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Abstract We study a zero-sum differential game with hybrid controls in which both

players are allowed to use continuous as well as discrete controls. Discrete controls act on

the system at a given set interface. The state of the system is changed discontinuously

when the trajectory hits predefined sets, an autonomous jump set A or a controlled jump

set C where one controller can choose to jump or not. At each jump, trajectory can move

to a different Euclidean space. One player uses all the three types of controls namely,

continuous controls, autonomous jumps and controlled jumps and the other player uses

continuous controls and autonomous jumps. We prove the continuity of the associated

lower and upper value functions V'~ and V*. Using the dynamic programming principle

satisfied by V= and V', we derive lower and upper quasivariational inequalities satisfied

by them in the viscosity sense. We characterize the lower and upper value functions as the

unique viscosity solution of the corresponding quasivariational inequalities. Lastly we state

an Isaacs’ like condition for the game to have a value.

Key words Dynamic programming principle, viscosity solutions, quasivariational

inequalities, Hybrid control, differential games



1 Introduction

We study here, a zero sum differential game involving hybrid controls. The main moti-

vation comes from the hybrid control systems arising in many engineering problems like

constrained robotic systems, automated highway systems, and flight control systems. (See

Ref. 1). Branicky, Borkar and Mitter have presented a model for the hybrid control system

where continuous controls and discrete controls act on the system at a given set interface.

The state of the system is changed discontinuously when the trajectory hits predefined

sets, namely, an autonomous jump set A or a controlled jump set C where controller can

choose to jump or not. At each jump, trajectory can move to a different Euclidean space.

They prove right continuity of the value function. By using dynamic programming princi-

ple they have arrived at the quasivariational inequality satisfied by the value function in

the viscosity sense. In Ref. 2, Bensoussan and Menaldi study a similar system and prove

that the value function is continuous. They prove the uniqueness for a special case when

the autonomous jump set is empty. We have shown for this hybrid control problem in Ref.

3 that the value function is Hélder continuous under a transversality condition. We have

proved the uniqueness of the value function by a very different method than Ref. 2 and in

a more general case namely autonomous jump set being nonempty.



In this work we extend the model in Ref. 1 to the game theoretic set up. We allow

player P1 to use all the three types of controls namely, continuous controls, autonomous

jumps and controlled jumps and the other player P2 to use continuous controls and au-

tonomous jumps. As in Ref. 4 we then use Elliot Kalton approach to define the strategies

and lower and upper value function. The viscosity solution techniques applied to differen-

tial game problems using Elliot Kalton strategies and dynamic programming principle give

good existence and uniqueness results for the Hamilton-Jacobi-Isaacs’ equations satisfied

by the value functions of the game problem.( See chapter 6, Ref. 4 and references therein).

The games where both players use continuous controls Refs.4-5, when both players use

switching strategies Ref. 6 and a problem where one player uses impulse controls and the

other one continuous control and/or switching controls Ref. 7 are to name a few.

In this paper our aim is to to prove the local Holder continuity of lower and upper value

functions, to derive corresponding lower and upper quasivariational inequalities satisfied by

them in the viscosity sense and to characterize them as unique viscosity solutions of these

QVT’s. Finally we give Isaacs’ like condition for upper and lower values to coincide and

thus game to have a value.



2 Notations and Assumptions

The trajectory X (¢) of the hybrid system evolves by the following equation:
X(t) = fi(X(#), wi(b),us(1));  X(0) =2 (1)

where z € §;; ; is the closure of a connected open subset of IR%, d; € Z, . The trajectory on
hitting the autonomous jump set A;, jumps to the destination set D;, (D; C €, possibly),
according to the given transition map g depending on discrete controls from the discrete
control sets V; for P1 and V; for P2 where, Vi, V5 are compact metric spaces. The trajectory
then, will continue its evolution under f; till it hits again A; or C;. On hitting C; the player
P1 can choose either to jump or not to jump. If it chooses to jump, then the trajectory is
moved to a new point in say Dj. The state space Q is actually, Q := U Q;;:Q, € R%,d;,i €

Z.,. Predefined sets, A, C, D are unions of sets in JR%:

i=1 i=1 i=1

Also, f: Q x Uy x Uy — Q. with the understanding, f = f;(X(¢),u1(t), u2(t)) whenever
X (t) € Q; and u; in the continuous control space, U; = {u; : [ 0,00) — U; | u; measurable.}
Where U; are compact metric spaces ; j = 1,2. Similarly the transition map g : AxV; xV, —

D is actually g(z,v1,v2) = g;i(x,v1,v2) whenever z € A;.



Thus trajectory of hybrid problem gives rise to a sequence of hitting times of A, which

we denote by o; and sequence of hitting times of C, where P1 chooses to jump which is

denoted by &. We denote X (oy,u1(+), ua(+)) by x;, and g(z;,v1,ve) by 2 and destination

of X (&,u1(-),uz(-)) by X(&)'. When it is clear from the context, we use X,(t) instead of

(Xa(t, ur(), ua()))-

We give the inductive limit topology on 2 namely, z,, € € converges to x € € if for

some N large and V n > N; z,z, € €, for some i, and ||z, — z|| pa; < €.

Following are our basic assumptions:

(A1): A;,C;, D; are closed, with non empty interior. dA;, OC; are C' ; D!s are uniformly

bounded and 0A4; D 0); V1.

(A2): The transition map g is bounded, uniformly Lipschitz continuous, with Lipschitz

constant G.

(A3): Vector field f is Lipschitz continuous with Lipschitz constant L in the state variable

z and uniformly continuous in variables u; and uy. Moreover,

|[f(zu,ug)| < F VaeQand V (ug,uz) € Up X Us. (2)

Further 0A; is compact for all 4, and for some & > 0, transversality condition holds:

f(xo,ur,ug) - n(zy) <—& V zog € 0A; V (u1,u2) € Uy x Uy (3)



where 7(zp) is the unit outward normal to 0A; at x.

