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Summary

A new meshlessapproximationfor hyperbolicconservation laws hasbeenrecentlyproposedby the
authors[1] whichusesalocalTaylorseriesrepresentationof theunknown. In thepresentwork, weproposea
variantof theabovemethodwhich usestheshapefunctionapproachasin FEM togetherwith a leastsquares
approximation.Thisapproachhastheadvantageof allowing usto usenon-standardbasisfunctionslikethose
of theradial-type.Theresultingschemelookslikeafinite volumeupdateequation.Numericalresultsfor the
Eulerequationsin 2-D will bepresented.

Introduction

We presenta meshlessapproximationcalledthe Kinetic MeshlessMethod(KMM), for the numerical
solutionof hyperbolicconservationlaws thatcanbeobtainedby takingmomentsof aBoltzmann-typetrans-
port equation. The meshlessformulationrequiresthe domaindiscretizationto have very little topological
information;a distribution of pointsin thedomaintogetherwith local connectivityinformationis sufficient.
For eachnodei, theconnectivity consistsof a setof nearbynodes

�
i which areusedto evaluatethespatial

derivativesappearingin the conservation law. The derivativesareobtainedusinga local approximationin
termsof a setof basisfunctionsanda modifiedform of the leastsquaresapproximationknown asthedual
leastsquaresapproximation.

Meshlessmethodsfor compressibleflowswherethegoverningequationsarehyperbolichavebeendevel-
opedby GhoshandDeshpande[2], Batina[3], Morinishi [4], Balakrishnan[5] andLohner[6], all of which
make useof leastsquaresin oneform or theother. They differ from oneanotherin theway they introduce
upwinding.Eventhoughweuseshapefunctionsasin FEM,wedonotmakeuseof anintegralformulation.A
similarapproachis takenby Morinishi [4] andLohneret. al. [6] but theirwayof upwindingis adhocwithout
any relationto physicsandis morelike an artificial dissipationapproach.The LSKUM [2] of Ghoshand
Deshpandeis obtainedby taking momentsof a meshlessupwind discretizationof the Boltzmannequation
(moment-methodstrategy) andthesameapproachis takenin thepresentwork. NotethatsincetheBoltzmann
equationis a scalartransportequation,its upwinddirectionsareclearlyknown. Thepresentmethoddiffers
from LSKUM in thatit usesadifferentupwinddiscretizationof theBoltzmannequationwhichavoidsstencil
splittingandhencerequiresfewerpointsin eachconnectivity.

Kinetic Representation

We areinterestedin the numericalsolutionof hyperbolicconservation laws which canbe obtainedby
takingsuitablemomentsof a Boltzmann-typetransportequation.Thesystemof conservationlaws is written
in differentialform as

∂U
∂t
� d

∑
α � 1

∂Fα

∂xα � 0 � U : ���x � t �
	�� ad 
�� p � Fα : � ad 	 � p (1)

whereU is thevectorof conservedvariables,� ad is thesetof physicallyadmissiblevaluesof U , andFα are
the flux vectors.We assumethat the systemof equations(1) hasa kinetic representation,that is, it canbe
obtainedby takingmomentsof

∂ f
∂t
� d

∑
α � 1

vα
∂ f
∂xα � J � f � (2)



wherethemomentsaredefinedas����� � ��� d � ��� Ψ ���v � I ��� � � d �vdI (3)

Equation(1) is obtainedby takingmomentsof (2) provided�
f
� � U � � vα f

� � Fα � � J � f � � � 0 (4)

The variableI is sometimesnecessaryto get the correctmomentclosureand representsnon-translational
degreesof freedom. The kinetic representationgivesa particlepictureof the systemunderconsideration,
wheretheparticlesaremoving with velocity �v, with thefunction f ���v � I ; �x � t � giving thestatisticaldistribution
of molecularvelocity. Themacroscopicbehaviour is obtainedby takingaverage/momentsof themicroscopic
behaviour. If (1) hasthe property that Fα � U � � Aα � U � U , with all the Aα having only real eigenvalues
anda completesetof eigenvectors,then it hasa kinetic representation.It is alsoenoughif the systemof
equations(1) hasa convex entropy, as shown by Harten,Lax and Van Leer [7]. Assumingthat sucha
situationexists,wefirst obtainanupwinddiscretizationof (2) andtakemomentsto obtainadiscretizationfor
theconservationlaw (1). Notethatwedonotactuallysolveequation(2) but merelyuseit asanintermediary
to obtaina discretizationof (1).

