). @3

; O

One easily verifies using (I4) that

A Z]O,[[—> R, A(T) = HI]T(M)(T)Hiz(gdx)
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is also differentiable even in the classical sense since u € C(0,T;L?*(gdx)) with
continuous

A:)0,1[— R, A(r) = ZJQ D;f (u)I;} (u)g dx.

Consequently, if 0 <t} <, <t, then

5]
2 2
2| ], 2wt e ] s = 1 @00 g = GO0 B 29
n

Actually, function A(7) can be continuously extended to [0, ¢]. Thus, we can con-
sider the limit #; | O and #, T ¢ in (24) to deduce

ZJQ Dy ()1, (u)g d(r,x) = |1 () ()| T2g ) — I () (O) 172 )

such that via (23),
1 () (D)1 72 g e +2ZJ L Q) (9u) d (7, x) = [ () (0) |72 g - (25)

Due to u€ C(0,T; L*(g dx)) and since lim, o ||u(f) — uo||r2(gavy = O We have
v7 € [0, 4= 1im Ju(7) — I () (Dl 2(gan = 0,
and since

tim (D) — 1 (D) 120, = 0.

as well, we can pass to the limit 4 | O in (25).
Finally, (22) follows from evaluation (21) at #;, t,, respectively. O

2.3. The maximum/minimum principle. Due to the classical maximum prin-
ciple, the maximum of the solution of a parabolic equation never exceeds the
maximum of the initial data and of the boundary data. A similar result holds for
the minimum.

In this section we extend these maximum/minimum principles to the degen-
erate situation (2). Since the boundary data vanish, the contribution of the bound-
ary data is in our setting simply 0, see (26). The strategy of the proof is classical:
We use an apropriate “cut-off”” function as test-function and prove that this cut-off
function must vanish almost everywhere. The hard part of the proof is already
done: We have already proved that we can use the ‘““‘standard” cut-off function as
test function, see (17).

Lemma 8. If uc C(0,T;L*(gdx)) is a weak solution of (2), then for all
tef0,T],

—00 < min {O,essirflzfuo} < essiréfu(t)

< esssup u(t) < max {0, ess sup uo} < +oo0. (26)
Q Q
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Proof. We prove ess supg, u(t) < max{0, ess supg, #g }. The other inequality fol-
lows in analogy. Naturally, only the case K = ess supg, up < +oo0 is of interest. The
case 7o = 0 is trivial. We introduce for max{0, K} <  the function

H,:R— R, H,(x) = max{x — k,0}.
Let 0<h<T —t. We introduce

1

T+h
I (u): O — R, I (u)(,x) = EJ u(o,x)do.

We observe: I, (u) is in C'(0,#; L (g dx)) N L?*(0,t; H}(2)). Since H, is uniformly
Lipschitz continuous (1 is a global Lipschitz constant) we have in the sense of
(€x(Q)),
Vie{l,...,d} : 0j(H(ly (w))) = H(Iy (w)) - (91 (w)),
OH (0 ()] = 2H (I (w)) - Ho (I (w)) - (I} (w))-
Since 0 < , we have H,,(0) = 0. Thus, h,(w) € H}(2) for all we H} (). Conse-

quently, H,, (I, (u)) € C(0,1; H}(92)), and we can use H,, (I, (u)) as test function in
(17). We obtain

d

ZJQ O () Oy (H (I} () d(7,3) = — th D (WH, (I (0)gd(rx).  (27)
Since H!(x) = 1 for x >k, we have

2Zj O (W) (HL (I} (w))) d(7,x) = 2 j IV H (0 ()2 d(rx). (28)

1

Furthermore, we have in the sense of (C>(]0,1]))’,
A @) a0 =2 | DAL () (29)
where we made use of H,.(¢) = 1 for 0 >k, H,(0) = 0 for 0 < and H, (k) = 0.