(A4): Let d be the distance between two sets A; and C; defined by d(A;, C;) = infyea, yec, d(z, y).
We assume, d(4;,C;) > >0, Viand inf; d(A4;, D;) = 8 > 0. Note that, this rules out
infinitely many autonomous jumps in finite time.

(A5): The sets Uy, Us and V;, V5 are compact.

The total discounted cost functional is given by:

J(xaU1(')a“2(‘)aUl,Uz,&',X(fi)l) = /Oook(Xz(t)am(t)aW(t)) eXP(—)\t)dt

+an(X(0i)anUz) exp(=Aoy) + ) e X(&), X(&)') exp(=)&) (4)

i=1
where ) is the discount factor, k£ : ) x Uy x Uy — IR is the running cost, ¢, : Ax Vi x Vo —

IR is the autonomous jump cost and ¢, : C' x D — IR, is the controlled jump cost.

Following Elliot-Kalton approach as in Refs. 4-5, we define the set of all non antici-
pating or (Elliot-Kalton ) strategies for P1 and denote it by I':

I'={a: Uy x Vo = Uy x Vi x[0,00) X D } where a’s are such that,
(ua(s),v2) = (u2'(s), ") for s <ty = alua(s),ve) = a(us'(s), ve') for s <t

Similarly we can define the set of non anticipating strategies 8 for P2 denoted by A.



The lower value function V'~ and upper value function V* are defined as follows.

V7i(z) = lI€1£ sup J(z, a(ug,ve), us(:), vg)
@ u2(+),v2

VT (z) = sup inf  J(z,ui(-),v1, & X&), Blur, v, & X(&))())
gen (ui(-),v1,6,X(&)")

We assume the following conditions on the cost functionals:

(C1): k is uniformly continuous in x and it is bounded by kg . Also k is Lipschitz continuous
in z variable with Lipschitz constant k;.

(C2): ¢, and ¢, are uniformly continuous and bounded below by C’ > 0. Moreover ¢, is

bounded above by C, and Lipschitz continuous with Lipschitz constant C.

In section 3 we show that the lower and upper value functions are bounded and
locally Holder continuous. In section 4, we use the dynamic programming principle to
derive a PDE; Hamilton-Jacobi-Isaacs’ quasivariational inequalities (QVI) satisfied by V'~
and VT in the viscosity sense. In Section 5 we characterize the value functions as the

unique viscosity solution of the respective QVI and state a condition for value to exist.

3 Continuity of the Value Function

Let the trajectory given by solution of (1) and starting from the point x be denoted by

X, (t,ui(), ug)(+). Since z € €, in particular it belongs to some €; C IR”. Then we have



from assumption A3 and theory of ordinary differential equations:

[ Xa(t,ur(-), ua(") = Xt ua (), ua())] < exp(Lt)|z — 2], (5)

[ X (t ur (), ua () = Xa(t, ua (4), ua()) < Flt —1]. (6)

Define the first hitting time of trajectory starting from x and evolving with the fixed
controls ui(-),us(-) by:  t(z,u1(-),ue(-)) = inf {t>0| X (t,u1(-),us(-)) € A}. Next
proposition deals with the continuity of the first hitting time in the topology of R% if
x € ;. Note that this is equivalent to proving its continuity in €2 with respect to inductive
limit topology.

Proposition 3.1: Assume (Al)- (A5). Then the first hitting time ¢ is locally Lipschitz
continuous with respect to the initial point. i.e., there exists a ; > 0 depending on f,

distance function from A; and & such that V y , § in B(z, d1), a 6; neighborhood of z in

t(y, ui (), uz(?)) — t(F, w1 (), uz(-))| < Cly— 7|, where C depends on &.

Proof: Step 1: Estimates for points near 0A;.  For simplicity of notations we drop the
suffix 4 now onwards remembering that the distances are in JR%. First we show that there

exists 6 > 0 and C > 0 such that,

t(w,u1(-),us()) < C d(z) ¥z €B(A,0)\ A



where B(A,d) is 0 neighborhood of A and d(z) is a signed distance of z from JA given by,

(

—d(z,04) ifz €A

d(z) =40 ifr € 0A

(d(z,04) ifze A°
It is possible to choose R > 0 such that in a small neighborhood of 0A, say B(0A, R),

the above signed distance function d is C', thanks to our assumption (A1l). We denote

derivative of d by Vd. For all (4, 4s) in U; x Uy we can choose ry < R such that,
flz, 0y, 09) - Vd(z) < =& V x € B(zg,70) (7)

Observe that we can choose 7y independent of xy by using compactness of 0A. We fix the
controls u;(-) and uy(-) and now on denote them by wuq, uy respectively. For the trajectory

starting from = € B(xo,19), evolving with the fixed controls uy, us,
d(X(s)) —d(z) = /S Vd(z) - f(z,u1,us)dr + /S(Vd(X(T)) —Vd(z)) - f(X(T),u1,us) dr
0 0
+ /5 Vd(z) - (f(X(7),u1,us) — f(x,ur,us))dr
0

Let ¢ be the bound on Vd on B(0A,rg). If s is small so that X (7) is in the ry neighborhood

of A, then Vd is continuous. So is f. Also using (3) and (2), we have,
d(X(s)) —d(z) < =&s+o(Fs) +o(cLs) < —&ys/2

for 0 < s < &, where 5§ is dependent only on modulus of continuity of f and Vd and

independent of z. Choose 6 = min{ry, 5,/2}. If z is in § ball around z, then, d(z) < 5/&,2



and, choosing s, = 2d(z)/&, will imply s, < § and hence d(X(s;)) <0. Thus by our
definition of d, X(s;) €A which implies t(x, uy, us) < sp = 2d(z)/&. Then for C' = 2/&,
we have, t(z,uy,us) < Cd(z) YV z € B(z,0)\ A.

