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Abstract

We study here the impulse control problem in infinite as well as finite horizon. We allow the
functionals and dynamics to be unbounded and hence the value function can possibly be unb
We prove that the value function is the unique viscosity solution in a suitable subclass of cont
functions, of the associated quasivariational inequality. Our uniqueness proof for the infinite
zon problem uses stopping time problem and for the finite horizon problem, comparison m
However, we assume proper growth conditions on the cost functionals and the dynamics.
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1. Introduction

The study of optimal control problems with continuous controls, gives rise to Hami
Jacobi–Bellman equations which are satisfied by the value function corresponding
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problem, if it is smooth. Different kinds of control problems like optimal stopping t
problem and problems involving switching control and impulse control have been st
in the literature. It is known that the value function of these problems, whenever sm
satisfy different variational and quasivariational inequalities. But most of the time
value functions are only continuous and not sufficiently smooth. The notion of viscosi
lutions, a kind of generalized solutions, introduced by Crandall and Lions [6] is extre
well suited for these problems. The value function satisfies the corresponding equ
or inequalities in the viscosity sense. These control problems are studied in the vis
solution set up, for example, in [2,5]. See also [4], and the references therein. Yong
also studies differential games where one person uses impulse controls and other u
tinuous controls. In all these works the uniqueness results are obtained assuming
dynamics and cost functionals are bounded and uniformly continuous and hence th
functions are in the bounded uniformly continuous function class,BUC(Rd).

Our aim in this work is to relax the boundedness assumption on cost functiona
the dynamics for impulse control problem and to characterize the value function
only solution of the associated quasivariational inequality for the infinite horizon p
lem in a suitable subclass ofCbb(R

d), bounded below continuous functions onR
d , with

suitable growth. Uniqueness in the class of lower bounded uniformly continuous
tions, UCbb(R

d) is obtained via a sequence of stopping time problems. In the pro
we also show uniqueness in the same class for the stopping time problem. By al
the dynamics also to be unbounded, and cost functionals to be continuous with
tain growth, uniqueness in the class of continuous functions with suitable growth is
proved using the same method. Similar parallel results for the finite horizon probl
uniformly continuous function class,UCbb(R

d × [0, T ]) as well as continuous functio
classCbb(R

d × [0, T ]), are proved using comparison principle method. The same me
has been used in [3,8] but our idea is different from theirs. While they modify the
iliary function a finite number of times to arrive at the comparison result, we choos
parameters in the auxiliary function suitably for the same purpose.

Earlier Ishii, in [7] proved the uniqueness of unbounded viscosity solutions of
equations in different function classes under different assumptions on Hamiltonian
work extends some of these results to quasivariational inequalities arising from im
control problem with unbounded cost functionals and dynamics and also the earl
sults of [2,3], for impulse control problems with bounded costs and dynamics in in
horizon. Yong in [8], proves uniqueness of unbounded value functions for infinite ho
optimal control problems with continuous, impulse and switching controls, in the cla
uniformly continuous functions and in the subclass of uniformly continuous functions
sublinear growth under assumptions very similar to ours. Our method for value functi
uniformly continuous class is different. Further, we extend the results of [8] to the ca
continuous functions with a certain growthm, depending on the dynamics and the disco
factor and thism can be larger than one. We also deal with the finite horizon case i
same spirit as in [7], first proving a local comparison theorem in a cone and then a
comparison theorem, for quasivariational inequalities. Similarly for the switching pro
Ball et al. [1] have extended the result of [5] in to the case of unbounded solutions.

Now we describe the control problem. The trajectory of the impulse control proble
infinite horizon is given by
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Ẋ(t) = f
(
X(t), u(t)

)
if t ∈ (θi, θi+1), (1.1)

Xx(0) = x,

Xx(θ
+
i ) = Xx(θ

−
i ) + ξi,

wheref : R
d × U → R

d , θ = (θi)i∈N is a nondecreasing sequence of positive reals w
satisfiesθn → ∞ when n → ∞ and ξ = (ξi)i∈N is a sequence of elements of(R+)d .
Finally, u(t) : [0,∞) → U is any measurable function, whereU is a compact metric spac
andβ = (θ, ξ, u(·)) is the control variable. The total discounted costJ (x,β) is given by

J (x,β) =
∞∫

0

k
(
Xx(t), u(t)

)
e−λt dt +

∑
i∈N

c
(
Xx(θi

−), ξi

)
e−λθi , (1.2)

whereXx(t) is the solution of (1.1),k is the running cost,c(x, ξ) is the impulse cost an
λ > 0 is the discount factor. The optimal cost functional is then defined to beV (x):

V (x) = inf
β

{ ∞∫
0

k
(
Xx(t), u(t)

)
e−λt dt +

∑
i∈N

c
(
Xx(θi

−), ξi

)
e−λθi

}
. (1.3)

We make the following assumptions:

(A1) f : R
d × U → R

d is bounded byF and Lipschitz continuous in the first variable:∣∣f (x,u) − f (y,u)
∣∣ � L|x − y| ∀u ∈ U. (1.4)

(A2) k : R
d × U → R

+ is nonnegative and uniformly continuous in the first variable w
modulus of continuityωk . That is:∣∣k(x,u) − k(y,u)

∣∣ � ωk

(|x − y|) ∀x, y ∈ R
d andu ∈ U. (1.5)

(A3) U is a compact metric space.
(A4) c(x, ξ) is nonnegative and uniformly continuous in the first variable with modulu

continuityωc. That is∣∣c(x, ξ) − c(y, ξ)
∣∣ � ωc

(|x − y|) ∀x, y ∈ R
d andξ ∈ (R+)d .

Moreover, there exist constantsC1 andC2 such that, for allξ ,

C1
(
1+ |x|) � c(x, ξ) � C2

(
1+ |x|). (1.6)

(A5) The discount factorλ > L whereL is as in (A1).

It can be shown by using similar arguments as in the case of bounded cost fun
as in [2,4] that, under the assumptions, (A1)–(A5)V defined by (1.3) is nonnegative un
formly continuous onRd . Hence it belongs toUCbb(R

d). Moreover, it satisfies optimalit
principle called dynamic programming principle. We can further show that it satisfie
following quasivariational inequality in the viscosity sense:

max
{
V + H(x,DV ),V − MV

} = 0 ∀x ∈ R
d, (1.7)



M. Ramaswamy, S. Dharmatti / J. Math. Anal. Appl. 315 (2006) 686–710 689

e func-
n of
p-
value

.

n

tionals
d
s the

s the
whereM is defined by

Mφ(x) = inf
ξ∈(R+)d

{
φ(x + ξ) + c(x, ξ)

}
, φ ∈ UCbb(R

d), (1.8)

and

H(x,p) = sup
u∈U

{−f (x,u) · p − k(x,u)

λ

}
. (1.9)

Observe that under the assumptions (A1)–(A4), the above Hamiltonian satisfies∣∣H(x,p) − H(y,q)
∣∣ � F |p − q| + ω

(|x − y|), (1.10)

whereω is a modulus of continuity depending on those off andk.
In [4, Chapter 3] and [2] cost functionals are assumed to be bounded, hence valu

tion belongs to the classBUC(Rd). The uniqueness of the value function as the solutio
quasivariational inequality inBUC(Rd) is established in [2] by using an iteration of sto
ping time problems. As our cost functionals are no longer bounded above we get the
function to be in the bounded below uniformly continuous function class,UCbb(R

d). Now
we state the uniqueness theorem inUCbb(R

d) for (1.7) which will be proved in Section 2

Theorem 1.1. Assume(A1)–(A5). Then,V defined by(1.3) is the unique viscosity solutio
in the class UCbb(R

d) of the quasivariational inequality given by(1.7).

