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Summary

A new meshlessapproximationfor hyperbolic conseration laws hasbeenrecently proposedby the
authorq1] whichusesalocal Taylor seriegepresentationf theunknown. In the presenivork, we proposea
variantof the above methodwhich usesthe shape&unctionapproachasin FEM togethemwith aleastsquares
approximationThis approacthastheadwantageof allowing usto usenon-standarthasisfunctionslikethose
of theradial-type. Theresultingschemdookslik e a finite volumeupdateequation.Numericalresultsfor the
Eulerequationsn 2-D will bepresented.

Introduction

We presenta meshlessapproximationcalled the Kinetic MeshlessMethod(KMM), for the numerical
solutionof hyperbolicconserationlaws thatcanbe obtainedby takingmomentsf a Boltzmann-typdrans-
port equation. The meshlesdormulation requiresthe domaindiscretizationto have very little topological
information;a distribution of pointsin the domaintogetherwith local connectivityinformationis suficient.
For eachnodei, the connectvity consistsof a setof nearbynodes¢ which areusedto evaluatethe spatial
derivativesappearingn the conserationlaw. The derivativesare obtainedusinga local approximationin
termsof a setof basisfunctionsanda modifiedform of the leastsquaresapproximatiorknown asthe dual
leastsquaesapproximation

Meshlessnethoddor compressibléowswherethegoverningequationgrehyperbolichave beendevel-
opedby GhoshandDeshpand¢?], Batina[3], Morinishi [4], Balakrishnar{5] andLohner[6], all of which
male useof leastsquaresn oneform or the other They differ from oneanotherin the way they introduce
upwinding. Eventhoughwe useshapdunctionsasin FEM, we do notmake useof anintegralformulation. A
similarapproachs takenby Morinishi [4] andLohneret. al. [6] but theirway of upwindingis adhocwithout
ary relationto physicsandis morelike an artificial dissipationapproach.The LSKUM [2] of Ghoshand
Deshpandés obtainedby taking momentsof a meshlessipwind discretizationof the Boltzmannequation
(moment-methodtrategy) andthesameapproachs takenin thepresentvork. Notethatsincethe Boltzmann
equationis a scalartransportequation,its upwind directionsareclearly known. The presentmethoddiffers
from LSKUM in thatit usesadifferentupwinddiscretizatiorof the Boltzmannequationwhich avoids stencil
splitting andhencerequiresfewer pointsin eachconnectvity.

Kinetic Representation

We areinterestedn the numericalsolutionof hyperbolicconserationlaws which canbe obtainedby
taking suitablemomentsof a Boltzmann-typdransporiequation.The systemof conserationlaws is written
in differentialform as
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whereU is thevectorof conseredvariables,l,q is the setof physicallyadmissiblevaluesof U, andF® are
the flux vectors. We assumehat the systemof equationg1) hasa kinetic representationthatis, it canbe
obtainedby takingmomentsof
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wherethemomentsaredefinedas
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Equation(1) is obtainedby takingmomentsof (2) provided

(f)=U, (vaf)=F% (J(f))=0 (4)

The variablel is sometimesecessaryo get the correctmomentclosureand representsion-translational
degreesof freedom. The kinetic representatiomgivesa particle picture of the systemunderconsideration,
wherethe particlesaremaving with velocity ¥, with thefunction f (V,1;Xt) giving the statisticaldistribution
of molecularvelocity. Themacroscopibdehaviour is obtainedoy takingaverage/momentsf themicroscopic
behaiour. If (1) hasthe propertythat F¢(U) = A%(U)U, with all the A" having only real eigervalues
anda completesetof eigervectors,thenit hasa kinetic representationlt is alsoenoughif the systemof
equations(1) hasa corvex entropy, as shovn by Harten, Lax and Van Leer [7]. Assumingthat sucha
situationexists,we first obtainanupwinddiscretizatiorof (2) andtake momentgo obtainadiscretizatiorfor
theconsenrationlaw (1). Notethatwe do notactuallysolve equation(2) but merelyuseit asanintermediary
to obtainadiscretizatiorof (1).

Shape Functions and Dual L east Squares Approximation

Let pm: R4 — R, 1< m< M beasetof basisfunctionsandwe approximatehe unknovn function f in
asmallneighbourhooaf X = %; in theform
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wherewe have shiftedthe origin to X. Let Xj = (X + X;)/2 be the midpoint of line segmentf] and fj;
denotethevalueof f atX;;. Theunknown coeficientsay, aredeterminedy solvingthefollowing weighted
minimizationproblem:

minimize Z wij [fij — P(X’ij;x’.-)]z, W.rt. am, 1<m<M (6)
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We canthenobtainthederivative of f by differentiatingequation(5)
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In the presentwork theweightfunctionis choserasw;j = |X —>‘<’j|—2. A morecorvenientform of theabove
expressionis
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Let usassumehatfor ary c # 0, the shap&unctionshave the following scalingproperty.
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Thenwe canusethe solutionof the dualleastsquaregproblemto obtainanotherformulafor the derivative
which usesnodalvaluesof f insteadof the midpointvalues.Thisis givenby
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Theideaof usingmid-pointvaluesfij insteadof the nodalvalueshasbeenusedpreviously by Morinishi [4]
andBalakrishnari5].