Step 2: Estimate for any two points in .  Using estimate (6),

| Xz (t, ur, ug) — Xp(t, ur,u9)| < |Z — x| exp(Lt) (8)

Let us denote ¢(x,u1,us) by 7. Then, X,(7) € OA. Define §; = ¢ exp(—L7) where 4 is as

in Step 1. Let us choose z such that |z — Z| < ;. Then,

| Xz (7, u1, ug) — Xo (7, ur, uz)| < 6.

Hence, Xz(7,u1,u2) € B(X,(7),0)\ A. Therefore by Step 1,

t(X:Z‘(Ta Uy, u2)7 Uy, u2) < Cd(Xa_?(Ta Uy, u2)) Uy, u2)a (9)

t(z,ur,u2) < THINf{ ¢ | X (runu) (t ut, u2) € 0A}

< T4 t(Xz(T, ur, uz), ur, us).

Using (9) we have,

HZ, ur,ug) — 7 < H(Xg(T, ug, ug), uq, ug) < C’\m — Z| exp(LT). (10)



Interchanging the roles of z and Z, 7 — t(Z, u1, uz) < C|z — Z| exp(Lt(Z, uy, us)).

Thus we have,

[t(xz, u1, uz) — (T, ut, ug)| < C |z — z| exp(L{t(Z,u1,us2) V t(z,ur,us)}) (11)

Theorem 3.1 Continuity of the Lower and Upper Value Functions: Assume (Al)-
(A5) and (C1), (C2). Then lower and upper value functions V=, V' of hybrid game problem
are bounded and locally Holder continuous.
Proof: We prove the theorem only for the lower value function as the proof for the upper
value function is completely analogous.
First we show that lower value function is bounded. Consider the J given by (4). Assuming

that P2 chooses not to do any controlled jumps, by our assumptions (C1) and (C2),

+00

| J(z,u1 (), ug(-), v1, v9, &, X (&))< ko/ exp(—At) dt +ZC’0 exp(—Ao;)
0

=1

o0

< ko/A +Co ) exp(—Aa;)

i=1
From (A4), recalling that, > d(A;,D;), 0ix1 > o;+ B/sup|f| > o; + B/F. Hence,

o0

Z exp(—Ao;) < exp(—Aoy)(1/1 — exp(—=A3/F) (12)

i=1

= [J(, ur (), u2(-), v1, 09, &, X (&))] < ko/ A+ Co exp(=Ao1)(1/1 = exp(=AB/F)).



Since this is true for all the controls, we can conclude that V'~ (z) is bounded.

We now show that V'~ is locally Holder continuous. Let x,z € 2. We denote by II;
the projection on the i th variable of the any strategy @ € I'. Given € > 0, there exists

ap € I', depending on ¢ such that

V7=(z) > sup J(z, aq(uz,ve)(-),us(-),ve) — €

uU2,v2

> /0 TR, (T o ag) (s, 12) (1), ua(t)) exp(—AD)dE +

Z Ca (X2(%:), (Tlg 0 ) (ug, v2),v2) exp(—AL;) — e.

By the definition of V™ (z), for every «, and hence in particular for «y,

V™ (z) < sup J(z, ao(u2, v2)(+), ua(*), v2)

u2,v2

and there exists s, U such that, V= (z) < J(z, (g, U2)(+), G2(-), T2(-)) + €. Thus,

Vi(z) =V (2) < J(z,o(tie, 02)(:), (), Vo) — J(2, ag(tUa, Do) (-), U2(+), U2) + 2¢

< / Idt—i—ZS + 2

0 i=1
where I = [k(X4(t), (ITy o) (uz, 02)(£), u2(t)) — k(X (1), (T 0an) (tz, 02) (1), Uz (t))[exp(—At)
and S = |cu(Xy(03), (IIy 0 ) (03),T2) — ca( X (24), (IIy 0 ) (%), U2)| exp(—A(o; V 55)).
Here we have denoted by {X;}, the hitting times of A, for trajectory starting from z

and by {o;} hitting times of A, for trajectory starting from x evolving with the controls,



ap (g, Ua), Us(-), U2. We split the integral and summation as follows:

Vi) -V (2) < /OTIdtJrzn:SJr/OOIdH i S+2 (13)

T 1=n—+1

where n and T both are to be chosen suitably large so that the tail end of the integral and
summation become small and 2, < T < 0,1. By using the bound k¢ on & given by (C1)
we get,

/00 Idt < 2ko/ )\ exp(—AT) (14)

and by using bound Cj on ¢, given by (C2) and doing calculations on similar lines of (12)

we get the estimate,

S 5 <20, (exp(-AB/E) (/{1 — exp(-A6/F)}) (15)

1=n-+1

Without loss of generality let o7 < ¥;. We will show that for a 7' large, chosen
suitably, there exists § > 0 such that if |z — z| < § then the sequence of o; and ¥; is such
that,

0<O’1§21<0'2S22§...§0'n<TSEn. (16)

where 7 is the number of hitting times of A in the interval [0,7]. Assuming the above

claim we further split the integral as follows:

T o1 ¥ 3n
/ Idtg/ Idt+/ Idt+...+/ I dt. (17)
0 0 o1 on



In order to evaluate these integrals, we need to find some estimates on successive hitting
times of trajectories starting from z and z. We state these estimates in following lemmas
which will be proved after the proof of the theorem is complete. For simplicity here onwards,
we suppress the fixed control variables, 4y(-), T2 and ag(ig, 72)(-) for X and k.