Now let us relax boundedness assumption on the dynamicsf and uniform continuity
assumption on the cost functionalsk andc. We allowf to have linear growth andk, c to
have power like growth. We list below the assumptions in this particular case:

(A6) f is Lipschitz and has a linear growth: forx, y ∈ R
d∣∣f (x,u) − f (y,u)

∣∣ � L|x − y| and
∣∣f (x,u)

∣∣ � F
(
1+ |x|). (1.11)

(A7) k : R
d × U → R is continuous with growthm such thatm < 1

L
, whereL is as in

(A6). ∣∣k(x,u)
∣∣ � C

(
1+ |x|m) ∀x ∈ R

d andu ∈ U. (1.12)

(A8) c(x, ξ) is positive and continuous in both the variables:

C
(
1+ |ξ |m)

� c(x, ξ) � C0 > 0. (1.13)

(A9) The discount factorλ > mL.

It can be shown by using arguments similar to those in the case of bounded cost func
as in [2,4] that under the assumptions (A6)–(A8),V defined by (1.3) is continuous an
it satisfies dynamic programming principle. Using this, we can show that it solve
quasivariational inequality in the viscosity sense given by (1.7).

With the assumptions (1.11) and (1.12) our Hamiltonian defined by (1.9) satisfie
following structural condition:∣∣H(x,p) − H(x,q)

∣∣ � F
(
1+ |x|)|p − q| (1.14)
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for all x,p, q ∈ R
d and∣∣H(x,p) − H(y,p)

∣∣ � ωR

(|x − y|(1+ |p|)) (1.15)

for all p ∈ R
d , x, y ∈ B(0,R), R > 0, whereωR is a local modulus of continuity dependin

on k.
Unlike the case of bounded dynamics, the value function, in this case is not nece

uniformly continuous but lies in the continuous function classC(Rd). Let us now estimate
growth of the value function. For this we recall the ODE estimate [4, Chapter 3, Sect
Remark 5.6]

∣∣Xx(t)
∣∣ � |x|eLt + M0

L

(
eLt − 1

)
,

whereM0 = supu |f (0, u)|. Observe that if there are no impulses, then

∣∣J (x,u)
∣∣ �

∞∫
0

C
(
1+ ∣∣Xx(t)

∣∣m)
e−λt dt �

∞∫
0

C
(
1+ emLt

(|x|m + C
))

e−λt dt

� C
(
1+ |x|m)

,

thanks to the assumption (A9). Let us define

Qm

(
R

d
) =

{
u ∈ Cbb

(
R

d
) ∣∣∣ sup

|u(x)|
1+ |x|m < ∞

}

for m > 0. The right class to look for a unique solution to the quasivariational inequal

Q :=
⋃

Qm(Rd), m <
1

L
.

The conditionm < 1
L

cannot be relaxed. Otherwise it is known that (1.7) may not adm
unique solution. For example,u(x) = |x|m solves the equation

u − 1

m
〈x,Du〉 = 0 in R

d

in the viscosity sense. Our result in this case is

Theorem 1.2. Assume(A3), (A6), (A7), (A8) and(A9). Then the value functionV defined
by (1.3) is the unique solution of the quasivariational inequality(1.7) in the classQ =⋃

Qm(Rd), m < 1
L

whereL is as in(1.11).

Next for the finite horizon problem, for fixedT > 0, the evolution of the trajector
occurs according to

Ẋ(t) = f
(
t,X(t), u(t)

)
for t ∈ (θi, θi+1), θi ∈ (s, T ), (1.16)

X(s) = x; Xx(θ
+) = Xx(θ

−) + ξi, (1.17)
i i
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where θi � T . As beforeξ = (ξi)i∈N is a sequence of elements of(R+)d and u(t) :
[s, T ] → U is any measurable function,β = (θ, ξ, u(·)) is the control variable. The to
tal cost is then given by

J (s, x,β) =
T∫

s

k1
(
t,X(t), u(t)

)
dt +

∑
s�θi�T

c1
(
θi,Xx(θ

−
i ), ξi

) + g̃
(
X(T )

)
, (1.18)

whereX(t) is actuallyX(s,x)(t), the solution of (1.16), (1.17) and ifθi = T for somei then
we takeg̃(X(T )) = g̃(X(T +)). Herek1 is the running cost,c1 is the impulse cost and̃g is
the terminal cost. For notational convenience we drop the superscript inc1(t,Xx(θ

−
i ), ξi)

now onwards.
The optimal cost functionalV (s, x) is defined by

V (s, x) = inf
β

{ T∫
s

k1
(
t,X(t), u(t)

)
dt

+
∑

s�θi�T

c1
(
θi,Xx(θi), ξi

) + g̃
(
X(T )

)}
. (1.19)

We make the following assumptions onf and the cost functionalk1, c1 andg̃ of finite
horizon problem.

(A10) 1. f (t,Xx(t), u(t) is continuous int variable and Lipschitz in the second variab
uniformly for all u with Lipschitz constantL and bounded byF .

2. k1(t, x,u) is nonnegative continuous and uniformly continuous in first two v
able for allu ∈ U .

3. c1(t,Xx(t), ξ) is nonnegative and uniformly continuous in first two variab
and is bounded below by a positive constantC0.

4. c1 is monotonically increasing int variable, namely, fors � t ,

c1
(
s,Xx(s), ξ

)
� c1

(
t,Xx(t), ξ

)
.

Moreover,

c1(t,Xx(t), ξ)

|ξ | → ∞ as|ξ | → ∞, uniformly for all t ∈ [0, T ]. (1.20)

5. Terminal cost̃g is nonnegative and uniformly continuous.

Under the assumptions (A3) and (A10)V defined by (1.19) is uniformly continuou
in both the variables. Moreover, V satisfies the optimality principle called dynamic
gramming principle. We can further show that it satisfies the following quasivariat
inequality in the viscosity sense:

max
{−Vt + H(x,DV ),V − MV

} = 0 in (0, T ) × R
d, (1.21)

V (T , x) = g(x), (1.22)
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where

g(x) = min
{
g̃(x), inf

ξ

{
g̃(x) + c1

(
T ,Xx(T ), ξ

)}}
.

HereVt is the derivative ofV with respect to t variable andDV is the derivative with
respect tox variable.M is defined by

Mφ(t, x) = inf
ξ∈(R+)d

{
φ(t, x + ξ) + c1

(
t,Xx(t), ξ

)}
(1.23)

for anyφ ∈ UCbb(R
d) and

H(t, x,p) = sup
u∈U

{−f (t, x,u).p − k1(t, x,u)
}
. (1.24)

Now we state our uniqueness theorem for the finite horizon problem which w
proved in Section 3.

Theorem 1.3. Assume(A3) and(A10). Letv1 andv2 ∈ UCbb([0, T ]×R
d) be two solutions

of the quasivariational inequality given by(1.21), (1.22). Thenv1 = v2.

