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Abstract

We study here the impulse control problem in infinite as well as finite horizon. We allow the cost
functionals and dynamics to be unbounded and hence the value function can possibly be unbounded.
We prove that the value function is the unique viscosity solution in a suitable subclass of continuous
functions, of the associated quasivariational inequality. Our uniqueness proof for the infinite hori-
zon problem uses stopping time problem and for the finite horizon problem, comparison method.
However, we assume proper growth conditions on the cost functionals and the dynamics.
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1. Introduction

The study of optimal control problems with continuous controls, gives rise to Hamilton—
Jacobi—Bellman equations which are satisfied by the value function corresponding to the
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problem, if it is smooth. Different kinds of control problems like optimal stopping time
problem and problems involving switching control and impulse control have been studied
in the literature. It is known that the value function of these problems, whenever smooth,
satisfy different variational and quasivariational inequalities. But most of the time these
value functions are only continuous and not sufficiently smooth. The notion of viscosity so-
lutions, a kind of generalized solutions, introduced by Crandall and Lions [6] is extremely
well suited for these problems. The value function satisfies the corresponding equations
or inequalities in the viscosity sense. These control problems are studied in the viscosity
solution set up, for example, in [2,5]. See also [4], and the references therein. Yong in [9],
also studies differential games where one person uses impulse controls and other uses con-
tinuous controls. In all these works the uniqueness results are obtained assuming that the
dynamics and cost functionals are bounded and uniformly continuous and hence the value
functions are in the bounded uniformly continuous function cIB&EG(RY).

Our aim in this work is to relax the boundedness assumption on cost functionals and
the dynamics for impulse control problem and to characterize the value function as the
only solution of the associated quasivariational inequality for the infinite horizon prob-
lem in a suitable subclass 6f,(R?), bounded below continuous functions BA, with
suitable growth. Uniqueness in the class of lower bounded uniformly continuous func-
tions, UCpp(RY) is obtained via a sequence of stopping time problems. In the process
we also show uniqueness in the same class for the stopping time problem. By allowing
the dynamics also to be unbounded, and cost functionals to be continuous with a cer-
tain growth, unigueness in the class of continuous functions with suitable growth is then
proved using the same method. Similar parallel results for the finite horizon problem in
uniformly continuous function clas§)Cpp(R? x [0, T]) as well as continuous function
classCpn(R? x [0, T']), are proved using comparison principle method. The same method
has been used in [3,8] but our idea is different from theirs. While they modify the aux-
iliary function a finite number of times to arrive at the comparison result, we choose the
parameters in the auxiliary function suitably for the same purpose.

Earlier Ishii, in [7] proved the uniqueness of unbounded viscosity solutions of HIB
equations in different function classes under different assumptions on Hamiltonian. Our
work extends some of these results to quasivariational inequalities arising from impulse
control problem with unbounded cost functionals and dynamics and also the earlier re-
sults of [2,3], for impulse control problems with bounded costs and dynamics in infinite
horizon. Yong in [8], proves uniqueness of unbounded value functions for infinite horizon
optimal control problems with continuous, impulse and switching controls, in the class of
uniformly continuous functions and in the subclass of uniformly continuous functions with
sublinear growth under assumptions very similar to ours. Our method for value functions in
uniformly continuous class is different. Further, we extend the results of [8] to the case of
continuous functions with a certain growth depending on the dynamics and the discount
factor and thisn can be larger than one. We also deal with the finite horizon case in the
same spirit as in [7], first proving a local comparison theorem in a cone and then a global
comparison theorem, for quasivariational inequalities. Similarly for the switching problem
Ball et al. [1] have extended the result of [5] in to the case of unbounded solutions.

Now we describe the control problem. The trajectory of the impulse control problem in
infinite horizon is given by
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X)) =f(X@®),u@) ifte®, 011, (1.1)
Xx(0) =x,
X, (60;7) =X (67) +&.
wheref :R? x U — R?, 0 = (6;),y is @ nondecreasing sequence of positive reals which
satisfies, — oo whenn — oo and& = (&;),.y iS a sequence of elements @&+)?.

Finally, u(t) : [0, c0) — U is any measurable function, whdreis a compact metric space
andg = (0, &, u(-)) is the control variable. The total discounted cést, ) is given by

J(x,B) = / k(Xe (), u®))e™ dt + " (X (0:7), &)e ™, (1.2)
0 ieN

whereX, (¢) is the solution of (1.1)k is the running cost;(x, &) is the impulse cost and
A > 0 is the discount factor. The optimal cost functional is then defined 16 (¢:

o0

V(x) :igf{/k(xx(r),u(t))e—“ dt—i—Zc(Xx(H,'_),S,-)e_M)f ) (1.3)

0 ieN
We make the following assumptions:
(A1) f:R?x U — R is bounded by and Lipschitz continuous in the first variable:
|0y = fyw)| <Llx =yl VueU. (1.4)

(A2) k:RY x U — R* is nonnegative and uniformly continuous in the first variable with
modulus of continuityw, . That is:

|k(x, u) —k(y, u)| < wk(|x — y|) Vx,y € RY andu € U. (1.5)

(A3) U is a compact metric space.
(A4) c(x, &) is nonnegative and uniformly continuous in the first variable with modulus of
continuityw.. That is

lc(x, &) — (v, &)| <we(lx —yl) V¥x,y eR? andé € (RT)?.
Moreover, there exist constantg andC» such that, for alk,
C1(1+Ix]) <elx, §) < Co(1+Ix]). (1.6)
(A5) The discount factok > L whereL is as in (Al).
It can be shown by using similar arguments as in the case of bounded cost functions
as in [2,4] that, under the assumptions, (Al)—(A53efined by (1.3) is honnegative uni-
formly continuous orR?. Hence it belongs t/Cpp(R?). Moreover, it satisfies optimality

principle called dynamic programming principle. We can further show that it satisfies the
following quasivariational inequality in the viscosity sense:

max{V + H(x,DV),V —MV}=0 V¥xeR’ (1.7)
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whereM is defined by

M(x)= inf {p(x+&) +c(x, 8}, ¢eUCpRY), (1.8)
ge(®Rt)d
and
H(x,p):SUp{ AGIL) .f_k(x’u)}. (1.9)
uelU

Observe that under the assumptions (A1)—(A4), the above Hamiltonian satisfies
|H(x,p) —H(»,q)| < Flp — gl + o(lx — ), (1.10)
wherew is a modulus of continuity depending on thosefodndk.

