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Outline

Theme: High order, single step methods for hyperbolic conservation laws,
compressible Euler and compressible Navier-Stokes

Method-of-lines approach + high order in space (FV, DG)
Lax-Wendroff idea

Flux reconstruction ideal

Lax-Wendroff + Flux-Reconstruction

® [ssues concerning numerical flux

Some results

'http://www.pyfr.org
3/77


http://www.pyfr.org

Method-of-lines approach

Hyperbolic conservation law

1) Spatial discretization:
Finite volume method: semi-discrete

du; n Fivy — Ji-g

=0 =0,1,..., M -1
dt AZL‘ ) J P ’

Numerical flux
_ - +
Jiey = Flug gy
2) System of ODE: apply a Runge-Kutta scheme in time

Space and time discretization are decoupled
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Runge-Kutta approach: < = R(U, )

3'rd order SSPRK: U" — Untl

Ul = Ut 4 At R(U™, 1) (Needs three vectors)
3 1
uv® = JU Z[U(l) + At RUW t, + At)]
1 2
Untt = SU"+ g[U(Q) + At RUD, t, + 1A1)]

Classical 4'th order RK: U™ — U1

kv = RU"ty)

ko = R(U + $At ki, ty + 3AL)
ks = R(U" 1At ko, tn + 3AL)
ky = R(U™+ At k3, t, + At)

(Needs four vectors)

At
Uttt = U+ 5 (k1 + 2k + 2ks + ka)

Higher order = more stages, more memory
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Discontinuous Galerkin method
Find up,(t) € V;V for degree N > 0

={veL’(Q):v|g, €PyVe}, Q=[]

such that, for all vy, € V;¥

/ vhauhdaj—/ f(up) 7d33+fe+1vh( e+l 1) — f—%vh(er 1) =0

€3

is satisfied.
° fe+l comes from FVM

Requires some quadrature for integrals
Efficient, quadrature-free implementation

» Use nodal Lagrange basis functions supported at Gauss points
» Use same Gauss points for quadrature
» Equivalent to some versions of FR method

System of ODE: apply an RK method in time
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Discontinuous FE space in 1-D

Approximate uy, by piecewise degree N > 0 polynomials in each element

Qe:[l'e_%,[l?e_i_%], Ame:xe+%—x€_%
Map each element to a reference element
Q Tt
e — [0,1], x—>£_Txe

Choose N + 1 distinct nodes: solution points (GL or GLL)

0<&E<ba<---<én <1

Associated quadrature weights {w;}
¢; is a Lagrange polynomial of degree NV
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Discontinuous FE space in 1-D

Solution inside an element
N
z € Qe un(&,t) =D us(t)4(€)
=0

The dofs {u$} are solution values at the solution points

u§(t) = un(&;,t)
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Differentiation and interpolation

Differentiation matrix: D = [D;;]
Dij =1;(&), 0<ij<N
Spatial derivatives of the solution uy, at all the solution points

33:%(50, t) 1 US
= Az, Du(t)v u=
wun (N, 1) us,

Vandermonde matrix wrt to left and right boundaries of reference cell

Vi = [€o(0), £1(0),...,L5(0)]T, Vg = [lo(1),01(1),...,¢x(1)] "
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RKFR method [1]

Step 1. Build discontinuous flux in

] ‘ |

each element: f,f € Py ‘ ! ; } l
; ( (

: £ ! |

! | !

Zf o

] 1

L 1

f(&.t) =

. , —— s
1 ]
z 0, g L4y

‘-

Step 2. Correct f}‘f to make it continuous across elements: f, € Py
flt) = [£o s (8) = 20,0 (O + 10O+ £ 1 (6 = F(L,1)] 9m(©)
Numerical flux: fe+%(t) = f(uh(x;l,t),uh(x;l,t))

Step 3. Satisfy PDE at solution points

duj 1 9/ .
Sy — Jh e ]
dt (t) AIL‘e 85 (gjvt)7 0 S ¥ S N (Quad free)

Integrate ODE with an RK method
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FR correction functions
Huynh [1], Vincent et al. [2]