Next our aim is to relax the boundedness assumption on the dynamics. Here we
f to be unbounded with linear growth, that is:

(A10′) 1. f is locally Lipschitz with Lipschitz constantLR in the ball of radiusR
aroundx in R

d and has a linear growth:∣∣f (t, x,u) − f (t, y,u)
∣∣ � LR|x − y|

∀|x|, |y| � R, ∀t ∈ [0, T ], (1.25)∣∣f (t, x,u)
∣∣ � F

(
1+ |x|). (1.26)

2. k1, c1 are nonnegative and continuous andc1 is bounded below by a positiv
constantC0; c1 is monotonically increasing int variable and

c1(t, x, ξ) → ∞ as|ξ | → ∞. (1.27)

3. Terminal cost̃g is nonnegative and continuous.

Value function, in this case is not necessarily uniformly continuous and lies in the
tinuous function classCbb(R

d × [0, T ]). Uniqueness theorem which we will prove us
ideas from [7, Theorem 2.5] for HJB equations. Here we extend it to quasivariation
equalities arising from impulse control problem. With the assumptions (1.25), (1.26
Hamiltonian defined by (1.24) satisfies the following structural condition:∣∣H(t, x,p) − H(t, x, q)

∣∣ � F
(
1+ |x|)|p − q| (1.28)

for all x,p, q ∈ R
d and∣∣H(t, x,p) − H(t, y,p)

∣∣ � ωR

(|x − y|(|p| + 1
))

(1.29)

for all p ∈ R
d, x, y ∈ B(0,R),R > 0, whereωR is a local modulus of continuity. Now w

state our uniqueness theorem in this case.
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Theorem 1.4. Assume(A3) and (A10′). Let v1, v2 ∈ Cbb(R
d × [0, T ]) be two viscosity

solutions of the QVI given by(1.21), (1.22). Thenv1 = v2 in Cbb(R
d × [0, T ]).

2. Infinite horizon problem

Recall that the uniqueness result for the viscosity solution of the quasivaria
inequality satisfied by the value function of the impulse control problem in the
BUC(Rd) can be proved using the uniqueness of solution of the stopping time pro
(see [2]). So to extend this result to the classUCbb(R

d), we first need to establish th
uniqueness for the stopping time problem inUCbb(R

d).
Consider the optimal stopping time problem for which evolution of the trajecto

given by

Ẋ(t) = f
(
X(t), u(t)

)
, t ∈ (0,∞);

Xx(0) = x.

The value function of the stopping time problem with stopping costψ is given by

Vψ(x) = inf
ν�0,u(·)

ν∫
0

k
(
Xx(s), u(s)

)
e−λs ds + ψ

(
X(ν)

)
e−λν. (2.1)

If k,ψ ∈ BUC(Rd), and (A1)–(A3) hold thenVψ ∈ BUC(Rd) and the variational inequa
ity satisfied byVψ in the viscosity sense is

max
{
Vψ(x) + H

(
x,DVψ(x)

);Vψ(x) − ψ(x)
} = 0, (2.2)

whereH is given by (1.9), see [4, Chapter 3, Theorem 4.10]. The uniqueness proof fo
as a corollary to the uniqueness of HJB equation satisfied by the value function of i
horizon optimal control problem with continuous controls, see [4, Chapter 3, The
4.11]. If k andψ are nonnegative uniformly continuous and unbounded, the correspo
value function for the stopping time problem will be nonnegative and will lie in the c
UCbb(R

d). It is easy to show that it will also satisfy the same variational inequalit
given by (2.2). Thus arguing as in [4], to establish uniqueness of solution of stopping
problem we need uniqueness of solution of the infinite horizon problem, i.e., of the
equation in the classUCbb(R

d), given by

V (x) + H
(
x,DV (x)

) = 0.

Ishii has proved the above result in the classUC(Rd), in [7, Theorem 1.1 and Remark 1.1
under the assumptions

H ∈ UC(Rd × BR) for eachR > 0, (2.3)∣∣H(x,p) − H(y,p)
∣∣ � ω

(|x − y|(1+ |p|)) ∀x, y,p ∈ R
d . (2.4)

This result also holds for the subclassUCbb(R
d). The required conditions onH can be

verified for our Hamiltonian given by (1.9), using assumptions (A1)–(A3). (In fact,
our assumption we can derive stronger condition onH given by (1.10).) Hence the HJ



694 M. Ramaswamy, S. Dharmatti / J. Math. Anal. Appl. 315 (2006) 686–710

sity

ob-
ique

ll that

nce
In the

t

equation has a unique solution inUCbb(R
d), and hence (2.2) also has a unique visco

solution inUCbb(R
d). We summarize this result in the next proposition.

Proposition 2.1. Assume(A1)–(A3). Then the value function of the stopping time pr
lem given by(2.1), with nonnegative unbounded running and stopping cost, is the un
viscosity solution of the variational inequality, given by(2.2) in the class UCbb(R

d).

For the proof of Theorem 1.1, we need two lemmas which we prove first. Reca
for w ∈ UCbb(R

d), Mw is defined by

Mw(x) = inf
ξ

{
w(x + ξ) + c(x, ξ)

}
.

We define another nonlinear operator denoted byT : UCbb(R
d) → UCbb(R

d),

T w(x) = inf
ν�0,u

{ ν∫
0

k
(
Xx(s), u(s)

)
e−λs ds + Mw

(
Xx(ν,u)

)
e−λν

}
. (2.5)

Following the approach in [2], we analyze first the properties ofM andT , in Lemmas 2.1
and 2.2. While the proof of the first lemma is similar to that in [2], the major differe
occurs in the proof of Lemma 2.2(d), because of the unbounded cost functionals.
first lemma we list the properties ofM .

Lemma 2.1. For all w,w1 ∈ UCbb(R
d) M has following properties:

1. Mw ∈ UCbb(R
d).

2. Mw � Mw1 if w � w1.
3. M has concavity property; i.e. for allµ ∈ [0,1]

M
(
µw + (1− µ)w1

)
� µMw + (1− µ)Mw1.

Proof. 1. Givenε > 0, there existsξε such that

Mw(x) + ε � w(x + ξε) + c(x, ξε).

Then,

Mw(z) − Mw(x) � w(z + ξε) + c(z, ξε) − w(x + ξε) − c(x, ξε) + ε

� ωw

(|x − z|) + c(z, ξε) − c(x, ξε) + ε

� ωw

(|x − z|) + ωc

(|x − z|) + ε.

As ε is arbitrary andw andc are uniformly continuous andw andc are bounded below i
follows thatMw ∈ UCbb(R

d).
2. Sincew(x + ξ) � w1(x + ξ) ∀ξ , it follows thatMw(x) � Mw1(x) ∀x ∈ R

d .
3. Setv = (µw + (1− µ)w1). By the definition ofM , givenε > 0 there existsξε such

that

Mv(x) + ε � v(x + ξε) + c(x, ξε).
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Observe that, by the definition of infimum,

µ
(
Mw(x)

)
� µw(x + ξε) + µc(x, ξε) and

(1− µ)
(
Mw1(x)

)
� (1− µ)w1(x + ξε) + (1− µ)c(x, ξε).

Adding the above two inequalities we get

µ
(
Mw(x)

) + (1− µ)
(
Mw1(x)

)
� µw(x + ξε) + (1− µ)w1(x + ξε) + c(x, ξε)

= v(x + ξε) + cx(ξε)

� Mv(x) + ε

= M
(
µw + (1− µ)w1

)
(x) + ε.

Sinceε is arbitrary, we have

µ
(
Mw(x)

) + (1− µ)
(
Mw1(x)

)
� M

(
µw + (1− µ)w1

)
(x).

This proves the lemma.�
Now we list the properties ofT in the next lemma.

Lemma 2.2 (Properties ofT ). For all w,w1 ∈ UCbb(R
d), T has following properties:

(a) T w ∈ UCbb(R
d).

(b) T w � T w1 if w � w1.
(c) T has concavity property, i.e., for allµ ∈ [0,1]

T
(
µw + (1− µ)w1

)
� µT w + (1− µ)T w1.