In [4, Chapter 3] and [2] cost functionals are assumed to be bounded, hence value func-
tion belongs to the claBUC(RY). The uniqueness of the value function as the solution of
quasivariational inequality iBUC(RY) is established in [2] by using an iteration of stop-
ping time problems. As our cost functionals are no longer bounded above we get the value

function to be in the bounded below uniformly continuous function cld€sn(R4). Now
we state the uniqueness theorenti@i,,(R?) for (1.7) which will be proved in Section 2.

Theorem 1.1. AssuméA1)—(A5). Then,V defined by(1.3)is the unique viscosity solution
in the class Ugy(R?) of the quasivariational inequality given §§.7).

Now let us relax boundedness assumption on the dynayhisd uniform continuity
assumption on the cost functiond@sndc. We allow f to have linear growth ankl, ¢ to
have power like growth. We list below the assumptions in this particular case:

(AB) f is Lipschitz and has a linear growth: for y € R?

[fow) = fw| <Llx =yl and |f(x,u)] < F(1+|x]). (1.11)
(A7) k:R? x U — R is continuous with growtm such thatn < % whereL is as in

(AB).

k(x,u)| <C(1+1x[") VxeR?andu eU. (1.12)
(A8) c(x, &) is positive and continuous in both the variables:

C(L+ &™) > c(x,6) > Co>0. (1.13)
(A9) The discount factok > mL.

It can be shown by using arguments similar to those in the case of bounded cost functionals
as in [2,4] that under the assumptions (A6)—(AB) defined by (1.3) is continuous and
it satisfies dynamic programming principle. Using this, we can show that it solves the
guasivariational inequality in the viscosity sense given by (1.7).

With the assumptions (1.11) and (1.12) our Hamiltonian defined by (1.9) satisfies the
following structural condition:

|H(x, p) — H(x,q)| < F(1+ Ix])Ip — ¢ (1.14)



690 M. Ramaswamy, S. Dharmatti / J. Math. Anal. Appl. 315 (2006) 686—710

forall x, p,q € RY and
|H(x, p) — H(y, p)| <or(lx —yI(1+pl)) (1.15)

forall p e R?, x,y € B(0, R), R > 0, wherewy, is a local modulus of continuity depending
onk.

Unlike the case of bounded dynamics, the value function, in this case is not necessarily
uniformly continuous but lies in the continuous function clag®<). Let us now estimate
growth of the value function. For this we recall the ODE estimate [4, Chapter 3, Section 5,
Remark 5.6]

M
[Xe (0] < Ixle™ + 2 (M — 1),

whereMp = sup, | £ (0, u)|. Observe that if there are no impulses, then

(o8] oo
|J (e, ) </c(1+ |Xx(t)|’")e*“dt</c(1+em“(|x|’"+c))e*“dt
0 0

<C(1+x|™),
thanks to the assumption (A9). Let us define

Ju (x)] }
<0
1+ fxf™

0 (RY) = {u e i (') | sup
for m > 0. The right class to look for a unique solution to the quasivariational inequality is

1
0:={Jon®"), m<-.
The conditionn < % cannot be relaxed. Otherwise it is known that (1.7) may not admit a
unique solution. For example(x) = |x|" solves the equation

1 L4
u——{x,Du)y=0 IinR
m

in the viscosity sense. Our result in this case is

Theorem 1.2. AssumdA3), (A6), (A7), (A8)and(A9). Then the value functiol defined
by (1.3) is the unique solution of the quasivariational inequality7) in the classQ =
U Om(@®?), m < 1 whereL is as in(1.11)

Next for the finite horizon problem, for fixe@ > 0, the evolution of the trajectory
occurs according to

X(t)=f(t, X(0),u()) forte 6, 6,11), 6; € (s, T), (1.16)
X(s)=x; X (07) =X (67) +&, (1.17)
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where; < T. As before¢ = (&);en iS a sequence of elements &) and u(r) :
[s, T] — U is any measurable functio, = (0, &, u(-)) is the control variable. The to-
tal cost is then given by

T

J(s,x,ﬁ):/kl(t,X(t),u(t))dH— Z c1(6;, X< (6,), &) + g(X(D)), (1.18)

s SS@,‘éT

whereX () is actuallyX . 1) (¢), the solution of (1.16), (1.17) andéf = T for somei then
we takeg (X (T)) = g(X(T)). Herek, is the running cosk: is the impulse cost anglis
the terminal cost. For notational convenience we drop the supersceiptinX, (6,), &)
now onwards.

The optimal cost functiondl (s, x) is defined by

V(s,x):irgf{ ki(t, X (1), u(t))dt

T
+ >l Xe0). &) +E(X(D)) - (1.19)
SO KT
We make the following assumptions ghand the cost functional;, ¢; andg of finite
horizon problem.

(A10) 1. f(t, X.(2),u(?) is continuous inr variable and Lipschitz in the second variable
uniformly for all u with Lipschitz constanL and bounded by .
2. ka(t, x, u) is nonnegative continuous and uniformly continuous in first two vari-
able forallu e U.
3. c1(t, X (¢), &) is nonnegative and uniformly continuous in first two variables
and is bounded below by a positive constéapt
4. ¢1 is monotonically increasing invariable, namely, fos < ¢,

c1(s. X1 (5). &) <ca(r, Xc (). §).
Moreover,

Cl(t’ X)C (t)v S)
3
5. Terminal cosg is nonnegative and uniformly continuous.

as|é| — oo, uniformly forallt € [0, T]. (1.20)

Under the assumptions (A3) and (A10)defined by (1.19) is uniformly continuous
in both the variables. Moreover, V satisfies the optimality principle called dynamic pro-
gramming principle. We can further show that it satisfies the following quasivariational
inequality in the viscosity sense:

max{—V; + H(x,DV),V —MV}=0 in(0,T) x R?, (1.21)
V(T, x) =g(x), (1.22)
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where
g0 =min{ ). inf{ ) + ea(T. X.(1).£) } .

Here V; is the derivative ofV with respect to t variable anfdV is the derivative with
respect toc variable.M is defined by

Moz, x) zseiﬁi)d{qj(hx +£) +Cl(t, Xy (1), E)} (1.23)
for any¢ € UCyp(R?) and
H(t,x,p):Sup{—f(t,x,u).p—kl(t,x,u)}. (1.24)
uelU

Now we state our uniqueness theorem for the finite horizon problem which will be
proved in Section 3.

Theorem 1.3. AssumgA3) and (A10). Letvs andv, € UCyy([0, 7] x RY) be two solutions
of the quasivariational inequality given i§%.21), (1.22) Thenvy = vo.