Conditions needed for flux continuity: ,/‘/,(]I‘;l. t) = ,/'/](.r;l. t) = fe+%(t)
gr(0) =1,  gr(0)=0
and g & ~=0, £€(0,1
gr(1)=0, gr(l)=1 z/lE) 0.1
Radau correction function® (¢ = 0in [2], g;/g L Pn_1)
(=)~
gr(§) = 5 [Ln(26 —1) — Ln+1(26 — 1)]

gr(6) = JIN(E~ 1) + Ly (26~ 1)
g2 correction function (c = cyy(N) in [2], g1/r L Pn_2)

91(§) :(—1)N [LN(Qg —1)— (N+1)Ly-1(26 —1) + NLyy1(26 — 1)]

? 2N +1
9r(§) :% [LN(2g )+ (N + 1)LN—1(2§2;V13_—|1- NLyy1(26 — 1)]

2Ly € Py are Legendre polynomials 11/77



FR correction functions: From Vincent et al. [2]

gu(s) = [LN(s) — "NLN‘ll(? ;NLN“(S) . oy = §(2N 1 1)(anNY)

Semi-discrete stability

d c
5 (sl + S 102 unl?) <0

gr(§) = gr(26 - 1)

¢ = 0: Radau
— Nodal DG + GL

c=chgu(N): g2
— NOda| DG + GLL h 03 ) ?" 03 ! - 05 ps 05 i

ction g7, when k =2 (@), k=3 (b). k =4 (¢), and k =5 (d), for various

2
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Algorithm 1: RKFR scheme

t=20;

while ¢t < T do

for each RK stage do

Loop over cells and assemble rhs;
Loop over faces and assemble rhs;
Update solution to next RK stage;
Perform MPI data exchange;
Apply a posteriori limiter;

Apply positivity limiter;

Perform MPI data exchange;

¥t:t+At;
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Classical Lax-Wendroff method

Taylor expand in time
2

At
U(.’L‘j, t, + At) = U(II}]‘, tn) + ut(.’ljj, tn)At + utt(x, t)T + O(Atg)

Use PDE to replace time derivative in terms of space derivatives

u = —fz
uy = —(ft)e = —(f'(Wur)e = (A(u) f2)e

Use central differencing in space

— _firi—fi
we= fum 2Ax

Al ) 828 — Ay 2=
U = (A(u)fw)x ~ AR 2 I
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Classical Lax-Wendroff method

Single step LW update

At?
1
u;,“r = fuf; + ut(;rjj, tn)At + utt(xj, tn)T
® Space and time discretization are coupled
® Requires the flux jacobian matrix A
e Second order in space and time
® Can be written as a finite volume scheme

At

n+l _ , n_ =Y _

I At

1
1= §(fj + fi+1) — EA(uj+%)(fj+1 — fj)
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Some broad class of methods

® Taylor-Galerkin method [3]

® Lax-Wendroff-FV [4] and Lax-Wendroff-DG [5, 6]
ADER-FV [7] and ADER-DG [8, 9]

e Two derivative RK methods [10, 11]

LWFR method [12]

Local solution or predictor
e Cauchy-Kowalevsky (CK) procedure
e Continuous RK

® | ocal Galerkin method

CK procedure
e Compute jacobians
e Use finite difference
e Approximate Lax-Wendroff [13, 6]
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LWFR method

Taylor expansion in time around t = ¢,

N+1 oo
—un Z o +O(AEN+2)

Use the PDE

Ou=—0,f = Ou=—(0""f)a

so that
N A
n+l n_ m AtNJrQ
u u" — At mgo(m+ )@fx—kO( )
OF

— n __ = (y™ N+2
= u" = At (u") + O(AEYF)
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LWFR method

where

N
F(u) = f(u) + %&gf(u) + ...+ (NA_T_D'@Nf(u)

is the time average flux, since

_ 1 fot1 (t_tn)N N
F—At/t; |:f+(t—tn>atf++]\”atf dt

Following RKFR

® approximate time average flux F inside each element by a continuous
polynomial Fj (&)

e Update solution at all the solution nodes

At dF;
eyn+1 __ e\n h .
(u§)" ™ = (uf) _RTg(Ej)’ 0<j<N

Single step method for all orders
Needs two vectors
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LWFR conservation property

{w;} quadrature weights associated with solution points

Integrate over one element using quadrature induced by solution points
N N N o

(a,e\n+l _ e\ . h .

A%]Z;w](uj) = A:cejz(:)wj(uj) Atjz;)w] o€ (&)

Fj, is polynomial of degree < N + 1, can be exactly integrated with
GLL/GL points

/ uZJrldx:/ ude—At[FeJr%fFef]

total mass inside the cell changes only due to the element boundary fluxes
— the scheme is conservative.