(d) If wi ∈ UCbb(R
d) andw1 − w2 � γw1 for anyγ ∈ [0,1] then∃µ0 ∈ (0,1) such that

T w1 − T w2 � γ (1− µ)T w1 for all µ ∈ (0,µ0].

Proof. The first three properties ofT are similar to those ofM and can be proved wit
similar techniques. So we take up the proof of property (d). Forw1 − w2 � γw1 implies
(1− γ )w1 � w2. Hence by property (b),

T
(
(1− γ )w1

)
� T w2. (2.6)

Now using property (c), we get

T
(
(1− γ )w1

)
� (1− γ )T w1 + γT 0,

T w2 � (1− γ )T w1 + γT 0 by (2.6).

Hence

T w1 − T w2 � γT w1 − γT 0.

Let us consider the value function of the control problem without any impulses, na

w̄(x) = inf
u

{ ∞∫
k
(
X(s),u(s)

)
e−λs ds

}
.

0
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We will show that for some fixedµ0 ∈ (0,1),

T 0� µ0w̄ and (2.7)

T w � w̄ ∀w ∈ UCbb(R
d). (2.8)

(2.7) and (2.8) together when substituted back in the estimate forT w1 − T w2 give

T w1 − T w2 � γT w1 − γT 0

� γT w1 − γµ0w̄

� γT w1 − γµ0T w1 (using (2.8) withw = w1)

= γ (1− µ0)T w1.

This proves the property (d) for allµ ∈ (0,µ0]. Thus it is enough to prove now (2.7) an
(2.8). To prove (2.7), observe that by the definition ofw̄,

w̄(x) �
∞∫

0

k
(
X(s),u(s)

)
e−λs ds for all u. (2.9)

We remark here that anyv ∈ UC(Rd), uniformly continuous function onRd , has linear
growth at infinity. That is,∣∣v(x)

∣∣ � C
(
1+ |x|) for someC > 0 a constant. (2.10)

(See, for example, [7, Remark 1.2].) Hence, by (A2), andC corresponding to the runnin
costk,

w̄(x) � C

∞∫
0

(
1+ ∣∣Xx

(
s, u(s)

)∣∣)e−λs ds.

Now by using standard estimates from ODE and Gronwall’s lemma (see, for exa
[4, Chapter 3, Section 5]) we can show that

∣∣Xx

(
t, u(t)

)∣∣ � |x|eLt + M0

L

(
eLt − 1

)
, (2.11)

whereL is as in assumption (A1), andM0 = supu |f (0, u)|. Hence using this estimate w
get

w̄(x) � C

∞∫
0

(
1+ |x|eLt + M0

L

(
eLt − 1

))
e−λs ds.

By assumption (A5)

w̄(x) � C

{
1

λ
+ |x|

λ − L
+ M0

L(λ − L)
− M0

λL

}
= CC′

{
1+ |x|

(λ − L)C′

}
� C′′(1+ |x|).
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Hence by (A4),

w̄(x) � C′′

C1
C1

(
1+ |x|) � C′′

C1
c(x, ξ) ∀ξ.

Choose the bestµ0 ∈ (0,1) such that

C′′

C1
� 1

µ0
. (2.12)

Hence,

w̄(x) � 1

µ0
c(x, ξ) ∀x andξ. (2.13)

Now by the definition ofT ,

T 0(x) = inf
ν�0,u

{ ν∫
0

k
(
Xx(s), u(s)

)
e−λs ds + M0

(
Xx(ν)

)
e−λν

}
.

Observing thatM0(x) = infξ c(x, ξ) = c(x, ξx), for someξx ,

T 0(x) � inf
ν�0,u

{ ν∫
0

k
(
Xx(s), u(s)

)
e−λs ds + c

(
Xx(ν), ξx

)
e−λν

}
.

Substituting from (2.13) we get

T 0(x) � inf
ν�0,u

{ ν∫
0

k
(
Xx(s), u(s)

)
e−λs ds + µ0w̄

(
Xx(ν)

)
e−λν

}

� µ0 inf
ν�0,u

{ ν∫
0

k
(
Xx(s), u(s)

)
e−λs ds + w̄

(
Xx(ν)

)
e−λν

}
,

where the last inequality follows ask � µ0k. By the dynamic programming principle fo
w̄(x) (see [4, Chapter 3, Proposition 2.5]) we get

T 0(x) � µ0w̄(x) ∀x whereµ0 is chosen as in (2.12).

This proves (2.7). Now to prove the estimate in (2.8), by the definition ofT , for all w ∈
UCbb(R

d),

T w(x) �
{ ν∫

0

k
(
Xx(s), u(s)

)
e−λs ds + Mw

(
Xx(ν)

)
e−λν

}
∀u.

Below we show thatMw(Xx(ν))e−λν tends to 0 asν tends to∞. Then sendingν to ∞ in
the above estimate we will get, for allx,

T w(x) �
∞∫

k
(
Xx(s), u(s)

)
e−λs ds ∀u.
0
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By taking infimum inu, will imply T w � w̄ ∀w ∈ UCbb(R
d). Hence we have to show no

that for eachx andu,

Mw
(
Xx(ν)

)
e−λν → 0 asν → ∞. (2.14)

By using assumption (A4), for allx andξ ,

Mw(x) � w(x + ξ) + c(x, ξ) � w(x + ξ) + C2
(
1+ |x|).

Hence fixingξ , and using the growth condition forw coming from uniform continuity, we
get

Mw
(
Xx(ν)

)
e−λν � w

(
Xx(ν) + ξ

)
e−λν + C2

(
1+ ∣∣Xx(ν)

∣∣)e−λν

� C
(
1+ ∣∣Xx(ν)

∣∣ + |ξ |)e−λν + C2
(
1+ ∣∣Xx(ν)

∣∣)e−λν.

Hence we can majorise the right-hand side of the above expression, using (2.11)

Ce(L−λ)ν + |x|e(L−λ)ν + (|ξ | + C
)
e−λν for some constantC.

By assumption (A5),L−λ < 0, hence the above expression will tend to 0 asν tends to∞.
ThusMw(Xx(ν,u))e−λν → 0 asν → ∞. This proves (2.14). So, (2.8) follows:

T w(x) � w̄(x) ∀w.

This finishes the proof of the property (d) and hence of the Lemma 2.2.�
Remark 2.1. In [2], property (d) of above lemma follows for allµ ∈ (0,1) using‖w̄‖∞.
Herew̄ may not be bounded. So we avoid that estimate to get property (d) for someµ0 ∈
(0,1). But this is enough to prove the uniqueness.

Proof of Theorem 1.1. Suppose by contradiction there are two viscosity solution
UCbb(R

d) of QVI, sayv1 andv2. Hence bothv1 andv2 satisfy

max
{
v1(x) + H

(
x,Dv1(x)

);v1(x) − Mv1(x)
} = 0,

max
{
v2(x) + H

(
x,Dv2(x)

);v2(x) − Mv2(x)
} = 0.

Now we will obtain the uniqueness of the value function of the impulse control pro
by using Lemmas 2.1 and 2.2, and arguments similar to [2]. Without loss of general
assume thatv1 andv2 are nonnegative. For else if−M0 is a lower bound onv1 andv2 we
can definẽv1 = v1 + M0 andṽ2 = v2 + M0. Thenṽ1 andṽ2 will be nonnegative and wil
satisfy QVI withH replaced byH̃ = H − M0. Observe thatH̃ satisfies the conditions o
the Proposition 2.1, namely, (2.3), (2.4).