Next our aim is to relax the boundedness assumption on the dynamics. Here we allow
f to be unbounded with linear growth, that is:

(A10") 1. f is locally Lipschitz with Lipschitz constank in the ball of radiusk
aroundx in R¢ and has a linear growth:
|f@t,x,u) = f(t,y,w)| < Lglx =yl

Vixl, [yl <R, Vt €[0, T], (1.25)

| £, x,u)| < F(1+ |x]). (1.26)

2. k1, c1 are nonnegative and continuous ands bounded below by a positive
constaniCo; c1 is monotonically increasing invariable and

c1(t,x, &) > o0 aslé| — oc. (1.27)
3. Terminal cosg is nonnegative and continuous.
Value function, in this case is not necessarily uniformly continuous and lies in the con-
tinuous function clas€pp(R? x [0, T'1). Uniqueness theorem which we will prove uses
ideas from [7, Theorem 2.5] for HIB equations. Here we extend it to quasivariational in-

equalities arising from impulse control problem. With the assumptions (1.25), (1.26) our
Hamiltonian defined by (1.24) satisfies the following structural condition:

|H(t,x,p)— H(t,x,q)| < F(1+x])|p —q| (1.28)
forall x, p,qg e R? and
|H(t,x, p) — H(t,y, p)| <wr(lx = yI(Ip| + 1)) (1.29)

forall p e R x,y € B(0, R), R > 0, wherewg, is a local modulus of continuity. Now we
state our uniqueness theorem in this case.
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Theorem 1.4. AssumgA3) and (A10). Let vy, vo € Cpp(R? x [0, T]) be two viscosity
solutions of the QVI given bi1.21) (1.22) Thenvy = vz in Cop(RY x [0, T]).

2. Infinite horizon problem

Recall that the uniqueness result for the viscosity solution of the quasivariational
inequality satisfied by the value function of the impulse control problem in the class
BUC(R?) can be proved using the uniqueness of solution of the stopping time problem
(see [2]). So to extend this result to the clasSy,(R?), we first need to establish the
uniqueness for the stopping time problentiGy(R?).

Consider the optimal stopping time problem for which evolution of the trajectory is
given by

X(0) = f(X®),u®), 1€ 00);
X, (0) =x.
The value function of the stopping time problem with stopping got given by

v

Vw(x):v>i51’1;(.)/k(xx(s),u(s))ef)‘s ds + ¥ (X(v))e ™. (2.1)
0

If k, ¥ € BUC(R?), and (A1)—(A3) hold therV,, € BUC(R?) and the variational inequal-
ity satisfied byVy, in the viscosity sense is

max{ Vy (x) + H (x, DVy (x)); Vy (x) — ¥ (x)} =0, (2.2)

whereH is given by (1.9), see [4, Chapter 3, Theorem 4.10]. The uniqueness proof follows
as a corollary to the uniqueness of HIB equation satisfied by the value function of infinite
horizon optimal control problem with continuous controls, see [4, Chapter 3, Theorem
4.11]. If k andy are nonnegative uniformly continuous and unbounded, the corresponding
value function for the stopping time problem will be nonnegative and will lie in the class
UChh(RY). It is easy to show that it will also satisfy the same variational inequality as
given by (2.2). Thus arguing as in [4], to establish unigueness of solution of stopping time
problem we need unigueness of solution of the infinite horizon problem, i.e., of the HIB
equation in the clasgdCpp(R?), given by

V(x)+ H(x,DV(x)) =0.

Ishii has proved the above result in the cla&(R?), in [7, Theorem 1.1 and Remark 1.1],
under the assumptions

H e UC(R? x Bg) for eachr > 0, (2.3)
|H(x, p) — H(y, p)| <o(lx —yl(L+1pl)) V¥x,y,peR7. (2.4)

This result also holds for the subclad€pn(RY). The required conditions oW can be
verified for our Hamiltonian given by (1.9), using assumptions (A1)—(A3). (In fact, with
our assumption we can derive stronger conditionfbigiven by (1.10).) Hence the HIB
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equation has a unique solution irCpp(R¢), and hence (2.2) also has a unique viscosity
solution iNnUCpp(RY). We summarize this result in the next proposition.

Proposition 2.1. AssumgA1)—(A3). Then the value function of the stopping time prob-
lem given by(2.1), with nonnegative unbounded running and stopping cost, is the unique
viscosity solution of the variational inequality, given2y2)in the class UGy(R?).

For the proof of Theorem 1.1, we need two lemmas which we prove first. Recall that
for w € UCpp(RY), Mw is defined by

Muw(x) = irgf{w(x + &) +cx, 6}

We define another nonlinear operator denotedhyJCpp(R?) — UCpp(RY),

Twkx) = i>n(;c

=

{/‘k(Xx(s),u(s))e_M ds—i—Mw(Xx(v,u))e_“}. (2.5)
0

Following the approach in [2], we analyze first the propertiedodnd7, in Lemmas 2.1

and 2.2. While the proof of the first lemma is similar to that in [2], the major difference
occurs in the proof of Lemma 2.2(d), because of the unbounded cost functionals. In the
first lemma we list the properties o1.

Lemma 2.1. For all w, w1 € UCpp(R¢) M has following properties

1. Mw € UCpp(RY).
2. Mw > Mw1 if w > wy.
3. M has concavity property; i.e. for alk € [0, 1]

M(pw+ (1 —pwr) = uMw + (1 — p)Mws.
Proof. 1. Givene > 0, there existg, such that

Mw(x) +& 2 w(x + &) +c(x, &).
Then,

Mw(z) —Mw(x) Sw(z+8§) +c(z,8) —wkx +§) —clx, &) +e
< ww(|x - Z|) +o(z, &) —c(x, &) +¢
< op(lx —zl) +oc(lx —21) +&.
As ¢ is arbitrary andw andc are uniformly continuous an@ andc are bounded below it
follows that Mw € UCpp(RY).