Kinetic M eshless M ethod

TheKMM is built onthe dualleastsquaregpproximatiordescribedn thelastsectionandthe moment-
methodstrategyy. Theadwantageof the dualleastsquaress thatthevalueof fj; is notknown a priori, andwe
canintroduceupwindinginto theschemeby defining fjj in a consistenandupwind manner Substitutingthe
dualleastsquare®stimategivenby equation(8) into the Boltzmannequationrandassuminghatthecollision
termis identically zero,we obtain
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Takingmomentswve obtainthe semi-discretdorm of the updateequatiorfor the conserationlaw at nodei

ay;
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whereFi‘J?‘ = (Va fij). In orderto upwind-biasthe approximationgiven by equation(12), we constructf;j
from the particle distribution functionsof nodesi and j, dependingon whetherthe particle velocity hasa
componentowardsnodei or towardsnodej. If V is acompletesetof macroscopiwariablesvhich uniquely
definef, thenthis approximatioris givenby

where§;; is the unit vectorwhich is directedfrom nodei to node j. The\/iji mustbe atleastsecond-order

accurateinterpolants[4,5] of V from X, X; to the midpoint of ij. This canbe achiered by using linear
interpolationanda MUSCL-typelimiting [8]. Assumingthatthe scalingpropertyholds,the derivativesof
V arecalculatedusingthe leastsquaresapproximatiorgiven by equation(10), which avoids the solution of
anotheleastsquaregproblemfor OV

Similarity with Finite Volume Method
We canwrite equation(12) in a form thatresembleshefinite volumemethod.For this we define
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We alsodefineaflux function
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In termsof thesewe canwrite equation(12) as
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whereasafinite volumediscretizatiorwill be of theform
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providedthatthe pointsin G defineafinite volumearoundnodei, and Gj; is anumericalflux function. The
updateequationg16) and(17) have a similar structureif we identify |;; astheratio of a generalizededge-
lengthto a generalizedrolume. The conseration propertyof finite volume methodss dueto the following
flux-balancecondition: Gij + Gji = 0. We do notknow at presentwhetheran analogousgpropertyholdsfor
equation(16).

Numerical Results

We have appliedKMM to solve the 2-D Eulerequationggoverninginviscid compressiblélows. These
areobtainedby taking momentsof the Boltzmannequationtogethemwith the Maxwellian distribution func-
tion. For the shapefunctionswe take linear polynomialsand for interpolation,the primitive variables
V =[p, U p]" areused. The wall boundaryconditionsare basedon the strongformulation [9], while
the outerboundaryconditionfor subsoniandtransonidlows is basedn the point vortex modelof Thomas
and Salas. Time integrationis performedusinga 3-stageschemeof Shuand Osher The point distribu-
tion is obtainedfrom standardriangulargrid generatiortechniqguesndthe averagenumberof pointsin the
connectvity is six. Resultsfor 2-D compressibldlows will be presented.

References
1. Praveen,C.andDeshpande$. M. (2001): “Rotationally invariantgrid-lessupwind methodfor Euler
equations”FM Report No. 2001-08,Dept. of Aerospacdengg.,l1Sc, Bangalore.

2. GhoshA. K. andDeshpandeS$. M. (1995): “Leastsquareinetic upwind methodfor inviscid com-
pressiblelows”, AIAA Paper95-1735.

3. JT Batina(1993): “A gridlessEuler/Nasier-Stokes solution algorithmfor complex aircraft applica-
tions”, AIAA Paper93-0333.

4. K Morinishi (1999):“An implicit gridlesstypesolverfor the Navier-Stokesequations”Jnt. Symp.on
CFD, Bremen.

5. Sridar D. andBalakrishnanN. (2002): “An upwind finite differenceschemefor meshlessolvers”,
FM Report No. 2002-01 Dept. of Aerospacdengg.,l1Sc, Bangalore.

6. Lohner SaccoOnate,ldelsohn(2002):“A finite point methodfor compressiblélows”, Int. JI. Num.
Meth. Engg., Vol. 53, pp. 1765-1779.

7. A Harten,PD Lax andB vanLeer(1982):“On upstreandifferencingandGodunw-typeschemedgor
hyperbolicconserationlaws”, ICASE ReportNo. 82-5.

8. Prareen,C.andDeshpandeS. M. (2002): “Kinetic meshlessnethod”,underpreparation.

9. BalakrishnanN. and Fernandez(. (1998): “Wall BoundaryConditionsfor Inviscid Compressible
Flows on UnstructuredMeshes” Int. JIl. Num.Meth. Fluids, Vol. 28, pp. 1481-1501.