By definition, T v1 is the value function for the optimal stopping time problem w
stopping costMv1. Hence it satisfies the variational inequality:

max
{
(T v1)(x) + H

(
x,D(T v1)(x)

); (T v1)(x) − Mv1(x)
} = 0

in the viscosity sense. By Proposition 2.1, it follows that the above variational ineq
has a unique solution. Also by assumption,v1 is the solution of the QVI given by

max
{
v1(x) + H

(
x,Dv1(x)

);v1(x) − Mv1(x)
} = 0.
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Hence by uniqueness of solution of stopping time problem, we getT v1 = v1. Thus by the
same argument for two solutionsv1 andv2 of QVI, we have

T v1 = v1 and T v2 = v2,

v1, v2 � 0, ⇒ v1 − v2 � v1. (2.15)

Hence by property (d) of Lemma 2.2, withγ = 1 we get

T v1 − T v2 � (1− µ0)T v1

and using (2.15),v1 − v2 � (1− µ0)v1. Using property (d) withγ = (1− µ0) we get

T v1 − T v2 � (1− µ0)
2T v1;

again using (2.15) we get

v1 − v2 � (1− µ0)
2v1.

Proceeding in this way afternth step we will get

v1 − v2 � (1− µ0)
nv1.

Sinceµ0 ∈ (0,1) then(1− µ0)
n → 0, asn → ∞. Thusv1 − v2 � 0 asn → ∞. Hence

v1 � v2.

Interchanging the roles ofv1 and v2 we get other way inequality, i.e.,v2 � v1. Hence
v1 = v2 and the uniqueness follows.�

We now give the proof of Theorem 1.2. We outline the proof below as it is very sim
to the proof of the Theorem 1.1.

Proof of Theorem 1.2. As in the proof of the Theorem 1.1, we will need the uniquenes
stopping time problem in the classQ. The next proposition states this result. Proof of
proposition follows from the proof of the uniqueness theorem in classQ for unbounded
viscosity solutions of HJB equations, namely [7, Theorem 1.5].

Proposition 2.2. Assume(A3), (A6)–(A9). Then the value function of the stopping tim
problem given by(2.1), with nonnegative unbounded running and stopping cost is
unique viscosity solution of the variational inequality, given by(2.2) in the classQ.

Using Proposition 2.2, proceeding on similar lines as in the proof of Theorem 1.
can prove Theorem 1.2. Note that in the proof of Theorem 1.1, it was important th
property (d) of Lemma 2.2 holds for appropriateµ0. We can choose such aµ0 in the proof
of Theorem 1.2 as well, by exploiting the assumption that both running cost and im
cost have same growth as|x|m. �
Remark 2.2. Note that Theorem 1.2 can be proved by comparison method also, as i
in [7, Theorem 1.5]. In [8] author proves the result for value functions in the class
formly continuous functions and in the subclass with sublinear growth having unbou
cost functionals. Theorem 1.2 in this paper proves the uniqueness in the classQ, for cost
functions and value functions with a certain growthm, which may be larger than 1.
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3. Finite horizon problem

In this section we prove Theorems 1.3 and 1.4 by comparison method. This meth
been used in [3] for impulse control problem and in [8] for an optimal control problem
continuous, switching and impulse controls. Both these results are for infinite horizon
idea used by them is to modify the auxiliary function a finite number of times to a
the casev2 = Mv2. Our idea here is different. Instead of changing the auxiliary func
many times we choose the parameters in the auxiliary function suitably so that th
v2 = Mv2 does not arise. Oncev2 = Mv2 is avoided for the supersolution, we use
usual comparison principle for HJB equation.

Proof of Theorem 1.3. We will show that for any two viscosity solutionsv1 andv2 in
UCbb([0, T ] × R

d) of QVI given by (1.21),v1 � v2. Interchanging the roles ofv1 andv2
we can then get the other way inequality and the uniqueness will follow. We want to
that

v1(t, x) � v2(t, x) ∀(t, x) ∈ [0, T ] × R
d .

Suppose the contrary, i.e., there exists(t̄ , x̄) ∈ [0, T ] × R
d such that

sup(v1 − v2) � v1(t̄ , x̄) − v2(t̄ , x̄) = 2δ > 0.

Let γ ∈ (0,1) such that

γ v1(t̄ , x̄) − v2(t̄ , x̄) > δ. (3.1)

We are assured that such aγ exists because ifv1(t̄ , x̄) < 0 then we can choose anyγ ∈
(0,1) and if v1(t̄ , x̄) > 0 then we can choose

1− γ <
δ

v1(t̄ , x̄)
. (3.2)

We define the auxiliary functionΦ by doubling thex andt variables.

Φ(t, x, s, y) = γ v1(t, x) − v2(s, y) − |x − y|2 + |t − s|2
ε

− κ
(〈x〉m + 〈y〉m)

− η(t + s), (3.3)

wherem ∈ (0,1) is fixed and〈x〉m = (1 + |x|2)m/2 and η = δ/8T . γ, ε, κ are positive
parameters to be chosen suitably later on. Observe that by (A10-5),g � 0. Sincev1(T , x) =
v2(T , x) = g(x),

γ v1(t, x) − v2(s, y) � γ v1(t, x) − γ v1(T , x) + v2(T , x) − v2(s, y)

� C
(
1+ |t − T |) + C

(
1+ |s − T | + |x − y|),

where the last inequality follows becausev1 andv2 are uniformly continuous. Hence a
|x|, |y| → ∞, Φ → −∞ andΦ attains its supremum at some finite point in[0, T ] × R

d ×
[0, T ] × R

d , say,(t0, x0, s0, y0). Using the fact that supΦ = Φ(t0, x0, s0, y0) we get the
following estimate in Lemma 3.1 which will be proved after finishing the proof of
theorem.
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|t0 − s0| + |x0 − y0| � √
εC

for some constantC independent ofκ, ε, andγ. (3.4)

We first claim thatt0 or s0 cannot be equal toT for ε sufficiently small, that is:

t0 < T and s0 < T. (3.5)

If not, let t0 = T . Then,

Φ(t0, x0, s0, y0) = Φ(T ,x0, s0, y0)

= γ v1(T , x0) − v2(s0, y0) − |x0 − y0|2 + |T − s0|2
ε

− κ
(〈x0〉m + 〈y0〉m

) − η(T + s0)

� Φ(t̄, x̄, t̄ , x̄)

= γ v1(t̄ , x̄) − v2(t̄ , x̄) − 2κ〈x̄〉m − 2ηt̄

� δ − 2κ〈x̄〉m − 2ηt̄ by (3.1).

Usingv1(T , y0) = v2(T , y0) = g(y0) � 0, above inequalities will imply

v1(T , x0) − v1(T , y0) + v2(T , y0) − v2(s0, y0)

= v1(T , x0) − v2(s0, y0) � γ v1(T , x0) − v2(s0, y0) � δ − 2κ〈x̄〉m − 2ηt̄ ⇒
g(x0) − g(y0) + v2(T , y0) − v2(s0, y0) � δ − 2κ〈x̄〉m − 2ηt̄ ⇒
ωg

(|x0 − y0|
) + ωv2

(|T − s0|
)
� δ − 2κ〈x̄〉m − 2ηt̄.

Chooseκ0 such that 2κ0〈x̄〉m � δ/4 and observe thatηt̄ � ηT = δ/8. Then,

ωg

(|x0 − y0|
) + ωv2

(|T − s0|
)
� δ/2.

