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Linear hyperbolic system
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System U; + AU, = 0 is said to be hyperbolic provided

e A has m real eigenvalues
Al <A <. <Ay

e The eigenvectors form a basis for R™.

A e Rme
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General solution

Eigenvalues and eigenvectors

Ar, = ATk, r, € R™, R=ri,ro,...,mm] €

A = diag( A1, A2, .., Am), AR = RA, A= RAR™!

ou oU ou oU
— +RAR'— =0 R +AR'—
ar + 9z — ar M as
Define the characteristic variables by
ow ow
W =R1'U —— +A— =0
— a Y

These equations become decoupled

oW, . oW .
5 Tt =0 i=12...m

Rmxm

=0
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General solution

Initial condition for W
W(x,0) = W%z) = R71U%x)
Solution is
Wiz, t) = Wz — \t) = [R7U°(x — \it)]s

Solution U is obtained

Uz, t) = RW (x,t) = > Wilz,t)ri = YW (x — Xit)r;
=1 =1



Riemann problem

Consider initial condition

U x<0
UO@Z{U r>0

Initial condition for W

R, <0 W, 0
WO({L') _ RflUO(x) _ ) 1 T _ <
R~U, >0 W, x>0

Solution for W;, ¢ =1,2,...,m

Wi t< M\
Wi, t) = WO(w — Agt) = 4 Vi @/
WT,i l’/t > )\z’



Riemann problem

Solution U

Ulz,t) = ZWiO(a:—)\it)m

= ) Wirit+ Y W

L t<N;

s /t>N;

Example: System of 3 equations (m = 3)

U

Ule,t) =4 1

T/t < M\
A < w/t < A9
Ag < .1‘/t < A3
{E/t>)\3

6
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Riemann problem

-

/\] >\2 )\3

Ui
Ui

The intermediate states are given by

Ul = Wpart + Wiareg + Wysrs
Uy = Wpari + Wears + Wisrs

It is easy to check that the jump in the intermediate states is

U* - " (Wr,m - I/Vl,m)rm

m m—1 —



Riemann problem
with the convention that U; = U; and U;; = U,.. Hence the initial

discontinuity breaks into n discontinuity waves which propagate at speeds
Ai,i=1,...,n.

Solution on z/t = 0:
For future use, we compute the solution along z/t = 0. It is given by

Ur(0) = Y Wiri+ Y Wers
i:)\i>0 ’i:/\i<0
and the corresponding flux is
F(Ugr(0)) = AUR(0) = Z AW iri + Z AW, i
i:A; >0 : X <0

This can be re-written as

F(UR(0)) = Y N Wigri + ) A Wyr
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Riemann problem
where we have defined

M= max(0,)) = %(H A)) > 0
A = min(0,)) = %(A —A) <0
The above flux can also be written as
F(Ug(0)) = ATU + A"U,, A* =RA*R™!

with A* = diag(A\f,..., \t). Another formula is obtained using the
second definition of \*;

FORO) = 3+ F) =5 3 (Wi = Wi,

1 1
= S(E+FE) - AU ~U), A= RIAIR™
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Upwind scheme

The system of conservation laws can be transformed to a set of decoupled
linear advection equations

OW; N )\OWi
ot " ox

=0, 1<1<n

which represent waves moving with velocity A;. We can try to build a
scheme for the system of conservation laws by applying the upwind scheme
to the above advection equations. For the grid point j we have

wrtl —wn, Wwr. — Wr. wr. . — W
2, 2,] )\4_ ©,J i,7—1 A i,5+1 b
At N Az N A 0
or using matrices
Wit —wn wr—wr, - W
— T AT LA™ it =0

At Ax Az

10/13



Upwind scheme

Transforming back to the conserved variables U, the above scheme
becomes
n+1
Uj U"+A+UJ _U;l—l_’_Af ;L+1_U;L:0
At Ax Ax
We could have obtained this scheme using the CIR splitting technique;
separating the Jacobian A into positive and negative parts

ou ou ou
_ At - oY + -
A=A+ A7, 5 +A e +A e =0
and using backward and forward differencing for the A™ and A~ terms
respectively,

n+1l n n n n n

we obtain exactly the same scheme.
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Upwind scheme

Finite difference flux splitting
Another way to arrive at this scheme is to start with flux splitting. The
eigenvalue splitting leads to the flux splitting

F=ATU+A U=F"+F~
so that conservation law can be written as

6£+8F+ +6F* _0
ot ox or

and we use backward and forward differencing for the F* and F~ terms
respectively.

+1 vt - -
L L i S N T Sk
At I I

=0
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Upwind scheme
We can write this as a finite volume scheme

Ut -y N (Ff +F ) = (F° + F))
At h

=0

with the numerical flux

This has upwind property in the following sense: If all eigenvalues are
positive, i.e., all the waves are moving to the right, then

+ _ . T — F.
B =F, Fiia =0, Fj+%*FJ
The flux is entirely determined from the left state U; which is physically

meaningful. Conversely if all eigenvalues are negative, then
T I 7 — I
F] _07 ‘F}'+1_Fj+1) F}+% _F]+1

the flux is now entirely determined from the right state Uj;.
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