We note that due to u€ C(0,T;L*(gdx)) the left-hand side of (29) is actually
continuously differentiable. Consequently, if 0 <#; <, <¢, then

5]
2| i@ ) dvar
H JQ
= [|Hic (0 () ()12 (g ax) — 1B () (0) 12 (30)
As before, we can consider the limit #; | 0 and #, T ¢ in (30) to deduce
2| Dy A0 () d(r)

= [ H (I (1)) ()17 (g ) — I (B () ()72 )
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such that via (27), (28)

U

Hc (2 () (1) |2 ) + ZJ IVHo (1 () d(7,x)

= | Ho(I () O 22 g - 31)

Due to continuity of H,, due to u€ C(0,T;L*(gdx)) and since lim,q |lu(t)—
Uol|12(gavy = O, We have

V7 €0, lim [[H,.(u)(r) — H, (I () ()| 2 (g ) = O-

We deduce from (31) by carrying out the limit /2 | 0,

2
1H () (D)2 ) < I1He (0) 2 ) = O,

for all 7€ [0, #[, because ess supg, ug < . O

3. The Existence- and Uniqueness Result and Exponential
Decay of the Entropy

In this section we prove our main result, Theorem 8. A difficulty for the proof
is the lack of an existence- and uniqueness theory for (2). Such a theory is devel-
oped during the proof. For the sake of being self-contained we include the assump-
tions on €2, g and on ug explicitly in the theorem.

Theorem 9. Assume Q2 C R, deN, is a smooth, bounded, nonvoid domain
and

1. geLl (Q) is non-negative.
2. There is a generalized Hardy-Sobolev inequality with respect to gdx, i.e.
there is C € R" such that

Yoe Hy () : J Pgdx < CJ V. 0| dx. (32)
Q Q

3. up € L*(gdx).
Then the (possibly degenerated) parabolic PDE
g(x)u = Au, u(t=0) =uy, u(t,.)€H), (33)
has a unique global weak solution. Furthermore,
1. ue C(0,00;L*(gdx)) N L*(0,00; HY(S2)) and lim, o ||u(t) — uol|2(gavy = O

2. The weak maximum/minimum principle

VieR) : —oo < min{O, ess igfuo} < ess igfu(t)

<esssupu(t) < max{O,ess supuo} < 400
0 Q

holds.
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3. The entropy

1 1
Ea)_—J 2(gdyx, tERS, Em)_—J W2g dx,
2 ) 2 )
is continuous on [RQ(J{ and for all t € R, the energy estimate
BO) =B+ | [V d(rx),

t

the exponential decay law
E(t) < E(0) e /€,
and the exponential decay of the (squared) gradient norm

j IV (7 s ey d7 < E(0) €2/

t

hold, where C is the constant of the Hardy-Sobolev inequality (32).
Proof. The proof is divided into several steps.

Step 1. We construct a sequence of smooth functions ~y(n), n€ N, such that
7(n) converges in L () to g as n — oo. We take the truncated function v* and
convolve it with a smoothing kernel to obtain y(n). Let r€]2,(2d/d — 2)[ such
that H} () is continuously embedded in L"(2). If d = 1 or 2, then any r in |2, 00|
does.

We set s = 5. Then s €]1,+o00[ and there is Cy € R™ such that

@) (34)

V(o w) €HYO) X L)+ | [ePwld < CollVaol ey
Q

We introduce for ne€ N,

)

1 .
Vj RS R, %T(x) _ max{n,mm{g(x),n}}, xef
1, x ¢Q

such that

1
V(x,n) €R? x N - < (x) <n (35)

n

Let us take a function ¢ € C°(RY) with supp(¢) C {z€R?: |z < 1},0< ¢ < 1,
and [pu ddx = 1. We set
VeeR" : . : R = Ry, ¢.(x) = elp(ex).
We set for (n,e) € N x R, 4. = 7 * ¢. (convolution in R%). Then, due to (35),
we have
V(n,e) eNX R : 7y | Qe Coy(9),

and

VneN : limJ e (x) = 75 ()" =0.
el0 Jo ”
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Now, for n€ N we choose £(n) € R with

|
£ _ Ak s < -.
J, i = <
We set
VneN :y(n) = vie(n) | Q.
Then
1
VneN :v(n) e Corp(2) and - <) <n
n
Furthermore,
1
VneN : |ly(n) = v (n)] ) < T (36)
where
1
VneN :y*(n) =~ Q= max{—,min{g,n}}.
n
If A is a compact subset of 2, and if m € N, then we set
r(A,m) = J [¢ — m]" dx.
A
Since g€ L] (), we have for each compact A C €,
liTm r(A,m) =0. (37)
We estimate for each compact A C 2, Vne N:
[ttt < [ le=2*mlav+ | 1o —smmlax
A A A
- g =7 ()l v+ | & — ()]
{xeAgx)<1/n} {xeA:g(x)>n}