Lemma 3.1: Let o7 and X; be as in the theorem above, and let,

rK = Xm(O'l) 21 = Xz(El), x1,21 € 0A

If |z — z| < 6, where 8, is as in proposition (3.1), then there exists C , a constant depending

on &, such that:

oy = 51| < Cexp(L(E1Vay))|z —z; |21 — 21| < (14 FC) exp(L(Ey V oy))|z — z].

Let the jump destination points of x; and z; be z;" = g(z1, (Ilz 0 ag)(01),%2) and 2" =
g(z1, (ITy 0 ) (1), 02) in Qy € IR™, and let the evolution of trajectories take place in €
till the next hitting time. Let o; and X; be the 7th hitting times of trajectories starting

from x and z respectively. We denote by z;, 2; and z}, z/ the following:

zi = Xg, (00— 0i1); z; = g(ws, (12 0 ag) (03), v2)

i = Xzi_l(zi - Ez’—l); Z; = Q(Zz', (H2 o aO)(Ei)a 772)



Lemma 3.2: Assume (16) and let us denote FC + G (1 + FC) by p. Then
o — S| < Cexp(LE)p' o = 2l; |z — 21| < exp(LE)(FC + 1)z — 2|

whenever |z — z| < §; where §; := min{d, dy, ..., yexp(—LY;) /ut~1}.

Using these lemmas now we estimate the integral in (17). This involves 2 types of integrals:

p] 041
1. / Idt; 2. / Idt.
g; X

If |z — 2| < 6, where d,, = min{dy, 0y, ..., &1 exp(—L3,)/pu" "1} , we can estimate the above
integrals using lemma (3.1) and lemma (3.2). We use the bound on £ to evaluate the first

integral.

P
/ I dt < (2ko/A\)( exp(=Aos) — exp(—A%:)) < 2ko |os — 3

Using lemma (3.2),

5 o
/ I dt < 2koCu'™t exp(LY;) |z — 2| (18)

i

To evaluate the second integral we use Lipschitz continuity of k. Hence,

Oi+1 Oi+1
/ dt <k / X (t = 03) — Xog(t — 55)] exp(=At)dt (19)
b >

i i

By semi group property, and (6),

[Xot (B —03) = X (t = 5i)| = | Xx, (zim0n(t — i) — Xor (T — 55|

!
i

< exp(L(t = %) Xoy (B — 03) — 7

1



By similar calculations, we get,
X (55— o) — 2 < i exp(LS)|o — (20)
Substituting above estimates in (19) we get,
Oit+1 . 0i+1
/ Tdt < kyexp(— LS exp(L5:)|z — 2| / exp((L — A)t)dt
¥ 3
For L # ),
Oit+1 )
/ Idt < kyrilz— 2 {exp((L— NT —1)}/L— (21)
X
and for L = A
Tit1 ) )
/ I dt S k1MZ|$ — Zl |Oi+1 - Ez| S kluz |$ — Z| 2T (22)
s

%

For L # A, by using (18), (21), [, I dt becomes,

/ Idt < Z?koéui_l exp(LT)|z — 2| + Z(kl,ui/L —N{ exp((L = AT — 1)}z — 2|

0 i=1 i=1
hence, for L # A
T ~
/ Idt < [p"Yp—1]|z— 2| [2k00+k1 exp((L—=\NT —1)/L — X (23)
0

and for L = )\, using (18) and (22),

T n n
/ Idt < ZZkOC/f*Hx —z|+ Z/ﬁT/ﬂx —Z|
0

i=1 =1



thus, for L = A
T ~
/ Idt < [p"—=1/p—1]|x — 2| |2koC + 2k, T (24)
0

Furthermore we need to estimate the summation term arising from discrete cost, in the

estimate (13). By using (C2) and lemma (3.2) we get,

n

ZS < ZQCﬂxi — zi| exp(—A(oy VE;)) < 2C4 Z(Fé’ +1) exp(LT)p* |z — 2|
i=1 i=1

i=1

Hence,

Y 8 <2C(FC+1) exp(LT)|z — 2| (W' = 1/p— 1) (25)

i=1
Since u is a constant, without loss of generality we can assume, p"/p—1 < 2u™. Also

observe that, o; — 0;11 > 8/F implies that T'> 0,1 — 01 > nB/F and hence
n <TF/B. (26)
Using (23), (25), (26), (14), and (15) in (13), for L # A we have,

V7(z) =V (2) < 4dkoCe™ ' pyTF 8 o — 2| + 2k u™P exp((L — N)T —1)/L — Nz — 2|
+  2k/Aexp—AT + 2C; exp(LT)u""8 |z — 2|

+  20,( exp(=A\B/F)TF/B 1/1 — exp(—=A\B/F) + 2 (27)

Now we further restrict |z — z| < (6;)"/'% for some @ such that 0 < < 1, where 4, is as



in proposition (3.1). Then choosing T such that u?*/# exp(LT) = |z — 2|7, or

T = —0log|r — 2|/ + Flog u/p. (28)

This together with the choice of |z — z| implies:

On =01/ exp(LEn) "t > 61/ exp(LT)uTFP = 6i|z — 2|° > |z — 2]

Thus |z —z| < §, and hence estimate (27) holds true for our choice of T'. Then substituting

the value of T in this estimate, for L # \ we get,

Vo(z) -V (2) < 4koClz — 2" + (k1/L — M)z — 2| + Cy|lz — 2[*?

+ (2]{0/)\”%_Z|A¢9/(Flogu/,3)+L + 200|x_Z|A0/(Flogu/ﬁ)+L + 2

Thus V'~ is Holder continuous in a 6i/ "% ball around z with Hélder constant 01,

6, =min{l1 —0, \0/{(Flogu/8)+ L}} for0<6<1.