1
2
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LW flux reconstruction: [}, and 0 F,

Step 1. Use the approximate Lax-Wendroff procedure to compute the
time average flux F' at all the solution points

Fy = F(&5), 0<j<N

Step 2. Build a local approximation of the time average flux inside each
element by interpolating at the solution points

N
FR(&) = Fity(€)
j=0

which however may not be continuous across the elements.

Step 3. Modify the flux approximation F;f(g) so that it becomes
continuous across the elements

Fi(€) = |F._1 = F(0)| gr(€) + Fy (&) + | Fpy — F(1)| gr(€)
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LW flux reconstruction: [}, and 0 F,

F, 1 : numerical flux function that approximates the flux F' at z = x__ 1.
2 2
gr,gr: Correction functions chosen from the FR literature.

Step 4. Derivatives of continuous flux approx at solution points
OcFn = |F,_1 —VIF| by + DF + [F, 1 — VIF| b,

91(&) 9r (&)

bL: ) bR:

g, (€x) dh(Ex)

Re-write as
OcFn=F,_1bp +DiF + F_1br, D1 =D—brVj —brVg

Compute 0¢F}, using cell loop and face loop
How to compute /" and F,_ 1 7
2
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LW procedure for F

N
Flu) = f(u) + %atf(u) 4oyt

Classical procedure

fx = A(u)ux
At next order
0A 0A;;
fu=—AW)(fe)e = 5 fa, o = Ay(u) - ue = —A4(w) - fo

At higher order accuracy, algebra becomes complicated, need to compute
Jacobian matrices and higher order tensors, computational cost increases.
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Approximate LW procedure [13, 6]

AtV
b e )

Idea: use finite differencing in time to approximate time derivatives of f

F(u) = f(u) + 50 () +

Example: N =1
Flu(€,t + A1) = fu(g,t — AD)

ft(é’ ) ~ 2AL
u(E,t £ At) ~ w(&,t) u (& t)At
w(&,t) ~ —f.(&¢t) < use differentiation matrix
A
) ~ J(u(& )+ 5

Note: Neglected term in Taylor series is O(AtV+1)

Estimate 0} f to atleast O(AtV+1=™) accuracy
23/77



Approximate LW procedure [13, 6]

Define the notation:

and
u™ = A, M = AOF, m=1,2,...
Time derivatives of the solution are computed using the PDE

u™ = —g, M m=1,2,...
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ALW procedure: N =1

Given the solution in €,

u= [ug’ u?? ) qu]T
compute
f = f(u
At
1 — _
u Az, Df
f = = {f (u + u(1)> - f (u — u(l))}
1
— Ze(1)
F f+ 2f
and
O¢F = D1F
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ALW procedure: N =3

fo= flu

ut = _AA;ZE Df

fO = % [—f (u+2u(1)) +8f (u—l—u(l)) —8f (u—u(l)) +f(u—2u(1))]

CI - AAxte DFV

PON (u FRNC %um) Cof(u) + f (u RO %u@))

W@ AAxe DF)

PON % [f (u+2u<1> +22 @, 2 . <3>> Yy <u+u<1) n %u@) n %u@))

+2f (u —uM 4 %um - %u(g’)) —f (u —2u 4 22—ju@> - z—?u(‘q’))}

F = f+ %f“) + %f@) + 2—14f<3)
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Numerical flux

RK scheme: Use the trace values of solution

fe+%(t) = f(u;l(t),u;l (1)) (Approximate/Riemann solver)
2

2

LW scheme:

® need numerical flux for time average flux F'
® we build F' at solution points

® use this F' for the numerical flux
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Numerical flux [14]

We need a numerical flux for the time average flux F’

At ANy .
F(u) = () + G0 () & i O ) = () + )
Numerical flux
FE+% = f(u;r%,u(;%) + %(F;r% + Fe—:%)

f(-,-) is any classical two-point numerical flux

Not an upwind flux even if f(-,+) is upwind, due to averaging of higher
order terms F
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Numerical flux: D1 [5]

Rusanov/local-Lax-Friedrich type flux

1, 1 _
Fe+% = §[Fe+% + Fe':%] — 5/\€+%[uh(x:+%,tn) - uh(:reJr%,tn)] (D1)

Linear advection equation: u; + au, =0
)\H_% = |al
Non-linear PDE like Burger’s equation: u; + f(u), =0
Aey1 = max |f (@)} (Lax-Friedrich)
p 1
Aoy = max{|f'(@)], [ (@ 1)[} (Rusanov/LLF)
n

uy is the cell average solution in element €2, at time ¢,,.