+ J ¥ (n) — ()| dx

1
:J <——g(x)> dX+J g —n]" dx
{xeagx)<1/n} \ 1 {x€A:g(x)>n}

+ J I () — y(n)\dx

n

2]

n

< | S| le—ndsr |t = atmlax

< r(An) + () = ()| - 191

such that for each compact A C €2 via (36),

1]

1

Qs

‘v’nEN:J lg —y(n)|dx < 7—}—1’(A,n)—i—L
A

i



Generalized Hardy-Sobolev Inequalities and Exponential Decay 53

Step 2. We define a sequence of smooth functions approximating uy. Since
ug\/g €L*(Q), there is a sequence (w)), o in C°(€2) such that w;" converges in
L*(2) to ug\/g as n T co. We set for n€ N, wo(n) = w/y/v(n). Then

wo(n)\/v(n) — up\/g, strongly in L*(Q) as n T oo,

where for each n€ N, wy(n) € CX(Q). In particular, we have
11ij (wo(n))*~y(n) dx = J utg dx. (39)
njoo 9] [¢)

Step 3. We consider for n € N the (non-degenerated) initial value problem

0
y(n)(x) vg(t”) = Aw(n),  w(n)(t=0)=wo(n), w(n)(t,.)H}(Q), (40)
where due to construction, y(n), wo(n) satisfy for each ne N,

Al y(n) € C(9) and L < ~(n) < n.

unif

A2 wy(n) e C().

We introduce for ne N

C(n):sup{ngzv(n)dx:veHé(Q) and JQ|va|2dx:1}. (41)

Due to A.1, A.2, by means of Poincaré’s inequality, we have C(n) € R". Naturally,
for each n€ N, C(n) is the optimal constant in the corresponding Hardy-Sobolev
inequality

J vzw(n)deC(n)J IV.0|*dx, veH(Q). (42)
Q Q

Following [5], for each n€ N, the initial value problem (40) has a unique
global weak solution w(n) which is smooth and bounded. The weak maximum
principle holds for w(n), n € N. By integration by parts one easily verifies for each
n €N the energy estimate

<Mmmew=jwMWmem

Vte[RR(T:J
Q

Q

+2 JQ |Vow(n)|*d(r,x), (43)

and in a straight-forward manner — as indicated in the introduction — we obtain by
making use of the smoothness of w(n),

VieR] : J (w(n)(£))*y(n) dx < ezf/C<”>J (wo(n))*~(n) dx. (44)
Q Q
Step 4. Now we shall establish the existence of a weak solution of
0
g5 = A ult=0)=u, ult,)EHH), (45)

where we recall uo € L?(g dx). The strategy is to establish several a priori estimates
on the sequence (w(n)), o and to pass to the limit n T co then.
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According to (39) and due the energy estimate (43), we have for all n€ N and
YVt € RT, the estimate

jq<w<n><t>>zv<n> dx + zj V() (s, x) = j (wo(n))y(n) dx < K; €R™,

O Q
where
Ky =1+ max [[wo(m)v/5()lI720 -
We deduce

VneN : ||W(”)\/W||Lw(wg;y(ﬂ)) <Ki, [Vow(n)lpg < K,
where here and in the sequel
0=R"xQ.
Furthermore, due to Poincaré’s inequality there is Cp € R™ such that

YoeHy(Q): | vPdx < CPJ V.0 dx, (46)
Q Q

hence for each n€ N, and for each 1€ R,

| a1 oo ad ar

' [0g] L

< CPJ [J |wa(n)(7')|2dx] dr < Cp- K3,
o LJo

and therefore
VneN : [lw(n)| g < Cr-Ki.
We observe,

1. L>=(0, 00; L*(12)) is isometrically isomorphic to the dual space of the separ-
able space L'(0,00;L?(2)), thus each sequence in L>(0,00;L*(Q2)) which
bounded in L>®(0,00;L?*(f2)) has a subsequence which converges weak™ in
L*(0, 00; L*(2)),

2. since L*(Q: RY) is a Hilbert space, each sequence in L*(Q : RY) which
is bounded in L*(Q: Rd) has a subsequence which converges weakly in
LQ:RY), i

3. and L*(Q) is also a Hilbert space such that each sequence in L*(Q) which

is bounded in L?(Q) has a subsequence which converges weakly in L?(Q).