Similar calculations for L = )\, yield V ~ is locally Holder continuous in the 5%/ % ball

around x with Holder constant €; for all ; such that,

6, < min{1 -0, LO/{(Flogu/B)+L}} for 0<f<1

This proves the local Holder continuity of V.



Now we want to justify our claim in (16). ie. if oy < ¥; we can choose |z — z| small
enough such that (16) holds. If we restrict |z — z| such that

|z — z| < min{B/(4FC), (8/(4CF))*/1=%}, then by Lemma 3.2,

5% — 04| < Cexp(LT)p™ 1P|z — 2|.

By our choice of T, |Z; — 03| < Clz — 2|'"? < B/(4F) < 1/2|0; — 0;41|. This together
with the assumption oy < ¥y, implies 0; < ¥; < 0;41 V7. So our claim is justified. This
completes the proof of continuity of V. (Il
Proof of lemma 3.1: Note here that by proposition (3.1) we have the estimate on |07 — % |
given by (11),

o1 — 1| < C exp(L(Z1 Vo)) | — 2| (29)

Using this, we estimate |z, — z;|. By assumption, o; < ;. Thus,

T — 21| = [Xp(on) — Xo(50)| < [Xp(o1) — Xo(o1)] +[Xo(01) — X.(30)]

Using (6) we get, |X,(01) — X,(01)] < exp(Loy)|r — z| while (6) and (29) lead to,
X.(01) — X,(X1)] < Floy — ¥1| < FC exp(L¥:)|z — z|. Combining these estimates,
21 — 21| < exp(LEy)|z — 2|(1+ FC) for z e B(z,d). O

Proof of lemma 3.2: We assume without loss of generality that, z;/, 2" € ;11 C IR%+.



We apply Proposition (3.1) and the above lemma recursively to find estimates on successive

hitting times and points to conclude the estimate in the lemma. 0

4  Quasivariational Inequality

Following theorem deals with the dynamic programming principle satisfied by V~. DPP
for V' is analogous.
Theorem 4.1: Dynamic Programming Principle: DP P~ for lower value function V~: for

any 1" > 0,

V=(z) = inf sup { /0 E(X(), TTy © tiz, v2) (1), us(t)) exp(—\E)dt

acl u2(+),v2

+ Z Sa(a) + Z Sc(a) + eXp(_)‘T)V_(Xw(T, Hl © O!(UQ,’UQ), u?))

o;<T Tzoa(uz,v2)<T
where for fixed controls us(-), va, Sy(a) = exp(—Ag;)ca(X(0;), g 0 a(ug, ve)(0:), v2)
and S:(a) = exp(—Allzoa(ug, v3))c (X (lzoa(us, v2)), [Iyoa(ug, v2)).

If o; is the first hitting time of A then DPPA~ for V™ is given by:,

V- (z) = inf sup { /0 (X (T 0 (s, 1) (1), us(t)) exp(—\)dt

€L 4 ()02

+ exp(—/\al)M_V_ (Xx(O'l, H1 (@) &O(UQ, Ug), ’U,Q)}

where M_d)(m) = infvl SUp,, {d)(g(xv V1, ’1)2)) + Ca(xa U1, U?)} :



If & is the first hitting time of C' then DPPC'~ is given by:,

V7 (z) = inf sup {/0 1 k(X (2,111 o a(ug, v2)(t), ua(t)) exp(—At)dt

Q€T 40 ()02
+ exp(—=At1) NV ™ (Xp (&, 1T 0 a(ug, v2), us)) }
where No(z) = infyep {d(z') + c.(z,2')} .

Proof: We prove the general dynamic programming principle for any 7" > 0 given by
(DPP~). The proofs of (DPPA~) and (DPPC™) then follow on similar lines. Let us denote
RHS of (DPP~) by w(z). Fix € > 0. Note that by definition of V' ~, for any z, there exists
«, € I such that, for all uy(-), vo,

V(2) 2 J(z, s (uz, v2) (), uz(:), v2) — € (30)

We first prove that V= (z) < w(z). Choose & € T such that,

w(z) > sup {/0 E(Xz(t), 111 o &(ug, v2)(t), ua(t)) exp(—At)dt + Z Sa(@)

ua(+),v2 o;<T
+ Z Se(@) + exp(=AT)V™(Xo(T), a(uz, va), U2,U2))} —¢€ (31)
&<T
Now define § € I' by,

d(ug, v2)(8) = @(ug,ve)(s) if s <T; O(ug, v2)(s) = a(ug,vo)(s —T)if s >T

with z = X, (T, &(uz, v2), ug, v2), and «a, as chosen in (30),

Xo(s+T,0(ug,v2), ug, v2) = X, (8, ay (g, v2) (s +T),us(s + T),v).



So by change of variables, 7 = s + T we have,

J(z,a,(ug, v2)(- + 1), us(- + T),v2) =

{/TOO k(X (7), Ty 0 6(uz,v2) (7), us(7)) exp(—A\(T — 7))dr + > Su(0) + Y _ S.(6)}

o;>T &>T

Substituting above in (30), we get,

V7(z) > {/00 k(X4 (7), 111 0 6(ug, v9)(7), uz(7)) exp(—A(T — 7))dr

T

+D S0+ > sc(a)} —

o;>T &>T

Substituting back in (31),

w(z) > sup {/000 k(Xz(t), 111 o §(ug,ve)(t), ua(t)) exp(—At)dt

u2(+),v2

+ fjsa(é) +§:SC(5)} — %

i=1 i=1
> J(z,d(uz,ve)(+), us(-), ve) — 2¢
Hence, w(x) > V() — 2. Since ¢ is arbitrary, w(z) > V().