2. Sincew(x + &) > wi(x + &) V&, it follows that Mw (x) > Mw1(x) Vx € R?,

3. Setv = (nw + (1 — n)w1). By the definition ofM, givene > 0 there existg, such
that

Muv(x) +& 2> v(x +&)+clx, ).
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Observe that, by the definition of infimum,
p(Mwx)) < pw(x + &) + pe(x, &) and
A=) (Mwi(x)) < L= wwix + &) + (L — pe(x, &).
Adding the above two inequalities we get
w(Mw(x)) + (1= ) (Mwi(x)) < pw(x +&) + (1 — p)wi(x + &) + c(x, &)

=v(x + &)+ cx(8e)
<Mv(x)+e

=M(pw+ (1— pww1)x) +e&.
Sincee is arbitrary, we have
n(Mwx)) + 1 — ) (Mwi(x)) < M(pw + (1 — p)wi)(x).
This proves the lemma.O

Now we list the properties df in the next lemma.
Lemma 2.2 (Properties ofl"). For all w, w1 € UCph(R9), 7 has following properties

(@) Tw € UCpp(RY).
(b) Tw>Twy if w> wi.
(c) 7 has concavity property, i.e., for gll € [0, 1]

T (pw+ Q- pwwi) 2 puTw+A—pwTwi.

(d) If w; € UCpp(RY) andwy — wp < ywy for anyy € [0, 1] then3ug € (0, 1) such that
Twi—Twr <yl —w7Twy forall ue (O, uol.

Proof. The first three properties &f are similar to those oM and can be proved with

similar techniques. So we take up the proof of property (d).bpF w2 < ywy implies
(1 - y)wi < wo. Hence by property (b),

T((l — y)wl) < T ws. (2.6)
Now using property (c), we get

T(A1-pyw1) > A—y)Twi+y70,

Twr>1—y)Tw1+y70 by (2.6)
Hence

Twi—Twa<y7Twy—y70.

Let us consider the value function of the control problem without any impulses, namely:

[e¢]

w(x) = igf{/ k(X (), u(s))e ™ ds }

0
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We will show that for some fixegg € (0, 1),

70> pow and (2.7)
Tw<w Vw e UCphRY). (2.8)
(2.7) and (2.8) together when substituted back in the estimat&dar— 7 w; give

Twy—Twa<y7w1—y70
<yTwi1—ypow
<yTwi—yuoZwi (using (2.8) withw = w1)
=y —po)7Twi.

This proves the property (d) for all € (0, uol. Thus it is enough to prove now (2.7) and
(2.8). To prove (2.7), observe that by the definitionigf

w(x)g/k(X(s),u(s))e—“ds for all u. (2.9)
0

We remark here that any e UC(R9), uniformly continuous function ofR¢, has linear
growth at infinity. That is,

lvx)| < C(1+1x]) for someC > 0 a constant (2.10)

(See, for example, [7, Remark 1.2].) Hence, by (A2), @hdorresponding to the running
costk,

W(x) < c/(1+ | X (s, u(s))])e™ ds.
0

Now by using standard estimates from ODE and Gronwall's lemma (see, for example,
[4, Chapter 3, Section 5]) we can show that

| X (£, u(®))| < Ixle™ + %(e“ -1), (2.11)

whereL is as in assumption (A1), andp = sup, | f (0, u)|. Hence using this estimate we
get

o0
M
w(x) < c/(1+ x|l + T"(e“ — 1)>e—“ ds.
0

By assumption (A5)
- 1 x| Mo Mo , x|
<Ci- —— = 1+ ——
w(x) C{A+A—L+L(A—L) AL} CC{ +()L—L)C’}
<C"(14|x]).
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Hence by (A4),
"

B C c’
B0 < (L ) < e, 8) Ve

Choose the besgtg € (0, 1) such that
c’ 1
— < —. (2.12)
C1  uo

Hence,

w(x) < ic()c, &) Vx andg. (2.13)
140

Now by the definition of7,

v

T0(x) = 1)i>n(}°u fk(Xx (s), u(s))e_“ ds + MO(XX (v))e_)‘” }
0

Observing that/0(x) = infg c(x, €) = c(x, &), for someg,,

v

T0(x) > '>”J /k(Xx(s),u(s))e_“ds—i—c(Xx(v),Ex)e_“}.
= ,M 0

Substituting from (2.13) we get

v

T0(x) > Uggu{/ k(Xx(s), u(s))e_)‘s ds + ,u,olfJ(Xx(v))e_)‘”}
0

v

> po inf {/k(Xx(S),u(S))e_“ ds +111(Xx(v))e_“},
v=20,u
0
where the last inequality follows as> pok. By the dynamic programming principle for
w(x) (see [4, Chapter 3, Proposition 2.5]) we get
T0(x) > now(x) Vx whereug is chosen asin (2.12).
This proves (2.7). Now to prove the estimate in (2.8), by the definitiofi ,ofor all w
UChu(R?),
Tw(x) < :/k(xx(s),u(s))e“ ds+Mw(Xx(u))e“} Vu.
0

Below we show thadfw (X, (v))e~"" tends to 0 as tends taco. Then sending to oo in
the above estimate we will get, for al|

Tw(x) < /k()(x(s),u(s))e_M ds Yu.
0
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By taking infimum inu, will imply 7w < w Yw € UCpp(R?). Hence we have to show now
that for eachr andu,

Mw(Xx(v))ef)‘” — 0 asv— oo. (2.14)
By using assumption (A4), for all andé,

Mw(x) S wx + &) +c(x,§) <wx +§) + Co(1+ |x]).
Hence fixings, and using the growth condition far coming from uniform continuity, we
get
Mw(Xx(v))e_)‘V < w(Xx(v) + é)e_)‘v + Cz(l—i- |Xx(v)’)e_)‘”
SC(L+ X W] +1E)e™ + Co(1+ | X (v)])e ™"
Hence we can majorise the right-hand side of the above expression, using (2.11) by
Cell™ 1x]e="MY + (|| + C)e™  for some constart.

By assumption (A5)L. — 1 < 0, hence the above expression will tend to @ &snds toco.
ThusMw (X, (v, u))e " — 0 asv — oo. This proves (2.14). So, (2.8) follows:

Twkx) <w(x) VYuw.

This finishes the proof of the property (d) and hence of the Lemma 212.

Remark 2.1. In [2], property (d) of above lemma follows for all € (0, 1) using||w|oc-
Herew may not be bounded. So we avoid that estimate to get property (d) for gorae
(0, 1). But this is enough to prove the uniqueness.

Proof of Theorem 1.1. Suppose by contradiction there are two viscosity solutions in
UChh(R?) of QVI, sayv1 andv,. Hence bothv; andwv, satisfy

max{vl(x) + H(x, Dvl(x)); v1(x) — le(x)} =0,
max{vz(x) + H(x, sz(x)); va(x) — Mvz(x)} =0.