As a consequence, we can extract, if necessary, a subsequence of (w(n)), ¢ —
but we do not change notations here — and there are v, V, u, such that

(C1) veL>(0,00;L*(€2)) and
w(n)y/v(n) — v, weak™ in L™(0, 00; L*(2)),
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(C2) VeI*(Q: RY) and
V,w(n) — V, weakly in L*(Q : RY),
(C3) ueL?*(Q) and
w(n) — u, weakly in L*(Q).
Certainly, via (C2) and (C3), V =V,u, and since for each neN, w(n)e
L*(0,T; H}(£2)), we have
u€ L*(0,00; Hy (), w(n) — u, weakly in L*(0, 00; Hy(9)).
Now let ¢ € C°(Ry x ). Since y(n) — g in L .(£2) and since ¢ is compactly
supported, we have
$\V/7(n) — ¢\/g, strongly in L*(Q),
such that via (C1) and (C3),
tim | wn)ov/A) dlrn) = | wodtrn) = [ wovEdr)
njoo Q ) )

0 0
and since this identity holds for all ¢ € C°(R; x ), we deduce

U= U./g.
We summarize for later reference:
(DO) ueL>(0,00,L*(gdx)) NL*(0, 00, H} (),
(D1) w(n)y/y(n) — u\/g, weak™ in L=(0, 00; L*(12)),
(D2) w(n) — u, weakly in L*(0, 00; H}(12)).
Next, we shall pass to the limit n T co in the weak formulation of (40). Let
n€ C>(Ry x ). Then we have for each n € N, and for almost all 7€ R,

0 = T1(n,n) (1) + Ta(n,n)(t) = T3(n,n) = Ta(n,n)(1)

- JQW(n)(t)n(t)v(n) dx+ j (Vow(n) - V) d(7,)

0O
—j wo(m)n(0)y(n) d —j w(niry(n) d(r, ). (47)
Q (o2

Ty(n,n)(t): n is compactly supported in Ry x  and (n) converges in L ()

with limit g. Hence 7+/7(n) converges strongly in L'(0, 00; L*(€2)) with limit
1n+/g- Thus via (D1),

im | (w(0) /AW A ) = | an/EnvEd(ra) = | wng(r),

Q

and consequently for almost all 7€ R,

lim 73 (n, 1) (1) = nmj w(n) ()()y(n) i = j u(ty(1)g d.
nloo 9] Q

nloo
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Ts(n,n)(t): Vow(n) — Vu weakly in L2(Q : RY) (see (D2)). We deduce for
almost all 1€ R,

liTm Tx(n,n)(t) = liTmJ (Viw(n) - Vn)d(r,x) = J (Viu - Vin)d(,x).
njoo njoo QI Ql

T5(n,n): We recall wo(n)+/v(n) — ug/g strongly in L*(Q2) and y(n) — g in
Li.(Q). Since 7(0) is compactly supported we deduce 7(0)+/v(n) — 1(0)\/g
strongly in L*(2). Consequently,

lim 73(,1)(1) = lim j wo(n)(0)y(n) dx = j uo(0)g d.

Ty (n,n)(t): 7 is compactly supported in Ry x § and (n) converges in L] ()
with limit g. Hence 7),/(n) converges strongly in L'(0, 00; L*(2)) with limit
7,/8. Thus via (D1),

tim | (w300 A A0 = | GG () = | wig ()
0 0 o

and consequently for almost all 7 € Ry,

lim 74, 1)(1) = j wig d(r, %)

O

Putting the limits together, we deduce: u is a weak solution of (45).

Step 5. Conclusions (1), (2) and (3) of the theorem follow from the previous
section’s results.

Step 6. It remains to prove exponential decay of the entropy and the corre-
sponding formula for the integrated (squared) gradient norm of u.