Dissipation term evaluated at ¢,,, central part uses time average flux
Not an upwind flux; reduced CFL numbers
Depends on the following quantities:

N =N — + - +
Ue y Uey 1, uh(xe_’_%a tn)v uh(xe_,'_%?tn)a Fe—}—%’Fe—i—% 2017



Numerical flux: D2

Rusanov/Lax-Friedrich type flux

where A AN
t t
= — et — N
U=u+ 28tu+ +(N+1)! U

is time average solution.

Upwind flux for linear advection: u; + au, =0

F1 a>0
F o=
ety Qi a<0
2

Numerical flux depends on the following quantities:

—n =N + +
u/ullU 1U1F1F
e’ Ye+1» +27 6+2, e+27
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Numerical flux: central part

1 —t Tntl
F_1=—[F" T - P
ot} = gtfery o] Ll
#oew
@ Average-Extrapolate (AE) to the ot
i 1 1
faces 3 it
Yo D, %tk
+ gt
Fe+% o Fh (err%)

. t t——t 2
Sub-optimal accuracy for some o
non-linear problems, robustness issues B ot

0 [
® Extrapolate-Average (EA) flux at the b
element faces similar to solution points 44— t,
Y 0, Fr

® Even for linear problems f(x,u) = a(z)u(x)
In(aup) # In(a)Ip(up) at faces

® For GLL points, the two methods are identical
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Algorithm 2: LWFR scheme

t=0;

while t < T do
Loop over cells and assemble rhs;
Loop over faces and assemble rhs;
Update solution to next time level;
Perform MPI data exchange;
Apply a posteriori limiter;
Apply positivity limiter;
Perform MPI data exchange;
t=1t+ At;

Fewer MPl communication

Fewer applications of limiter

Cell computations more than in RK

Potential to hide MPl communication behind computations
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ADER-DG scheme [9]

® Current solution

N
TEQe:  up(§) =D ui(ta)t(€)
j=0
¢ Cell local space-time solution and flux: 7= (t —t,)/At

N N
:ZZ ek) 7 fh éa sz jk

k=0 j=0 k=0 7=0

(1)
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ADER-DG scheme [9]

® Find 1y, cell local Galerkin method: For 0 <r,s < N

tn+1 -
/ / [8tah + 0, fh} 0. (€)0s(7)dzdt = 0
t’!’L e
Integrate by parts wrt time in first term

/Qe an(€,1) dm+/ /Q —tupd () + (O f1)r(€)Ls (T )] dzdt
:/ﬂe uplr(€)€s(0)dz

Non-linear system with (N + 1)2 unknowns>: picard iterations
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ADER-DG scheme [9]

® Update solution, uj — uZ“: For0<i<N

(2} B
/ up () de = / upl;(§)de — /t i Fr0,0;(&)dxdt
[ a0 oo
" 1

2 T2

- /tnn+1 f(ﬂ;r% (1), ﬂ;; (1))€;(1)dt

3In 3-d, we have (N + 1)* unknowns.
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Fourier stability analysis in 1-D

Linear advection equation

ur +augy =0

CFL number al At
a
FL =
C Ax
N Radau g2
D1 D2 Ratio | RKFR D1 D2 Ratio | RKFR
1 |10.226 | 0.333 | 1.47 | 0.333 | 0.465 | 1.000 | 2.15 | 1.000
2 10117 | 0.170 | 1.45 | 0.210 | 0.204 | 0.333 | 1.63 | 0.450
3 10.072 | 0.103 | 1.43 | 0.145 | 0.116 | 0.170 | 1.47 | 0.287
4 | 0.049 | 0.069 | 1.40 | 0.116 | 0.060 | 0.103 | 1.72 | 0.212

e D1 is not upwind flux

e D2 is upwind flux

® D2 cfls are same as those of ADER-DG [9]
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Numerical results: 1-D, scalar
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Linear advection: convergence ||u — uyl[z2 = O(RNTY)

102

1074

1078

10—10

LWFR, GL, D2
[
=} o
& o 1072
1074
=
2 10-5
& 10
N
10°8
o Radau 10710
o gZ
——= Theoretical ~

2x10' 3x104x 10" 6x 10!