To prove other way inequality, ie. w(z) < V~(z), we choose uy(-), To such that,

w(z) < /0 k(X,(1), T © i (Ta, 2) (1), Ga(t)) exp(—At)dt (32)

+ 3 Salaa) + Y Selaw) + exp(—AT)V ™ (Xo(T, ap(tin, 12), Ua, 1)) + €

o;<T &<T

where « is as in (30) and S, and S, are now with respect to fixed controls s, 5. Now for



each uy(-), vq, define sy, Uy by,

(ia(8), Do) = (12(s), V) if s < T; (tia(8), V2) = (uz(s — T),vq) if s>T (33)

then, define @ € T and z by,

G(uz(s), v2) = az(lia, V2) (34)
2 = Xo(T, oz (tha, U2), Uiz, Vs (35)

and choose us(+), vy such that,
V7 (2) < J(z, &(ug, v2) (), ua(),ve) + € (36)

So by using (32), (35) and (36) we get,

w(z) < 25-!—/0 kE(X.(t), 11} o ay (g, T2)(t), Ua(t)) exp(—At)dt

+ ) Salon) + Y Sel) (37)

o;<T &<T

Observe that,(33), (34), (35) implies X, (7, (g, U2), U2, V2) = X, (7—T, &(uz, v2), Uz, vo) if 7 >

T. So doing the change of variables 7 = s+ T,

J(z, &(ug,v2)(-), ug(+), v2) = /00 k(X5 (T, agp(a, Do) (7), Ua(T), U2) exp(T — 7)dr

T

+ Y Salon) + Y Sel) (38)

a; >T &>T

Using (33), (34) and (35) in (38) implies w(z) < J(z, oy (o, U2)(+), U2(+), U2)+2¢. Combining

this and (30) we have, w(z) < V™~ (z) + 3¢ which proves the other way inequality. O



Theorem 4.2: Quasivariational Inequality: Under the assumptions (A1 — A5) and

(C1),(C2), the value function V'~ satisfies the following lower quasivariational inequality

in the viscosity sense:

(M-V~(z) VeeA
V7(z) = max{NV~(z),-H (z,VV~(z))} VzeC (QVI)
| —H (2, VV (7)) VeeQ\(AUQ)

where H™ (z,p) = inf,, sup,, {—k(z, ui, u2) — f(z,ur, u2) - p} /A
Proof: Let x € A. Then the first hitting time of trajectory is oy = 0. Hence by DPPA~

we get V= (z) = M~V (z).

Now we consider the case z € Q\ AUC. Let, r = min {d(z, 0A), d(z,0C)}. Choose
R < r. Then in the ball B(z, R) no impulses are applied. Now V'~ is continuous at x, and
let ¢ € C'(Q2) be such that V'~ — ¢ has local maximum at z and V~(z) = ¢(z). Then, to
show that V'~ is a subsolution we must prove, ¢(z) + H™ (z, Vé(x)) < 0. Should this fail,

there would exist some v > 0 such that,
¢(z) + H (,Ve(z)) > v >0 (39)

Then the lemma similar to the one in Ref. 4 (Chapter 8, Lemma 1.11) will imply that for

sufficiently small t > 0 , there exists a* € I" such that for all uy € Us

/0 {B(Xa(5)) + £(Xa(5)) - VH(Xa(5)) = A(x)} exp(=As)ds < —vt/4 (40)



where, X;(s) = (Xz(s, a*(ug, v2)(s), us(s)), [lyoa* (ug, v2)($), uz(s)). Choose 7 small enough

such that 7 < t and X,(7) € B(z, R). By our choice of R and 7, 7 is less than first hitting

time that is 7 < 0y and 7 < &. Since V'~ — ¢ has maximum at z and V~(z) = ¢(z),
exp(—AT)(X; (7)) — ¢(z) > exp(=AT)V™(Xy(7)) = V™ (2) (41)

Substituting (41) in (40), we get,

inf sup {/OT k(X4(s)) + exp(—ar)V ™ (X,(r, a*(ug,vg),ug)} —-Vi(z) <—-vr/4<0

ael uz(+),02

This contradicts DPP~. Hence V ~ is a viscosity subsolution of HJB equation.

To show that V'~ is a viscosity supersolution, let V'~ — ¢ has local minimum at x and
V= (z) = ¢(x). Assume by contradiction, ¢(z)+ H (z,Vé(x)) = —v < 0. By definition
of H™, there exists, uj € U, such that

¢($) - f(x,ul,ug)ngS(:v) - k(xaulau;) < —v

for all u; € U;. So for 7 small enough that is 7 < ¢ and any a € T,

$(Xa(5)) — f(Xa(s)) - VO(Xa(s)) — k(Xz(s)) < —v/2

where, X, (s) = (Xz(s), 1 o a(ud, ve)(s),u3(s)). For 0 < s < 7, multiplying by exp(—A\s)

and integrating from 0 to 7, for 7 small,

{gzﬁ(:v) — exp(—=A1)o(Xp(7)) — /OTk(Xw(s))exp(—)\s)ds} < —vt/4 (42)



From, ¢(z) — exp(—A7)@(X,(7)) > V7~ (2) — exp(—AT)V ™ (X,(7)) we obtain,
exp(=AT)V ™ (X, (1)) + /OT k(X(s)) exp(—As)ds > vr/24 V™ (x).

Thus, inf sup {/OT k(X.(s)) exp(—As)ds + exp(—)\T)V(Xw(T))} >V (z)

€L 4 ()02

which is a contradiction to DPP~ and this completes the proof that V'~ is a viscosity

supersolution of HJI equation.