Now we will obtain the uniqueness of the value function of the impulse control problem
by using Lemmas 2.1 and 2.2, and arguments similar to [2]. Without loss of generality we
assume that; andv, are nonnegative. For else-fMj is a lower bound omq andv, we
can definev; = v1 + Mo and v, = vo + Mg. Thent; and v, will be nonnegative and will
satisfy QVI with H replaced by = H — M. Observe thaf! satisfies the conditions of
the Proposition 2.1, namely, (2.3), (2.4).

By definition, 7v1 is the value function for the optimal stopping time problem with
stopping cosiMv1. Hence it satisfies the variational inequality:

max{ (7 v1)(x) + H(x, D(Tv1)(x)); (Tv1)(x) — Mvi(x)} =0

in the viscosity sense. By Proposition 2.1, it follows that the above variational inequality
has a unique solution. Also by assumptiopjs the solution of the QVI given by

max{vl(x) + H(x, Dvl(x)); vi(x) — le(x)} =0.
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Hence by unigueness of solution of stopping time problem, w&€ @et= v;. Thus by the
same argument for two solutiomg andv, of QVI, we have
Tvi=v1 and Tvy=vy,
V1,220, = wvi—va< 1. (2.15)
Hence by property (d) of Lemma 2.2, with= 1 we get
Tvi—Tvo< (11— po)7 vy
and using (2.15)y1 — v2 < (1 — uo)v1. Using property (d) withy = (1 — o) we get
Tv1—Tv2 < (1— po)?T s
again using (2.15) we get
v1 — v2 < (1 — po)?v1.
Proceeding in this way afterth step we will get
vy —v2 < (1—po)'v1.
Sinceug € (0, 1) then(1 — )" — 0, asn — oo. Thusvy — v < 0 asn — oco. Hence
v, < V.

Interchanging the roles af; and v, we get other way inequality, i.evp < vy1. Hence
v1 = v2 and the uniqueness follows.O

We now give the proof of Theorem 1.2. We outline the proof below as it is very similar
to the proof of the Theorem 1.1.

Proof of Theorem 1.2. As in the proof of the Theorem 1.1, we will need the uniqueness of
stopping time problem in the clags. The next proposition states this result. Proof of the
proposition follows from the proof of the uniqueness theorem in cfager unbounded
viscosity solutions of HIB equations, namely [7, Theorem 1.5].

Proposition 2.2. AssumgA3), (A6)—(A9). Then the value function of the stopping time
problem given by2.1), with nonnegative unbounded running and stopping cost is the
unique viscosity solution of the variational inequality, given®y2) in the classQ.

Using Proposition 2.2, proceeding on similar lines as in the proof of Theorem 1.1, we
can prove Theorem 1.2. Note that in the proof of Theorem 1.1, it was important that the
property (d) of Lemma 2.2 holds for appropriatg. We can choose suchug in the proof
of Theorem 1.2 as well, by exploiting the assumption that both running cost and impulse
cost have same growth &8§™. O

Remark 2.2. Note that Theorem 1.2 can be proved by comparison method also, as is done
in [7, Theorem 1.5]. In [8] author proves the result for value functions in the class uni-
formly continuous functions and in the subclass with sublinear growth having unbounded
cost functionals. Theorem 1.2 in this paper proves the uniqueness in theXl&sscost
functions and value functions with a certain growthwhich may be larger than 1.
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3. Finite horizon problem

In this section we prove Theorems 1.3 and 1.4 by comparison method. This method has
been used in [3] for impulse control problem and in [8] for an optimal control problem with
continuous, switching and impulse controls. Both these results are for infinite horizon. The
idea used by them is to modify the auxiliary function a finite number of times to avoid
the casev; = Mvy. Our idea here is different. Instead of changing the auxiliary function
many times we choose the parameters in the auxiliary function suitably so that the case
v2 = Mvy does not arise. Once, = Mv2 is avoided for the supersolution, we use the
usual comparison principle for HIB equation.

Proof of Theorem 1.3. We will show that for any two viscosity solutiong and vz in
UChh([0, T1 x R¥) of QVI given by (1.21),v1 < v». Interchanging the roles af, andv;
we can then get the other way inequality and the uniqueness will follow. We want to show
that
vi(t, x) < wa(t,x) V(t,x) €0, T] x R
Suppose the contrary, i.e., there exigtst) € [0, T'] x R? such that
sup(vy — v2) = v1(f, x) — vo(f, x) = 25 > 0.
Lety € (0,1) such that
yv1(f, X) — v2(f, X) > 6. (3.1)
We are assured that suchvaexists because ify (7, ) < 0 then we can choose anpyc
(0, 1) and if v1(¢, X) > 0 then we can choose
1)
1- _ 3.2
RS 5.2
We define the auxiliary functio® by doubling thex andr variables.
lx — y[2 4t — s/
P (1,x,5.3) = yua(t, ) —vals, ) = —— — k()" ()™
—n(t+s), (3.3)
wherem € (0,1) is fixed and(x)” = (1 + |x|®)™/2 andn = §/8T. y, ¢,k are positive
parameters to be chosen suitably later on. Observe that by (AE0=5), Sincev1 (7T, x) =
v2(T, x) =g (x),

yvi(t,x) — yvi(T, x) +v2(T, x) — va(s, y)
C(A+[t=T))+C(A+I|s=T|+|x — yl),

where the last inequality follows becausgand v, are uniformly continuous. Hence as
x|, |y| = 0o, @ - —oo and@ attains its supremum at some finite poinf@ 7] x R? x

[0, T] x R?, say, (to, xo0, 50, yo). Using the fact that sup = @ (1o, xo, 50, yo) We get the
following estimate in Lemma 3.1 which will be proved after finishing the proof of the
theorem.

yvi(t, x) — va(s, y)

NN
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|to — sol + |x0 — yol < v/eC
for some constant independent of, ¢, andy. (3.4)

We first claim thatg or sg cannot be equal t@ for ¢ sufficiently small, that is:

to<T and sog<T. (3.5)
If not, lettg=T. Then,

& (10, X0, 50, yo) = @ (T, xo, 50, Y0)

|xo — yol? + 1T — sol?
£

= yv(T, x0) — v2(s0, yo) —
— i ((x0)™ + (o)) — n(T + s0)

>d(,x,1,%)

=ypui(t, x) —vo(f, x) — 2c(x)™ — 2nt

> 5 — 2c(X)" — 207 by (3.1)

Usingv1(T, yo) = v2(T, yo) = g(yo) = 0, above inequalities will imply

v1(T, x0) — va(T, yo) + v2(T, yo) — v2(s0, Yo)
= v1(T, x0) — v2(s0, yo) = yv1(T, x0) — va(s0, yo) = 8 — 2 (X)" —2nf =
g(x0) — g(vo) + v2(T, yo) — va(so, yo) = 8 — 2 (x)" —2nt =
wg(Ix0 — yol) + @u, (IT — sol) =8 — 2 (¥)" — 2nt.
Choosecg such that 2p(x)™ < §/4 and observe thatr < nT = §/8. Then,

wg(|x0 - }’O|) + wv2(|T - 50|) >48/2.