10?2
Number of Cells

LWFR, GLL, D2

o Radau
o g2
——= Theoretical ~

2x 10! 3x104x 10! 6x 10"
Number of Cells

Radau vs g2: g2 is less accurate

GL vs GLL: no significant difference
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Linear advection: convergence

101

1073

105

107°

10711

GL, Radau

LWFR-D1

o LWFR-D2
A RKFR
——= Theoretical ~

2x10' 3x104x 10" 6x 10!
Number of Cells

102

GLL, Radau

101

10734

10-54

109

10*11 4

A

LWFR-D1
LWFR-D2
RKFR

- Theoretical

2x 10! 3x104x10! 6x 10"
Number of Cells

RKFR bit more accurate than LWFR

10?
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Linear advection: u(x,0) = sin(27z), 120 dofs

Degree 1, GL, Radau

Degree 2, GL, Radau

— RKFR PR — RKFR "
- "
--- LWFR-D1 et e --- LWFR-D1 /,—"
—-= LWFR-D2 __-"~ T 10~*{ —-- LWFR-D2 -~
-~ — ~
. g
o
5 e
& //
oL
/
/
/
1075
00 25 50 75 100 125 15.0 00 25 50 75 100 125 15.0
Time Time
Degree 3, GL, Radau Degree 4, GL, Radau
— RKFR T 10771 — RKFR e
--- LWFR-D1 T --- LWFR-D1 /
- 1 —-- LWFR-D2
~
Ve
9
S e
£ /
o /
Y S
1078 %
00 25 50 75 100 125 15.0 00 25 50 75 100 125 15.0
Time Time
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Linear advection: u(x,0) = sin(27z), 120 dofs

Degree 1, GL Degree 2, GL
- g2 - g2
--- Radau --- Radau
10!
s |/ e 51073
o o
& &
L1072 N
,I 104
10347
0.0 2.5 5.0 7.5 10.0 125 15.0 0.0 2.5 5.0 7.5 10.0 125 15.0
Time Time
Degree 3, GL Degree 4, GL
- 92 - 92
—--- Radau —--- Radau
1074 o
107 S
s s
=3 =3
o o
o oL
107
1054y
0.0 2.5 5.0 7.5 10.0 125 15.0 0.0 2.5 5.0 7.5 10.0 125 15.0

Time Time
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1.0

0.8

0.6
3

0.4

0.2

0.0

Un-limited

0.6
3

0.4

0.2

0.0

Limited

Linear advection: composite signal

t = 8 (4 periods), 400 dofs

) 1.0
0.8
+ RKFR3 0.6 + RKFR4
o LW-3-D2 o LW-4-D2
— Exact 04 — Exact
0.2
3 0.0
~1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00 ~1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00
x x
1.0
o
0.8
RKFR-3 0.6
LW-3-D2
— Exact 04
0.2
v
0.0

x

=1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00

=1.00-0.75-0.50-0.25 0.00 0.25
x

0.50 0.75 1.00




Variable linear advection: u; + (a(x)u), =0

GL, Radau GL, Radau
8 10741 m
& £
L T
10 2 St a
104
8 8
B B
] ]
<L <
10-6
s LWFR-D1-EA LWFR-D1-EA
1071 o LWFR-D2-EA lo-14] © LWFR-D2-EA
A  RKFR A  RKFR S~o
——- Theoretical ——- Theoretical S~
3x104x10' 6x10! 102 2 x 10?2 3x104 x10' 6x 10! 162 2% 10?2
Number of Cells Number of Cells
a(z) =x a(z) = 22
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Variable linear advection: a(z) = 2?