Now asε → 0, |x0 − y0|, |T − s0| become small and left-hand side of above expres
tends to 0 whereas right-hand side isδ/2. Thus we arrive at a contradiction. Hence o
assumption is wrong andt0 < T . Similarly we can show thats0 < T . Thus (3.5) is proved
Note here that the above inequalities hold true for allκ � κ0. Hereafter we chooseκ such
thatκ � κ0. Sincev1 is a subsolution, by the definition of viscosity subsolution we h
for a test functionφ1 such thatv1 − φ1 has maximum at(t0, x0)

(v1)t (t0, x0) + H
(
t0, x0,Dφ1(t0, x0)

)
� 0 and

v1(t0, x0) − M(v1)(t0, x0) � 0, (3.6)

and by the definition of supersolution forv2 we have

(v2)s(s0, y0) + H
(
y0,Dφ2(s0, y0)

)
� 0 or

v2(s0, y0) − M(v2)(s0, y0) � 0 (3.7)

for φ2 such thatv2 − φ2 has local minimum at(s0, y0). If both v1, v2 satisfy HJB we can
proceed by the usual comparison principle, for example, as in [7]. Otherwise we co
the case whenv2 = Mv2 at (s0, y0). Our aim is to show that this case does not arise if
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restrictγ further suitably. For if,v2(s0, y0) = Mv2(s0, y0), then by (1.20), we know tha
the infimum will be attained inMv2 at someξ0, that is

v2(s0, y0) = Mv2(s0, y0) = v2(s0, y0 + ξ0) + c1
(
s0,Xy0(s0), ξ0

)
.

Also by the definition of viscosity subsolution we have that

v1(t0, x0) � Mv1(t0, x0) � v1(t0, x0 + ξ0) + c1
(
t0,Xx0(t0), ξ0

)
.

Substituting these inequalities inΦ(t0, x0, s0, y0), we get

Φ(t0, x0, s0, y0) � γ v1(t0, x0 + ξ0) + γ c1
(
t0,Xx0(t0), ξ0

) − v2(s0, y0 + ξ0)

− c1
(
s0,Xy0(s0), ξ0

) − |x0 − y0|2 + |t0 − s0|2
ε

− κ
(〈x0〉m + 〈y0〉m

) − η(t0 + s0)

� γ v1(t0, x0 + ξ0) + γ c1
(
t0,Xx0(t0), ξ0

) − v2(s0, y0 + ξ0)

− γ c1
(
t0,Xy0(t0), ξ0

) + γ c1
(
t0,Xy0(t0), ξ0

)
− c1

(
s0,Xy0(s0), ξ0

) − γ c1
(
s0,Xy0(s0), ξ0

)
+ γ c1

(
s0,Xy0(s0), ξ0

) − |x0 − y0|2 + |t0 − s0|2
ε

− κ
(〈x0〉m + 〈y0〉m

) − η(t0 + s0)

� Φ(t0, x0 + ξ0, s0, y0 + ξ0) + γωc1

(
eLt0|x0 − y0|

)
+ γωc1

(
(F + 1)|t0 − s0|

) − (1− γ )c1
(
s0,Xy0(s0), ξ0

)
+ κ

(〈x0 + ξ0〉m + 〈y0 + ξ0〉m
) − κ

(〈x0〉m + 〈y0〉m
)

� Φ(t0, x0 + ξ0, s0, y0 + ξ0) − (1− γ )c1
(
s0,Xy0(s0), ξ0

) + 2κ|ξ0|
+ γωc1

(
eLt0|x0 − y0|

) + γωc1

(
(F + 1)|t0 − s0|

)
.

Here in the last inequality we have used the fact that〈x〉m is Lipschitz continuous with
Lipschitz constant less than 1 andωc1 is the modulus of continuity ofc1. Now we claim
that |ξ0| is bounded. Using (1.20), we have that for a givenG there existsR1 such that

c1
(
t,Xy0(t), ξ0

)
> G|ξ0| for |ξ0| > R1.

But c1(s0,Xy0(s0), ξ0) = v2(s0, y0) − v2(s0, y0 + ξ0) and by uniform continuity ofv2

C
(
1+ |ξ0|

)
� v2(s0, y0) − v2(s0, y0 + ξ0) = c1

(
s0,Xy0(s0), ξ0

)
� G|ξ0|

if |ξ0| > R1.

Also, for the choice ofG > C this would give a bound on|ξ0|. Hence|ξ0| is bounded by
someR1, for all ξ0 such thatv2(s0, y0) = v2(s0, y0 + ξ0) + c1(s0,Xy0(s0), ξ0). Recalling
from (A10-3) thatc1(t,Xx(t), ξ) is bounded below byC0, the above inequality can b
written as

Φ(t0, x0, s0, y0) � Φ(t0, x0 + ξ0, s0, y0 + ξ0) − (1− γ )C0 + 2κR1

+ γωc

(
eLt0|x0 − y0|

) + γωc

(
(F + 1)|t0 − s0|

)
.
1 1
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Now we chooseε such that

γωc1

(
CeLT

√
ε
) + γωc1

(
(F + 1)

√
ε
)
< κ. (3.8)

Hence forR = 2R1 + 1 we can write

Φ(t0, x0, s0, y0) � Φ(t0, x0 + ξ0, s0, y0 + ξ0) − (1− γ )C0 + κR. (3.9)

If we restrictγ further to satisfy

(1− γ ) >
κR

C0
, (3.10)

we get

Φ(t0, x0, s0, y0) < Φ(t0, x0 + ξ0, s0, y0 + ξ0).

This is a contradiction to the fact that(t0, x0, s0, y0) is the supremum point ofΦ. The above
choice ofγ in (3.10) is consistent with the earlier choice namely (3.2), if we fixκ < κ0
such that

κ < min

{
C0δ

Rv1(t̄ , x̄)
,
C0

R

}
. (3.11)

Thus the casev2 = Mv2 cannot occur at the maximum point of the auxiliary funct
Φ for such a choice ofε, γ andκ . Hencev2 satisfies HJB at(s0, y0).

Now we proceed by the usual method of comparison principle. For, we define tes
tionsφ1 andφ2 by

φ1(t, x) = v2(s0, y0) + |x − y0|2 + |t − s0|2
ε

+ κ
(〈x〉m + 〈y0〉m

) + η(t + s0),

φ2(s, y) = γ v1(t0, x0) − |x0 − y|2 + |t0 − s|2
ε

− κ
(〈x0〉m + 〈y〉m) − η(s + t0).

Note here that

Dxφ1(t0, x0) = 2
x0 − y0

ε
+ κm〈x0〉m−2x0,

Dyφ2(s0, y0) = 2
x0 − y0

ε
− κm〈y0〉m−2y0,

φ1t (t0, x0) = 2
t0 − s0

ε
+ η; φ2s (s0, y0) = 2

t0 − s0

ε
− η.

Thenγ v1 − φ1 attains its maximum at(t0, x0), that isv1 − φ1
γ

attains its maximum a
(t0, x0) andv2 − φ2 attains its minimum at(t0, y0). Hence by the definition of viscosit
sub- and super-solution,

(φ1)t

γ
+ H

(
t0, x0,

Dφ1(t0, x0)

γ

)
� 0 ⇒

(φ1)t + γH

(
t0, x0,

Dφ1(t0, x0)

γ

)
� 0,

(φ2)s + H
(
s0, y0,Dφ2(s0, y0)

)
� 0.
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Now subtracting one from the other we will have

(φ1)t − (φ2)s

� H
(
s0, y0,Dφ2(s0, y0)

) − γH

(
t0, x0,

Dφ1(t0, x0)

γ

)

� inf
u

(
−k1(s0, y0, u) − f (s0, y0, u) ·

(
2
x0 − y0

ε
− κm〈y0〉m−2y0

))

− inf
u

(
−γ k1(t0, x0, u) − f (t0, x0, u) ·

(
2
x0 − y0

ε
+ κm〈x0〉m−2x0

))
.