Now ase — 0, |xg — yol, |T — so| become small and left-hand side of above expression
tends to O whereas right-hand sidesj&. Thus we arrive at a contradiction. Hence our
assumption is wrong ang < T'. Similarly we can show thay < T. Thus (3.5) is proved.
Note here that the above inequalities hold true fokail «o. Hereafter we choose such
thatx < k. Sincev; is a subsolution, by the definition of viscosity subsolution we have,
for a test functionp; such thatv1 — ¢1 has maximum atro, xo)

(1) (10, x0) + H (t0, X0, D¢1(t0, x0)) <O and
v1(f0, x0) — M (v1) (70, x0) <0, (3.6)

and by the definition of supersolution fos we have

(v2)s(s0, Y0) + H (yo, Dp2(s0, y0)) =0 or
v2(s0, yo) — M (v2)(s0, yo) =0 (3.7)

for ¢2 such that, — ¢ has local minimum atso, yo). If both vy, vo satisfy HIB we can
proceed by the usual comparison principle, for example, as in [7]. Otherwise we consider
the case whemn; = Mwv; at (s, yp). Our aim is to show that this case does not arise if we



702 M. Ramaswamy, S. Dharmatti / J. Math. Anal. Appl. 315 (2006) 686—710

restricty further suitably. For ifv2(so, yo) = Mv2(so, yo), then by (1.20), we know that
the infimum will be attained id/v, at somegg, that is

v2(s0, Y0) = Mv2(s0. yo) = v2(s0, Yo + &0) + c1(s0, Xy, (50). £0).

Also by the definition of viscosity subsolution we have that

v1(fo, x0) < Mu1(to, x0) < vi(to, xo + &0) + c1(fo, Xx, (10, é0)-

Substituting these inequalities @(zo, xo, so, yo), We get

@ (10, x0, 50, y0) < Y v1(f0, X0 + 0) + v c1(to. X1, (10), &0) — v2(s0, Yo + o)
|xo — yol? + |fo — s0|?
— c1(s0, X y0(50), &0) — -
— k({x0)" + (y0)") — n(to + s0)
< yvalto, xo + &0) + yei(o, Xx, (o). €0) — v2(s0. yo + &0)
— yei(to. Xy, (10), §0) + v c1(t0. Xy, (10), 0)
— c1(s0, X y5(s0), §0) — ¥ c1(50, Xy, (50), £0)
lx0 — yol? + |fo — 50|
&

+ yci(so. Xy, (50), §0) —
— k((x0)™ + (y0)™) — n(to + s0)

< @ (t0, X0 + £0, 50, Yo + &0) + Y ey (€“]x0 — yol)
+ y e, ((F + Do — sol) — (1 — y)c1(s0, Xy, (50), 0)
+ «((xo + &))" + (yo+ £0)") — k ((x0)™ + (yo)™)

< @ (10, x0 + &0, 50, Yo + §0) — (1 — ¥)c1(s0, Xy (s0), §0) + 2«0l
+ Y@y (€10 — yol) + y@e ((F + Dlto — sol).

Here in the last inequality we have used the fact tha¥* is Lipschitz continuous with
Lipschitz constant less than 1 and, is the modulus of continuity of;. Now we claim
that|&g| is bounded. Using (1.20), we have that for a givethere existsk1 such that

c1(t, Xy,(1), 0) > Gléol  for [§ol > Ra.
But c1(s0, Xy, (s0), £0) = v2(s0, yo) — v2(s0, Yo + £0) and by uniform continuity ob»

C(1+ 1é0l) = v2(s0. yo) — v2(so, Yo + o) = c1(s0, X 0 (50). §0) = G0l
if |&o] > R1.

Also, for the choice of5 > C this would give a bound of#p|. Hence|&p| is bounded by
someRy, for all £ such thaty(so, yo) = v2(so, Yo + &0) + c1(s0, Xy, (s0), £0). Recalling
from (A10-3) thatcy(z, X (¢), &) is bounded below by, the above inequality can be
written as

@ (to, x0, 50, Y0) < P (to, x0 + &0, 50, yo+&0) — (L —y)Co+ 2« Ry

+ ywe, (€5°]x0 — yol) + ywe, ((F + Dlto — sol).-
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Now we choose such that

Y e, (CeLTﬁ) + ywe, (F + DVe) <«k. (3.8)
Hence forR = 2R1 + 1 we can write
@ (10, X0, 50, Yo) < @ (10, x0 + &0, 50, yo +&0) — (1 — y)Co + Kk R. (3.9)
If we restricty further to satisfy
R
dL-9 >, (3.10)
Co
we get

D (g, X0, 50, Y0) < D (t0, x0 + &o, S0, Yo + &o0).

This is a contradiction to the fact th@g, xo, so, yo) is the supremum point @. The above
choice ofy in (3.10) is consistent with the earlier choice namely (3.2), if wexfix «q
such that

(3.11)

[ C C
K<mm{ 0 0}.

Ruvi(7,X)" R
Thus the case, = Mv, cannot occur at the maximum point of the auxiliary function
@ for such a choice of, y andk. Hencevy satisfies HIB atso, yo)-
Now we proceed by the usual method of comparison principle. For, we define test func-
tions¢1 andg¢o by

_ 2 _ 2
d1t, x) = v2(s0. yo) + ”':” S0 e (o)™ + (yo)™) + 0t + 50).

2 2
¢2(S,y)=yv1(to,xo)—|xo 2| :—Ito d — ke ((x0)" + (»)™) = n(s + to).

Note here that

X0 — Y0 _
Dx¢1(t0, XO) = Z—y +Kkm (xo)m 2x0’
X0 — Yo B
D)’¢2(SO, o) = 2 — Km(y())m 2)’0,
o — S0 fo — 50

¢1, (to, x0) = 2 +m ¢2,(s0,y0) =2 —.

Thenyvi — ¢ attains its maximum aftg, xo), that isvy — %1 attains its maximum at
(to, xo) and vz — ¢ attains its minimum atrg, yo). Hence by the definition of viscosity
sub- and super-solution,

(P D1 (to, x0) ) <0 o
Y Y

D (o,
(mm+yHGman@$19)<

~ 07
(¢2)s + H (50, yo, Dep2(s0, y0)) = O.