Now consider the case x € C. If V™ (z) = NV~ (z), there is nothing to prove. Suppose
V~(x) < NV~ (z). Then we show that whenever there exists a r > 0 and a ball B(z,r)
around z such that it is not optimal to apply any impulses on B(z,r). Then we can do
the analysis in this ball to conclude as in the case of z € 2\ AU C. We claim that there

exists € > 0 such that,

V=(z) = inf sup { /O R(XL (.11 © 0, 1) (), ua(£)) exp(—A)dt

@ us ()2

+NV ™ (Xy(t)) | t1 > €}

where t; is first time when controller chooses to jump. If not, then £ = 0. which implies
& = 0 which by DPPC implies V~(z) = NV ~(z); which is a contradiction to V~(z) <
NV~(x). Hence ¢ > 0. Choose r < min{d(z, X;(¢)),d(A,C)}. Then in the ball B(z,r),

no impulses are applied. So we can do the analysis in this ball around x and can conclude



as in the earlier case. This proves the quasivariational inequality for the case xz € C. O

For upper value function define M*¢(z) and H*(z,p) by:

M*¢(x) = sup i1I]llf {6(g(z,v1,v2)) + calx,v1,090)}

H+($ap) = supinf {—k(z,u1,u2) — f(x,u1,u2) - p} /A

uy Ul

The upper value function V' satisfies following QV I™:

( MV (2) VzeA
V() =< max {NV*(2),-H*(z,VV*(z))} VzeC (QVIT)
| —H"(z, VV (1)) VeeQ\(AUuO)

5 Existence of Value

Our aim in this section is to characterize the lower and upper value functions V'~ and V*

as the unique viscosity solutions of corresponding quasivariational inequalities. Further we

give a condition for equality to hold between V'~ and V* and thus the game to have the

value.

Theorem 5.1: Uniqueness: Assume (Al — A5) and (C1),(C2) . Let wy,wy € BC(2) be

2 viscosity solutions of quasivariational inequality given by (QVI~). Then w; = ws.

Proof: The idea of the proof is to show that w;(z) < wo(z) V 2 € Q. For this we define



the following auxiliary function ® defined on (2, (; x ;) by:
1 2 m m
O(z,y) = ywr(2) —wa(y) — o lo —yl" - w(< 2 >" + <y >7) (43)

where m € (0,1) , < 2 >™= (1 + |z|>)™2 and v € (0,1), € and & are positive parameters
to be chosen suitably later on. Let, sup,; supg, wi — wo > 0. If the above supremum is not
attained at some finite point (xg,7,) in some fixed €2;, we can work with an approximate
supremum of ® over Q x Q, that is for given n > 0, we can find (z,,y,) € €, such that,
supgyo @(z,y) < ®(xn,yn) + (1/n). The proof in this case is very similar to the one given
below, however for simplicity, we give the proof in the case when the supremum of ® is

attained at (zo,yo) in some fixed ;.

Since o and yo can lie in different sets in €; wq(zo) and wy(yo) satisfy different

equations from QV I~. We list below the different cases which arise:

Case 1. (zo,y0) € AxCorCx A
Case 2. (z,y0) € Q\ (AUC) xQ\ (AUC)
Case 3. g, yo ¢ A and one of zq or y, € C.

Case 4. zg,yo ¢ C and one of the x4 or yy € A

We claim that under suitable choice of €, and k only Case 2 occurs and no other case



can occur. In Case 2, both w; and wy satisfy HJI and we can complete the proof by
slightly modifying usual comparison method. First we list some estimates in the following
lemma which can be proved by standard techniques using the facts that w, ws are bounded,
continuous and (g, yo) is maximum point of ®.

Lemma 5.1: Let ® be as in (43) and (o, yo) be such that ®(zo,y0) = sup ® . Let C

be generic constant. Then,

1. (|zo —yo|?/e) < C  C independent of « and &.

2. VE|zo|,VE|ye| < C  for some C independent of x and «.

3. (|lzo — yo|?/€) < w(VCe) where w is the local modulus of continuity of w; and w,

in the ball of radius C'/\/.

Now we consider the different cases listed earlier.

Case 1: (zg,y0) € Ax C or C x A. Without loss of generality let, (xq,yo) € A x C. Since,
d(A,C) > B, = |xo— yo| > B. On the other hand, by lemma (5.1)(i), |20 — 0| < VCe.
So choosing € such that \/CTE < B/2, |xo—yo| < /2, which is a contradiction. Hence case
1 does not occur, for small ¢.

Case 2: Let (x9,%0) € Q\ (AU C) xQ\ (AU C). Then, using the definition of the viscosity



sub and supersolution for w; and wy respectively, we have,

m—2

w1 (7o) — wa(yo) < H™ (Yo, (To —Yo)/e — km < yo > Yo)

—H (20, (1/7)((z0 = y0) /e + rm < 29 >™* z,))

< (L/M) (|0 = yol*/e) + (L/y)m| < z0 >™2 @o||z0 — yo| + k1|0 — yol
+F(1=1/7)(lz0 = yol/e) + Frmlwo < 20 >™7 +yo <o >™* |

Here in the second inequality we have used the fact that under our assumptions (A1)-(A5)

Hamiltonian H~ satisfies the structural condition:

H™ (z,p) — H (y,q9) < Flp—q|+ Ligllz —y| + k1i(lz —y|) V z,p

Now by using the estimates in the lemma 5.1 and the fact that | < zq >™ xz¢| remains

bounded for m € (0,1) we have that,

wi (o) — wa(yo) < O(VE) +w(VCe) + (1 — 1/7) |70 — o/ + O(k).

Choosing <y such that 1 — 1/ < e, we will get, (1 —1/7)(z¢ — v0)/e < O(V/¢).