Using the definition of infimum in the second term, for anyε̄ there exists̄u such that

(φ1)t − (φ2)s

� −k1(s0, y0, ū) −
(

f (s0, y0, ū) ·
(

2
x0 − y0

ε
− κm〈y0〉m−2y0

))

+ γ k1(t0, x0, ū) +
(

f (t0, x0, ū) ·
(

2
x0 − y0

ε
+ κm〈x0〉m−2x0

))
+ ε̄.

Now adding and subtracting

k1(t0, x0, ū) and f (s0, y0, ū) ·
(

2
x0 − y0

ε
+ κm〈x0〉m−2x0

)
,

using (A1), (A2) and fact that̄ε is arbitrary, we get

2η � ωk1

(|t0 − s0| + |x0 − y0|
) + (1− γ )

∣∣k1(t0, x0, ū)
∣∣

+ Fκm
∣∣〈x0〉m−2x0 + 〈y0〉m−2y0

∣∣ + L
(|t0 − s0| + |x0 − y0|

)
.

Note thatm|〈x0〉m−2x0| andm|〈y0〉m−2y0| remain bounded for all 0< m < 1. Now using
the fact thatt0 < T and

√
κ|x0| is bounded by some constantĈ we get thatk1(t0, x0, ū)

remains bounded in somer = r(κ) ball. Then, using (3.4) and sending firstε to 0 and then
κ and(1− γ ) to 0, respecting the choices (3.8), (3.2), (3.10) and (3.11) we get

2η � 0.

But η = δ
8T

> 0, hence we arrive at a contradiction.
Hence our assumption that sup(v1 − v2) > 0 is wrong and we have

v1 � v2 ∀(t, x) ∈ [0, T ] × R
d .

Then by interchanging the roles ofv1 andv2 we will get the uniqueness.�
Now we prove the estimate (3.4) used in the proof as the following lemma.

Lemma 3.1. LetΦ be as in(3.3)and letsupΦ = Φ(t0, x0, s0, y0). Then,

1. |x0 − y0| + |t0 − s0| � √
εC for some constantC independent ofκ andε.

2.
√

κ|x0| � C,
√

κ|y0| � C for someC independent ofε andκ .
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Proof. Since supΦ(t, x, s, y) = Φ(t0, x0, s0, y0)

2Φ(t0, x0, s0, y0) � Φ(t0, x0, t0, x0) + Φ(s0, y0, s0, y0),

2
|x0 − y0|2 + |t0 − s0|2

ε
� γ v1(t0, x0) + v2(t0, x0) − γ v1(s0, y0) − v2(s0, y0).

Now by uniform continuity ofv1 andv2 and Cauchy–Schwarz inequality we get

2
|x0 − y0|2 + |t0 − s0|2

ε

� C
(
1+ |x0 − y0| + |t0 − s0|

) + γC
(
1+ |x0 − y0| + |t0 − s0|

) ⇒
|x0 − y0|2 + |t0 − s0|2 � εC

(
1+ |x0 − y0| + |t0 − s0|

)
sinceγ < 1

� εC + ε2C2

2
+ 1

2

(|x0 − y0|2 + |t0 − s0|2
) ⇒

1

2

(|x0 − y0|2 + |t0 − s0|2
)
� εC + ε2C2

2

and hence,|x0 − y0| + |t0 − s0| � √
εC for someC independent ofκ andε. �

Now we take up the proof of Theorem 1.4. We first prove a local comparison the
in a cone and then using that prove the global comparison, as done for HJB equat
[7, Theorems 2.4 and 2.5]. Now we state the local uniqueness theorem in a cone.

Theorem 3.1. Let

C = {
(x, t): 0< t < T and|x| < Ct

}
.

Let v1 and v2 in C(C) be two viscosity solutions of QVI given by(1.21), (1.22). Then
v1 = v2 in C.

Proof. We prove that for any two solutionsv1 andv2 of (1.21), (1.22) inC, v1 � v2 in C.
Then by interchanging the roles ofv1 andv2 we will get the required result. The idea
the proof is similar to that of Theorem 1.3. We will modify the auxiliary function in Th
rem 1.3 slightly so as to avoid the supremum point ofΦ escaping to the lateral bounda
of C. Let there existδ < T and(t̄ , x̄) ∈ C such that

sup
C

(v1 − v2) � v1(t̄ , x̄) − v2(t̄ , x̄) = 2δ > 0 and |x̄| � Ct̄ − 4δ. (3.12)

If v1(t̄ , x̄) < 0 we can choose anyγ ∈ (0,1), else we fixγ ∈ (0,1) such that

(1− γ ) >
δ

v1(t̄ , x̄)
. (3.13)

Then we are assured that

γ v1(t̄ , x̄) − v2(t̄ , x̄) > δ.

Let C̃ = C × C, and

M0 > sup
{
γ v1(t, x) − v2(s, y)

}
.

C̃
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ThenM0 � 2δ. Let h ∈ C1(R) be such thath′ � 0, h(r) = 0 for r � −δ, h(r) = −3M0 for
r � 0. Let us denote〈x〉β = (|x|2 + β2)1/2.

We now define the auxiliary functionΦ on C̃ by

Φ(t, x, s, y) = γ v1(t, x) − v2(s, y) − |x − y|2 + |t − s|2
ε

− η(t + s)

+ h
(〈x〉β − Ct

) + h
(〈y〉β − Cs

)
,

whereε, η,β are positive parameters to be chosen suitably later on.Φ attains its supremum
at some point inC̃ say,(t0, x0, s0, y0). Using the fact that supΦ = Φ(t0, x0, s0, y0) we get
the following estimate similar to the one in Lemma 2.3.1:

|x0 − y0|2 + |t0 − s0|2 � 2M0ε (3.14)

and

|x0 − y0|2 + |t0 − s0|2
ε

� ω1(ε). (3.15)

We now claim thatt0 < T ands0 < T . Moreover,|x0| < Ct0 and|y0| < Cs0 for η andβ

small. If |x0| = Ct0 then,

supΦ = Φ(t0, x0, s0, y0)

� γ v1(t0, x0) − v2(s0, y0) + h
(〈x0〉β − Ct0

) + h
(〈y0〉β − Cs0

)
� M0 − 3M0 = −2M0.

But on the other hand, for anyβ < δ andη < δ/4t̄ ,

Φ(t̄, x̄, t̄ , x̄) � δ − 2ηt̄ + 2h
(〈x̄〉β − Ct̄

)
� δ/2, (3.16)

which is a contradiction. Hence|x0| < Ct0. In a similar fashion we can show that|y0| <

Ct0 for β < δ andη < δ/4t̄ .
Now if t0 = T ,

Φ(t0, x0, s0, y0) = Φ(T ,x0, s0, y0)

� γ v1(T , x0) − v2(s0, y0)

� γ
(
g(x0) − g(y0)

) + (γ − 1)ωv2

(|T − s0|
)

� γωg

(|x0 − y0|
)

asγ < 1.

This implies by the estimate (3.14), thatΦ(t0, x0, s0, y0) can be made arbitrarily small b
choosingε appropriately. This contradicts (3.16) and our claim is proved. Similarly we
show thats0 < T .

If both v1, v2 satisfy HJB at(t0, x0) and(s0, y0) we can proceed by the usual compa
son principle, for example, as in [7, Theorem 2.5]. Otherwise, we consider the case
v2 = Mv2 at (s0, y0). Our aim is to show that this case does not arise forγ < 1. For if,
v2(s0, y0) = Mv2(s0, y0), then by (1.20), we know that the infimum will be attained
Mv2 at someξ0, that is

v2(s0, y0) = Mv2(s0, y0) = v2(s0, y0 + ξ0) + c1
(
s0,Xy (s0), ξ0

)
.
0
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Also by the definition of viscosity subsolution we have that

v1(t0, x0) � Mv1(t0, x0) � v1(t0, x0 + ξ0) + c1
(
t0,Xx0(t0), ξ0

)
.