+ H<t0, X0,
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Now subtracting one from the other we will have

(#1): — ($2)s

D¢1(t0, x0)
< H (s0, yo. D¢2(s0, y0)) — J/H<to, X0, 7)

14

. X0 — _
< |gf(—k1(so, ¥o.u) = f (50, yo.u) - (2 2 —km{yo)" 2yo>)

. X0 — _
- Igf(—ykl(to, x0. ) — f (10, X0, 1) - (2°Ty° + km {xo)™ 2xo>>~
Using the definition of infimum in the second term, for anthere exists: such that

(@11 — ($2)s
< —k1(50. yo. it) — (f(so, Yo if) <2x° - 0 _ Km(yo)m2y0>>

o
+ yka(to, X0, i) + <f(to, X0, i) - <2°Ty° + Km(x0>m_2xo>> 1E

Now adding and subtracting

—JYo
)

ki(to, xo,u) and f(SO,yo,it)-(Zxo +/cm{xo>’"2xo),

using (A1), (A2) and fact that is arbitrary, we get
21 < iy (10 — sol + |xo — yol) + (1 — y)|ka(to, x0, i)
+ Fiem|(x0)™ 2x0 + (y0)" 2ol + L(lto — sol + |x0 — yol)-

Note thatm | (xo)™ %xo| andm|{yo)™ 2yo| remain bounded for all & m < 1. Now using
the fact thatp < T and./k|xo| is bounded by some constafitwe get thatk1 (o, xo, i)
remains bounded in somre=r (k) ball. Then, using (3.4) and sending fiesto 0 and then
x and(1— y) to 0, respecting the choices (3.8), (3.2), (3.10) and (3.11) we get

2n <0.

Butn = % > 0, hence we arrive at a contradiction.
Hence our assumption that sup — v2) > 0 is wrong and we have

v <vy Y(t,x)e[0,T] x RY.

Then by interchanging the roles of andv, we will get the uniqueness.O
Now we prove the estimate (3.4) used in the proof as the following lemma.
Lemma3.1. Let® be as in(3.3)and letsup® = & (7g, xo, 50, ¥o). Then,

1. |xo0 — yol + |to — so| < +/¢C for some constant independent of ande.
2. Jxlxol < C, x|yol < C for someC independent of andx.
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Proof. Since su(t, x, s, y) = @ (to, X0, 50, Y0)

24 (1o, x0, 50, Y0) = D (t0, X0, f0, X0) + P (50, Y0, 50, Y0)>
2Ixo — yol? + |to — sol?
&
Now by uniform continuity ofv; andv; and Cauchy—Schwarz inequality we get

< yvi(fo, x0) + v2(fo, x0) — Y vi(so, yo) — v2(so, yo)-

2I)Co — yol? + |to — s0|?
&
< C (14 |xo — yol + |0 — sol) + ¥ C(1+ |xo — yol + |to — sol) =

Ix0 — Yol + |to — s0l? < eC(1+ |xo — yol + |to — sol) sincey <1

202
e“C 1
<eC+ —t §(|X0 —yol?+10—s0l?) =
1 £2C?
§(|x0 — yol? + Ito — s0l?) < eC + >

and hencelxg — yol| + |t — so| < /C for someC independent of ande. O

Now we take up the proof of Theorem 1.4. We first prove a local comparison theorem
in a cone and then using that prove the global comparison, as done for HIB equations in
[7, Theorems 2.4 and 2.5]. Now we state the local uniqueness theorem in a cone.

Theorem 3.1. Let
C={(x,1): 0<t<T and|x| < Ct}.
Let v1 and vy in C(C) be two viscosity solutions of QVI given t.21), (1.22) Then

vi=uv2inC.

Proof. We prove that for any two solutiong andwv; of (1.21), (1.22) inC, v1 < v2inC.
Then by interchanging the roles of and v, we will get the required result. The idea of
the proof is similar to that of Theorem 1.3. We will modify the auxiliary function in Theo-
rem 1.3 slightly so as to avoid the supremum pointboéscaping to the lateral boundary
of C. Let there exist < T and(z, x) € C such that

supvy — v2) = v1(f, x) —va(f,x) =2 >0 and |x|<Cr— 4. (3.12)
C
If v1(z, Xx) < 0 we can choose any < (0, 1), else we fixy < (0, 1) such that

1-y)>

v1(7, %) (3.13)
Then we are assured that

yvi(f, X) — va(i, %) > 8.
LetC =C x C, and

Mp > Sl:lp{yvl(t, x) —va(s, y)}.
c
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ThenMg > 25. Leth € C1(R) be such that’ < 0, h(r) =0 for r < =8, h(r) = —3Mj for
r > 0. Let us denotéx) s = (|x|? + )2
We now define the auxiliary functio@t onC by

Ix — y[2+ |t —s?
D(t,x,s,y)=yvi(t,x) —va(s,y) — - —n(t+s)

+h((x)g — Ct) +h((y)p — Cs),

whereg, n, B are positive parameters to be chosen suitably latepattains its supremum
at some point i€ say, (¢, xo, S0, yo)- Using the fact that sup = @ (1, x0, s0, yo) We get
the following estimate similar to the one in Lemma 2.3.1:

lx0 — yol® + Ito — sol® < 2Moe (3.14)

and
lxo — yol? + Ito — sol?
£

We now claim thatg < T andsg < T. Moreover,|xg| < Cfg and|yg| < Csp for n and g
small. If |xg| = C1tg then,

< wi(e). (3.15)

sup® = @(to, x0, 50, y0)
< yvi(to, x0) — v2(s0, yo) + i ((x0)g — Cto) + h((y0)g — Cso)
< Mo — 3My=—2M,.
But on the other hand, for any/ < § andn < §/4t,
@, %,1,%) =8 — 2ni + 2h((%) g — CT) > 8/2, (3.16)

which is a contradiction. Hendag| < Ctp. In a similar fashion we can show thigi| <
Cro for B <8 andn < §/4¢.
Nowifig=T,

& (10, X0, S0, yo) = @ (T, x0, 50, Y0)
< yvi(T, xo0) — v2(s0, yo)
<y(g(x0) — (o) + (¥ — Dy, (IT — s0l)
<ywg(lxo—yol) asy <1

This implies by the estimate (3.14), thatzg, xo, so, yo) can be made arbitrarily small by
choosinges appropriately. This contradicts (3.16) and our claim is proved. Similarly we can
show thatsg < T'.