GL, Radau GL, Radau LWFR, GL, Radau, D2

L2 Error

10-10 10-10

1072 10712
LWFR-D1-AE o LWFRDI-EA
o LWFR-D2-AE 10-14] © LWFRD2EA o] © AE
RKFR N & RKFR - o EA
~-- Theoretical o ~-- Theoretical >~ ~-- Theoretical ~
3x10Ax10' 6x107 107 2x10% 3x10Ax10" 6x100 102 2x10% 3x10Ax10' 6x100 107 2x10%
Number of Cells Number of Cells Number of Cells

LWFR-AE less accurate than RKFR at odd degrees
LWFR-EA and RKFR are similar
LWFR-AE is less accurate than LWFR-EA at odd degrees
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Burger’s equation: u(z,0) = 0.2sin(z)

0.20
0.15
0.10
0.05
> 0.00
=0.05
-0.10
-0.15
-0.20

N =3, GL + Radau 4+ D2 + TVB, 200 dofs

+ RKFR
o LWFR
— exact

0.20
0.15
0.10
0.05

> 0.00

=0.05
-0.10
-0.15
-0.20

Ve

+ RKFR
o LWFR

0.20
015
0.10
0.05

> 0.00
-0.05
-0.10
-0.15
-0.20

+ RKFR
o LWFR
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Burger’s equation: conv, u(z,0) = 0.2sin(z), t = 2

LWFR, GL, Radau, D2

10*3_

[ojn}

10*5_

1079_

107114 o AE
o EA
—-—= Theoretical

3x 104 x 10! 6x 101 102 2% 102
Number of Cells

AE: N =1, 3 lose about half order convergence rate
Problem seems related to sonic-point f’(u) = 0 and/or non-linearity
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Burger’s convergence: EA, Radau vs g2

LWFR, GL, D2, EA

10—5 4

TR
g 1077
53]
<

1079

10714 o Radau

o g2
—== Theoretical
3x104 x10' 6x10! 102 2 %102

Number of Cells
Even with EA, g2 loses convergence rate at odd degrees
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Burger’s convergence: GL vs GLL

LWFR, Radau, D2, EA LWFR, D2
10734 © | e
=} - 1073 o =
=l O o
-5
10 10-
§ 1077 § 10-7
— —
o 3]
< <
109 109
101+ o GL 1071 o Radau-GL-EA
o GLL o g2-GLL
——- Theoretical ——- Theoretical S
3x104x 10" 6x 10! 102 2x10? 3x104x 10" 6x 101 102 2x10?
Number of Cells Number of Cells

GLL: we cannot fix sub-optimal convergence rates at odd degrees
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Burger’s convergence: EA vs AE, different fluxes

1074

1077

1078

LWFR, GL, Radau, D2, AE

LWFR, GL, Radau, D2, EA

\j\g

Tl

—
o
=
B oo-s
L\ 10
1077
o Rusanov o Rusanov
o Roe o Roe
A LF 1083 o LF
«  Osher SsL «  Osher
——- Theoretical ——- Theoretical S
1072 1072
3x10' 4x10" 6x 10! 102 3x10! 4x10! 6x 10! 102
Number of Cells Number of Cells
N=1,3
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Buckley-Leverett equation

4y?
ut + f(u)y =0 fw)=——F—
’ 12 1 (1 —u)?
GL + Radau, 200 dofs, t = 0.4
1.0 . + RKFR-3 Lo
o LWFR3
0.8 —— exact 0.8
0.6 0.6
3 3
0.4 0.4
H
0.2 0.2
0.01 @ 0.04 =
~1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00 -1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00
X X
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Euler equations in 1-D

Conservation of: mass, momentum and energy

p 9 pv 1
5 pv —1—% p—l—pv2 =0, E:7p1+2pv
E (E +p)v v

p = density, v = velocity, p = pressure, F = total energy

Rusanov-type flux

1 1
_ + + -
Foy=5lF + FLLl = oA Uf, — U2 ]

Aoyt = max{[og| + &, [ogh | + EZH}

Roe-type flux

1 —
Fe+%:§[Fe+%+F; }_*‘A( e+1)’[U;%_Ue+%]
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HLL flux: 2 wave model

Estimate smallest and largest wave speeds

Sl = max{)\min('al)a )‘min(ﬂ)}a

U U,

_ STUT‘ _SlUl - (Fr _ﬂ)
B Sy — 5 ’

U.
HLL flux

F(UZ7UT7F117FT;QI7@T) =

- T

F

F. if S, <0

F, otherwise

Sy = max{ Amax (), Amax () }

Jump conditions

F.—F =
F.-F =

Si(Ux = Up)
ST’(UT' - U*)

Solve for the state and flux

. Sy F — S| F, + SZST(UT — Ul)
N Sy — 5

if ;>0
(Upwind flux)

52/77



HLLC flux: 3 wave model

Slowest, fastest and contact wave

Uy, Uyl, Uyr can be

Sl S determined by satisfying jump
conditions across all three
U, waves
gl
I if S5 >0
F, if S, <0