Concerning the decay of the entropy, we already know that the function
()]l 12(gay) 18 continuous in time. Thus, E is a continuous function. The idea is
to pass to the limit n T oo in (44). However, we can not directly pass to this limit in
44), because there is no result which concerns the pointwise (in time) behaviour
of 1 J,(w y(n)dx as n T oo.

We deﬁne

C* = sup { J v’gdx : vEHY(Q) and J V.0 dx = 1}.
Q Q
Then

Yoe Hy(Q) : J vPgdx < C*J V.0 dx. (48)
Q Q

Step 6a. We shall prove C* = lim,jo, C(n), where for n € N, C(n) is as in (41).
If & € C*(Q) with [, |V, ®|* dx = 1, then, since supp(®) C € is compact, via (38)
forallneN,

J g dx = J % (g —~(n))dx + J % (n) dx
Q supp(®) supp(®)
Q| o'

| Q
< [y (4 rsp(@) ) + 20 ) 4 o
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hence
J ®%gdx < liminf (||¢>2|| : <@+ r(supp(®),n) +%) + C(n)>
Q = ntoo L=(@) n ’ \‘/ﬁ
= hnTl inf C(n),
such that due to the definition of C*,
Cc* < lirrTlinf C(n). (49)

On the other hand, if ® € CX*(Q) with [, |V, ®[* dx = 1, then for all n€ N, via
(34), (36), via Poincaré’s inequality (46) and via the optimized Hardy-Sobolev
inequality (48) (thus, we implicitly apply (1) for the fifth time),

J Oy (n) dx = J D2y (n) dx
Q supp(®)
—| e am e e 0 - gas
supp(®) supp(®)
+ J B2g dx
supp(®)
< Coll Vi@l 2oy 17 (1) = ¥ ()

—l—J <I>2-[fy*(n)—g]+dx+C*
supp(®)

Co 1 . Co Cr
<—4=+-| d+C < —=+—+C",

\»/ﬁnjﬂ O SHETT
such that due to the definition of C(n),

G Cr |
VneN:Cn) < ——=+—+C7,
n (n) \s/ﬁ+n+

and therefore

limsup C(n) < C*,

nloo

and we deduce lim,o, C(n) = C* via (49).

Step 6b. As shown in Step 4 we have w(n)\/vy(n) — ui/g weak™ in
L>(0, 00; L*(€2)). Consequently, w(n)/(n) — u/g weakly in L*(0, co; L*(2))
and we deduce

for all t;,5, € R": if #; < t,, then

r E(r)dr — 1] g dx < liminf~ J{t N )P (50

4 [t1,0] x Q nfoo
Step 6¢. Since E € C(R), each 1 € R is a Lebesgue point of E. In particular,

1 t+h
R : E(t) = lim— E : 1
Vte (1) im J{h (r)dr (51)
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We deduce from (50), (51) via (44),
V(t,h) eRT x RT : If 0 <t — h, then

1 t+h 1
—J ﬂﬂwshmM—J (w(n)(2))*~(n) dx
2h ), nfoo 4R Jy_piinx o
1 t+h
< lirrTlinf—J E(n)(0)e 27/€" gr
njoco t—h
o _ inh (2/C(n))
1 £ [ e 2/CO () (0) . SR/ E0)) 52
s (e MO —7cwm ) B2

where we put for the sake of brevity
1
VneN : E(n)(0) = EJ (wo(n))*~(n) dx.
Q

According to (39) we have
lim E(n)(0) = E(0),

nloo

and according to Step 6a we have lim,j, C(n) = C*. Therefore we can easily
carry out the limit n T oo in (52) to obtain

V(t,h) €ERT x RT : If 0< ¢ — h, then

t+h
lemwgmmHJ (w(n) (1)) dix
[t—ht+h] x Q

ﬂ —h nloo
B inh (2h/C*)
< E(0 /e S /¢ ) 33
(0)e 3 (53)
Passing to the limit 4 | 0 in (53) we obtain via (51),
VieR® : E(t) < E(0)e 2/,
which is due to C* < C an estimate not worse than stated in the theorem.
Step 7. For all t, T € R" with ¢ < T, due to (22),
T
[/ 1927 g = B0~ ECT),
t
such that via limy E(T) =0,
|| 190 s ey = E(0) < EO)e 2
t
O
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