Shape Functions and Dual Least Squares Approximation

Let pm : � d 	 � , 1 � m � M beasetof basisfunctionsandweapproximatetheunknown function f in
a smallneighbourhoodof �x � �xi in theform

f ���x��� P ���x; �xi � � M

∑
m� 1

aimpm ���x � �xi � (5)

wherewe have shifted the origin to �xi . Let �xi j � ���xi
� �x j �"! 2 be the midpoint of line segment �i j and fi j

denotethevalueof f at �xi j . Theunknown coefficientsaim aredeterminedby solvingthefollowing weighted
minimizationproblem:

minimize ∑
j #�$ i wi j % fi j � P �&�xi j ; �xi �&' 2 � w.r.t. aim � 1 � m � M (6)

We canthenobtainthederivativeof f by differentiatingequation(5)

∇ f ( i � ∇P �&�xi ; �xi � � M

∑
m� 1

aim∇pm � �0� (7)

In thepresentwork theweightfunctionis chosenaswi j � ( �xi �)�x j ( * 2. A moreconvenientform of theabove
expressionis

DualLeastSquares:
∂ f
∂xα ++++ i � ∑

j #�$ i µα
i j fi j (8)

Let usassumethatfor any c ,� 0, theshapefunctionshavethefollowing scalingproperty:�ξ � c�x �
- ∇.ξP � �ξi ; �ξi � � 1
c

∇ .xP ���xi ; �xi � (9)



Thenwe canusethesolutionof thedual leastsquaresproblemto obtainanotherformula for thederivative
which usesnodalvaluesof f insteadof themidpointvalues.This is givenby

LeastSquares:
∂ f
∂xα ++++ i � 1

2 ∑
j #�$ i µα

i j f j (10)

Theideaof usingmid-pointvaluesfi j insteadof thenodalvalueshasbeenusedpreviouslyby Morinishi [4]
andBalakrishnan[5].

Kinetic Meshless Method

TheKMM is built on thedualleastsquaresapproximationdescribedin thelastsectionandthemoment-
methodstrategy. Theadvantageof thedualleastsquaresis thatthevalueof fi j is notknown apriori, andwe
canintroduceupwindinginto theschemeby defining fi j in aconsistentandupwindmanner. Substitutingthe
dualleastsquaresestimategivenby equation(8) into theBoltzmannequationandassumingthatthecollision
termis identicallyzero,we obtain

d fi
dt
� ∑

α
∑
j #�$ i µα

i jvα fi j � 0 (11)

Takingmomentsweobtainthesemi-discreteform of theupdateequationfor theconservationlaw at nodei

dUi

dt
� ∑

α
∑
j #�$ i µα

i jF
α
i j � 0 (12)

whereFα
i j � � vα fi j

�
. In order to upwind-biasthe approximationgiven by equation(12), we construct fi j

from the particledistribution functionsof nodesi and j, dependingon whetherthe particlevelocity hasa
componenttowardsnodei or towardsnode j. If V is acompletesetof macroscopicvariableswhichuniquely
define f , thenthis approximationis givenby

fi j ���v � I � �0/ f ���v � I ;V 1i j �2�3�v � êi j 4 0
f ���v � I ;V *i j �2�3�v � êi j � 0

(13)

whereêi j is the unit vectorwhich is directedfrom nodei to node j. TheV 5i j mustbe atleastsecond-order

accurateinterpolants[4,5] of V from �xi , �x j to the midpoint of �i j. This can be achieved by using linear
interpolationanda MUSCL-typelimiting [8]. Assumingthat the scalingpropertyholds,the derivativesof
V arecalculatedusingthe leastsquaresapproximationgivenby equation(10), which avoidsthesolutionof
anotherleastsquaresproblemfor ∇V.

Similarity with Finite Volume Method

We canwrite equation(12) in a form thatresemblesthefinite volumemethod.For this wedefine

µi j �76 ∑
α

µα
i jµ

α
i j � nα

i j � µα
i j

µi j
(14)

We alsodefineaflux function8
i j � ∑

α
nα

i jF
α
i j (15)



In termsof thesewecanwrite equation(12)as

dUi

dt
� ∑

j #�$ i µi j
8

i j � 0 (16)

whereasa finite volumediscretizationwill beof theform

dUi

dt
� ∑

j #�$ i Si j

Vi 9 i j � 0 (17)

providedthatthepointsin
�

i definea finite volumearoundnodei, and 9 i j is a numericalflux function. The
updateequations(16) and(17) have a similar structureif we identify µi j astheratio of a generalizededge-
lengthto a generalizedvolume.Theconservationpropertyof finite volumemethodsis dueto thefollowing
flux-balancecondition: 9 i j

� 9 j i � 0. We do not know at presentwhetherananalogouspropertyholdsfor
equation(16).

Numerical Results

We have appliedKMM to solve the2-D Eulerequationsgoverninginviscid compressibleflows. These
areobtainedby takingmomentsof theBoltzmannequationtogetherwith theMaxwelliandistribution func-
tion. For the shapefunctions we take linear polynomialsand for interpolation, the primitive variables
V � % ρ �:�u � p' T areused. The wall boundaryconditionsarebasedon the strongformulation [9], while
theouterboundaryconditionfor subsonicandtransonicflows is basedon thepoint vortex modelof Thomas
and Salas. Time integration is performedusinga 3-stageschemeof Shu andOsher. The point distribu-
tion is obtainedfrom standardtriangulargrid generationtechniquesandtheaveragenumberof pointsin the
connectivity is six. Resultsfor 2-D compressibleflowswill bepresented.
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