If both v1, vo satisfy HIB af(rg, xg) and(sg, yo) we can proceed by the usual compari-
son principle, for example, as in [7, Theorem 2.5]. Otherwise, we consider the case when
v2 = Mv2 at (sp, yo). Our aim is to show that this case does not arisefer 1. For if,
v2(s0, Y0) = Mvz(so, yo), then by (1.20), we know that the infimum will be attained in
M, at somegg, that is

v2(s50, y0) = Mv2(s0, yo) = v2(s0, Yo + £0) + c1(s0, X y0(50), &0).
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Also by the definition of viscosity subsolution we have that
v1(10, x0) < M1(to. x0) < v1(fo. X0 + £0) + c1(t0. Xx,(10). £0)-

Substituting these inequalities @z, xo, so, y0), We get

(10, X0, S0, Y0)
< yvi(to, xo + £0) + v c1(0, Xx, (o), £0) — v2(s0. yo + £0) — c1(s0, X 10 (50), §0)

lxo — yol® + Ito — s0l?
- Y . — n(to+ so0) + h((xo)p — Cto) + h((yo)p — Cs0)

< @ (10, x0 + &0, 50, Yo + §0) + vc1(f0, Xxo(10). §0) — c1(s0, Xy (50), é0)
— h({(x0+ &0)p — C1o) + h((x0)g — Cto) — h({yo+ &0)p — Cs0)
+ h({yo)p — Cs0)

< @ (10, x0 + &0, 50, Yo + £0) — (1 — ¥)c1(fo, Xx,(10). £0) + c1(t0, Xxo(t0), §0)
— c1(s0, Xy, (50), &0).

Here in the last inequality we have used the mean value theoremdad the fact that
h' <0 and|&g| is bounded by some large consta&tFor, if va(so, yo) = Mv2(so, yo), then
by the assumption (1.27), there exiggssuch that

Mv2(s0, yo) = v2(s0. yo) = v2(s0. Yo + §0) + c1(s0, Xy, (s0). §0) =
c1(s0, X y0(50), £0) = v2(s0, y0) — v2(s0, yo + £0).

Now right-hand side of the above equation is bounded becausgebounded orC and
the second termy(sg, yo + £o) is bounded below. This together with (1.27) implies that
cannot go to infinity. This will give a bound gfp|, say R. Recalling that is bounded
below byCo, the above inequality can be written as

@ (t0, x0, 50, y0) < D (to, X0 + &0, 50, Y0 + £0) — (1 — ¥)Co + wc, (|70 — s0l)
+ wey (eLtolxo - yo|). (3.17)
Now by choosing: andy appropriately, that is,

1y LalCVE) (3.18)
Co

we can make

@ (1o, x0, 50, Y0) < D (t0, x0 + &0, 50, Yo + é0)-
This is a contradiction to the fact thét, xo, so, yo) is the supremum point ob. This
choice (3.18) ofy can be made consistent with the earlier choice (3.13) if we cheose
such that
A 1)
C _ 3.19
a)cl( \/E) < (. %) ( )
Thus the case, = Mv, cannot occur at the maximum point of the auxiliary functibn
for such a choice of parameters. Hengesatisfies HIB atso, yo). Now we proceed by the
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usual method of comparison principle. We define test functfgrende, by

Ix — yol2 + |t — s0/?
¢1(t, x) = v2(s0, yo) + . +n(t + s0)

— h({x)g — Ct) — h({y0)g — Cs0).

lxo — y12 + Ito — 512
¢2(s, y) = yvi(fo, xo) — A —n(to+s)

+ h({x0)p — Cto) + h({y)p — Cs).
Let X = ({xo)p — Cto) and¥ = ({yo)g — Cs0). Then,

Dya(to. xo) = 22220 i (x) -2,
€ (x0)p
X0 — Y0 0
Dya(so. yo) = 2220 4 p/(y)—22,
3 (yo)p
t —_
é1, (10, x0) = 222 — CH'(X) + 1,
o — S
2, (50, Y0) = 22—+ Ch'(Y) —n,

yv1 — ¢ attains its maximum atro, xg), that isvy — 1 attains its maximum atro, xo)
andvy — ¢ attains its minimum atrg, yo). Hence by the definition of viscosity sub- and
super-solution,

(P N H(to,xo, D¢1(to,XO)>
Y Y

<0,

(¢2)s + H (s0, Yo, Dp2(s0, y0)) = O.
Multiplying the first inequality byy, and subtracting one from other,

D .
(@11 — ($2)5 < H(s0, Yo, D¢2(s0, y0)) — yH<to, X0, M)

Under the assumptions (A90and (A3), H satisfies the following structural condition in
the coneC:

|H(t,x, p) —yH(t,x,q/y)| <Clp — gl + (L — y)ka(t, x, ),
for someu, (3.20)
|H(t,x,q)— H(s,y,q)| <w(lx — y|+ |t — s])
+ o((lx =yl + 1t —s1)Iql). (3.21)
Hence we get
2n—C{n'¥)+h' (X))}

X0

< (A —p)|kato. x0. )| + C |0 (V) 22 + 1/ (X)
{(yo)p (x0)p
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|xo — yol?
+ w(|xo — yol + |fo — sol) +w(f + |xo — yo|h'(V)|

X0 — fo— S

Observe thak; is continuous on the conghence there exisi§ such that
|k1(t0, x0. )| < C.

Sincel’ < 0, by sending to 0 andy to 1, respecting (3.13), (3.18) and (3.19) we get
2n <o(l).

This is a contradiction and henege < vy. O

Corollary 3.1. The above theorem holds true in the cone
{(x,t): O<t<T,|x—x0l < Ct}

for any xo € R?, if structural assumption§3.20)and (3.21) on Hamiltonian hold in this
cone.

Proof of Theorem 1.4. Fix Top < T such thatl — Tp < 1/F, whereF is as in (1.26). We
fix xo € R?. Definer = FT (1+ |xo|)/(1— FT) > 0, so that

r=FT(1+|xo|l+r):=CT.
Define the cone
Cxo={(x.0): T—To<t <Tand|x —xo|l < F(1+ |xo| +r)(t — (T — To)) }.

We next claim that in this coney = v,. For we will apply the theorem and corollary stated
and proved below witlC = F(1+ |xg| 4 r) for xg fixed. Then we can write

R x (T =To.T)= | Cy

xpeR4

and hencey; < vo on[T — Tp, T] x R4. The proof forT — Tp > 1/ F can be obtained by
iterating the above argument on time intervals of fixed length smaller than This will
complete the proof. O
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