Substituting these inequalities inΦ(t0, x0, s0, y0), we get

Φ(t0, x0, s0, y0)

� γ v1(t0, x0 + ξ0) + γ c1
(
t0,Xx0(t0), ξ0

) − v2(s0, y0 + ξ0) − c1
(
s0,Xy0(s0), ξ0

)
− |x0 − y0|2 + |t0 − s0|2

ε
− η(t0 + s0) + h

(〈x0〉β − Ct0
) + h

(〈y0〉β − Cs0
)

� Φ(t0, x0 + ξ0, s0, y0 + ξ0) + γ c1
(
t0,Xx0(t0), ξ0

) − c1
(
s0,Xy0(s0), ξ0

)
− h

(〈x0 + ξ0〉β − Ct0
) + h

(〈x0〉β − Ct0
) − h

(〈y0 + ξ0〉β − Cs0
)

+ h
(〈y0〉β − Cs0

)
� Φ(t0, x0 + ξ0, s0, y0 + ξ0) − (1− γ )c1

(
t0,Xx0(t0), ξ0

) + c1
(
t0,Xx0(t0), ξ0

)
− c1

(
s0,Xy0(s0), ξ0

)
.

Here in the last inequality we have used the mean value theorem forh and the fact tha
h′ < 0 and|ξ0| is bounded by some large constantR. For, if v2(s0, y0) = Mv2(s0, y0), then
by the assumption (1.27), there existsξ0 such that

Mv2(s0, y0) = v2(s0, y0) = v2(s0, y0 + ξ0) + c1
(
s0,Xy0(s0), ξ0

) ⇒
c1

(
s0,Xy0(s0), ξ0

) = v2(s0, y0) − v2(s0, y0 + ξ0).

Now right-hand side of the above equation is bounded becausev2 is bounded onC and
the second termv2(s0, y0 + ξ0) is bounded below. This together with (1.27) implies thaξ0
cannot go to infinity. This will give a bound on|ξ0|, sayR. Recalling thatc1 is bounded
below byC0, the above inequality can be written as

Φ(t0, x0, s0, y0) � Φ(t0, x0 + ξ0, s0, y0 + ξ0) − (1− γ )C0 + ωc1

(|t0 − s0|
)

+ ωc1

(
eLt0|x0 − y0|

)
. (3.17)

Now by choosingε andγ appropriately, that is,

(1− γ ) >
ωc1(Ĉ

√
ε)

C0
, (3.18)

we can make

Φ(t0, x0, s0, y0) < Φ(t0, x0 + ξ0, s0, y0 + ξ0).

This is a contradiction to the fact that(t0, x0, s0, y0) is the supremum point ofΦ. This
choice (3.18) ofγ can be made consistent with the earlier choice (3.13) if we chooε

such that

ωc1(Ĉ
√

ε) <
δ

v1(t̄ , x̄)
. (3.19)

Thus the casev2 = Mv2 cannot occur at the maximum point of the auxiliary functionΦ

for such a choice of parameters. Hencev2 satisfies HJB at(s0, y0). Now we proceed by th
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usual method of comparison principle. We define test functionsφ1 andφ2 by

φ1(t, x) = v2(s0, y0) + |x − y0|2 + |t − s0|2
ε

+ η(t + s0)

− h
(〈x〉β − Ct

) − h
(〈y0〉β − Cs0

)
,

φ2(s, y) = γ v1(t0, x0) − |x0 − y|2 + |t0 − s|2
ε

− η(t0 + s)

+ h
(〈x0〉β − Ct0

) + h
(〈y〉β − Cs

)
.

Let X = (〈x0〉β − Ct0) andY = (〈y0〉β − Cs0). Then,

Dxφ1(t0, x0) = 2
x0 − y0

ε
− h′(X)

x0

〈x0〉β ,

Dyφ2(s0, y0) = 2
x0 − y0

ε
+ h′(Y )

y0

〈y0〉β ;

φ1t (t0, x0) = 2
t0 − s0

ε
− Ch′(X) + η,

φ2s (s0, y0) = 2
t0 − s0

ε
+ Ch′(Y ) − η,

γ v1 − φ1 attains its maximum at(t0, x0), that isv1 − φ1
γ

attains its maximum at(t0, x0)

andv2 − φ2 attains its minimum at(t0, y0). Hence by the definition of viscosity sub- an
super-solution,

(φ1)t

γ
+ H

(
t0, x0,

Dφ1(t0, x0)

γ

)
� 0,

(φ2)s + H
(
s0, y0,Dφ2(s0, y0)

)
� 0.

Multiplying the first inequality byγ , and subtracting one from other,

(φ1)t − (φ2)s � H
(
s0, y0,Dφ2(s0, y0)

) − γH

(
t0, x0,

Dφ1(t0, x0)

γ

)
.

Under the assumptions (A10′) and (A3),H satisfies the following structural condition
the coneC:∣∣H(t, x,p) − γH(t, x, q/γ )

∣∣ � C|p − q| + (1− γ )k1(t, x, ū),

for someū, (3.20)∣∣H(t, x, q) − H(s, y, q)
∣∣ � ω

(|x − y| + |t − s|)
+ ω

((|x − y| + |t − s|)|q|). (3.21)

Hence we get

2η − C
{
h′(Y ) + h′(X)

}
� (1− γ )

∣∣k1(t0, x0, ū)
∣∣ + C

∣∣∣∣h′(Y )
y0 + h′(X)

x0
∣∣∣∣
〈y0〉β 〈x0〉β
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+ ω
(|x0 − y0| + |t0 − s0|

) + ω

( |x0 − y0|2
ε

+ |x0 − y0
∣∣h′(Y )

∣∣)

+ ω

( |x0 − y0||t0 − s0|
ε

+ |t0 − s0|
∣∣h′(Y )

∣∣).

Observe thatk1 is continuous on the coneC hence there exists̃C such that∣∣k1(t0, x0, ū)
∣∣ � C̃.

Sinceh′ < 0, by sendingε to 0 andγ to 1, respecting (3.13), (3.18) and (3.19) we get

2η � o(1).

This is a contradiction and hencev1 � v2. �
Corollary 3.1. The above theorem holds true in the cone{

(x, t): 0< t < T, |x − x0| < Ct
}

for any x0 ∈ R
d , if structural assumptions(3.20)and (3.21)on Hamiltonian hold in this

cone.

Proof of Theorem 1.4. Fix T0 < T such thatT − T0 < 1/F , whereF is as in (1.26). We
fix x0 ∈ R

d . Definer = FT (1+ |x0|)/(1− FT ) > 0, so that

r = FT
(
1+ |x0| + r

) := CT .

Define the cone

Cx0 = {
(x, t): T − T0 < t < T and|x − x0| < F

(
1+ |x0| + r

)(
t − (T − T0)

)}
.

We next claim that in this cone,v1 = v2. For we will apply the theorem and corollary stat
and proved below withC = F(1+ |x0| + r) for x0 fixed. Then we can write

R
d × (T − T0, T ) =

⋃
x0∈Rd

Cx0

and hence,v1 � v2 on [T − T0, T ] × R
d . The proof forT − T0 > 1/F can be obtained b

iterating the above argument on time intervals of fixed length smaller than 1/F . This will
complete the proof. �
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