Also for given z € Q, ®(x,z) < ®(zo,y0), S0 Ywi(z) — wa(x) < ywi (o) — wa(yo) + 2k <
x >™. Hence for z fixed, yw;(z) — we(z) < O(y/€) + O(k). Now first sending ¢ and
then k to 0 and observing that this implies 7 goes to 1 by our choice of v, we get that

wi(z) <wy(z) V z e



Case 3: zg,y0 ¢ A, and one of zg,yy € C. Without loss of generality let yo € C. Since

xo ¢ A and w; is a subsolution of QV I~ implies w; (zo) + H ™ (o, Vwi(zg)) < 0.

yo € C = max{wz(yo) + H (yo, Vwz(10)), w2 (yo) — Nwa(yo)} = 0.

Also, wy is a solution of QV I~ in particular it is a supersolution. Hence either wo+H~ > 0

or wy — Nwsy > 0 at yo. If wa(yo) + H (yo, Vwa(yo)) > 0 we can proceed as in Case 2. Else

assume wsy(yo) — Nwa(yo) > 0. Since wy is also a subsolution, we(z) < Nwq(z) V z € C

and therefore, wo(yo) = Nwa(yo) = infyep wo(y') + ce(yo,y’). If infimum in Nws(yo) is

not attained, we deal with an approximate minimum at the expense of an extra term 1/n.

For, given n > 0 we can choose y; € D, such that, Nws(yo) > w2(yg) + cc(vo, yo) — (1/n).

If y, ¢ D; and it belongs to some other D;, we will have to work with an approximate

supremum of ® as indicated earlier. In that case by similar calculations as below, for a

suitable choice of v we get a contradiction. But for simplicity of calculations we work with

a yy € D; C €, where infimum is attained in Nws(yo).

Let R be the bound on D, fix x such that x < min{1,C'/2R} where C’ is as in (C2).



Then using the fact that wi(yo) < Nwi(yo) < wi(yo) + ce(yo, ¥o'),

D(zo,0) = ywi(zo) — wa(yo') — ce(yo, ¥0') — 1/e(|z0 — yol?) — k(< 2o >™ + < yo >™)

IN

ywi(zo) + Ywi(Yo') — Yw1(Yo) — wa(yo') — (1 —7)ce(¥o, %0')

—1/e(|lzo — yol?) — k(< o >™ + < o >™)

< B(yg, yo) + 26 < yo >™ +ywi(ze) — ywi(yo)
—1/e(|zo — y0|2) — k(< zy>"+ <y >") — (1 —7)C'
< B(yh,yy) + 28R + yw(CyE) — (1 —7)C"

By choosing y such that, 7 < (C'—2kR)/(C" + w(C+/z)) we can make ®(zo, yo) < B (v, vb)-
This is a contradiction as sup ® = ®(xg,yo). Hence the case wy(yo) — Nws(yo) > 0 can
not occur for this choice of v, depending on € and k and we can proceed as in Case 2 and
conclude that w; < ws,.

Case 4: zg,y0 ¢ C, and one of zg,yy € A. Without loss of generality let yo € A. zo ¢ C
and wy is a subsolution of QV I~ implies w1 (zo) + H ™ (x9, Vwi(zg)) < 0. Since yo € A =

wa(yo) — M~ ws(yo) = 0 therefore,

wa(yo) = M~ wa(yo) = iillf sup {ws(g(yo, v1,v2)) + ca(Yo, v1,v2)} .

v2

By compactness of V; and V5 above inf sup will be attained at some v; and vy. Observe



that the point g(yo,v1,v2) € D and let R be the bound on D. We fix x such that k <

min{1, C'/2R}. Now doing the calculations similar to the one in the Case 3, we can get,

q’(l“o, Z/o) < (P(g(y()avla U2),g(yo,vl,?)2)) +26R + ’le(l“o) - ’le(yo) - (1 - V)C'-

By choosing v < (C'—2kR)/(2C" + w(C+/€)) we can make ® (g, yo) < ®(g(vo, v1, v2), 9(yo, v1, v2))-
This is a contradiction. Hence the case wa(yo) — M~ wa(yo) > 0 can not occur and we can
proceed as in Case 2 and conclude that w; < w, for this case also.

Thus wy < wy V x € (). By interchanging the roles of w; and wy we get other way

inequality and hence w; = w9 and hence the uniqueness. U

Similarly one can show that V' is the unique viscosity solution of upper quasivaria-
tional inequality QV It.
Corollary 5.1: Existence of Value Assume (Al- A5) and (C1), (C2). If H-, H*, M~

and M satisfy:

H (z,p) = H"(z,p) VY z,p (44)

and MV~ (z) = MV (x) VzeA (45)

then V~ = V™" and hence game has a value.

Proof: By the assumption (44), (45), V'~ and V' are solutions of the QV I~ . By the



above uniqueness theorem V'~ is the unique viscosity solution of @V I~ and hence,

V=(x) =V (x) V z € Q. Thus game has the value under the condition (44, 45). O

Remark 5.1: We remark that when, f and k are linear in all its variables , g¢

and ¢, are linear in v, vy, the total discounted cost functional J turns out to be lin-

ear in uy, ug, vy, vo. For example we can take Q C IRY, U; compact in R?, f(z,u1,us) =

[a1Tuy|z+[as " us)z , where a; € IRY, constants, and a;” denotes its transpose.  k(z, u1, ug) =

E' <, x> +k® <wug, x>, k'€ IR, g=uvg"(z)+ve9%(x) and cu = ! < by, vy > +9Y? <

by, v > where by, by are constants and ¢', g2, 4! and 1% are real valued functions. Then

by Von Neumann’s minimax theorem, (See Ref. 8, section 2.13, theorem, 2G.) V=~ =V,

and H (z,p) = H"(z,p) V x,p we can also conclude that, M-V~ = M*V~ and thus the

condition (44),(45) holds.
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