F(UZ7UT>EaFr§alaﬂr) = .
F*l:E+Sl(U*l_Ul> if ) <0 < uy

Fo=F~+5Usw—-U) ifu,.<0<58,

This is an upwind flux.
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Numerical results: 1-D, systems
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1-D Euler: Sod test

(1.0, 0, 1) <05
(p,v,p) =
(0.125, 0, 0.1) = > 0.5

GL + Radau + D2 + EA, 100 cells, t = 0.2

1.0 =

0.8

0.6

Density

0.4

0.2
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1-D Euler: Lax test

Density

(0.455, 0.689, 3.528) z <0
(p,v,p) =
(0.5, 0, 0.571) x>0

GL + Radau + D2 + EA, 200 cells, t = 1.3

—— Exact [pr— —— Exact r
o LWFR-3 1.2 o LWFR-4
©  RKFR-3 ©  RKFR-4
1.0 4
2
2
50.8
a
0.6
4
q
\ ) 0.4
-4 -2 0 2 4 -4 -2 0 2
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1-D Euler: Shu-Osher test

Initial condition

Density Velocity Pressure
25 10
3.5
2.0 8
3.0
] 1.5
2.5 6
2.07 1.0
4
1.54
0.5
ANNNANNNNN 5
IR ANVANYAR AWA I AWA
/I VIV VV V VIV g
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
x x x
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1-D Euler: Shu-Osher test

GL 4 Radau + D2 + EA, 400 cells, t = 1.8

4.5 45
4.0 4.0
3.5 3.5
3.0 23.0
Z
=
25 825
2.0 2.0
1.5 Reference 1.5{ — Reference
o LWFR-3 o LWFR4
107 o RKFR3 1.09° o RKFR4
-4 -2 0 -4 -2 0 2 4
x x
4.50 4.50
4.25 4.25
4.00 4.00
2z
3.75 F 3.75
2
3
3.50 2350
3.25 3.25
— Reference — Reference
3.00 O LWFR-3 3.00 O LWFR-4
© RKFR3 © RKFR4
2.75 2.75
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0
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1-D Euler: Blast test

GL + Radau + D2 + EA,

400 cells, ¢ = 0.038

— Reference — Reference
o LWFR-1 61 o LWFR2
o RKFR-1 ©  RKFR2
5
z4 o)
Z
H
23
2
1
0 055 060 0.65 070 075 0.80 0.85 0.90 0.
x

0 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.
x

—— Reference
o LWFR-3

—— Reference
o LWFR-4
©  RKFR-4

0 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90
x

0 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.
x

AE (not shown) fails for odd degrees
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2-D problems

Conservation law
up + f(u)e + g(u)y =0

Map each element (Ax., Aye) to reference element
Q= K =100,1x[0,1,  (z,9) = (&n)

Solution uy: piecewise tensor product polynomial

N N
(2,9) €Qe: un=)_ > ufti()t;(n)

i=0 j=0

U f g
| | | [ 2 | ] e : : :
| | | | on u e | | | | |
| | | | on u e ! ! !
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2-D scheme

Step 1. Compute time average flux using ALW at all solution points

e
Fijs

GE

157

Step 2. Build discontinuous flux approximation

Fhfﬁ ZZ

1=0 5=0

u

2Em) =

(),

S
7 . e £
T e Y
T

Step 3. Apply FR along 7 = &; and £ = &; lines

Fh(€7€_7) = [Fe—%,f_

Gh(&h 77) = [Ge—%,i_Gi(&H 0)]gL

0<ij<N

>y

=0 j=0

—
= = =
n | |
n | ]

FR (0, )19 (©)+FR (& &)+ Foy 1 ,~FR(L,E)gr(E), 0<j< N
(M+G (& +]Goy 1, —Gh(& Dlgr(n), 0<i<N
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2-D scheme

Step 4. Update solution: For 0 <4, < N

1 OF},
Afe é- (5@)5])

Matrix form. Define flux matrices

1 8Gh

()" = (uf;)" — At (&, &)

F ( ) Fq,eja GE(Za]):GZej
compute derivatives of discontinuous flux by a matrix-matrix product
deFY(:,:) = DF,, 9,GS(:,:) = G.DT
Update in matrix form

At At
nl —y? — | —DF.+ —G.D{ | -
e =Ue = | N PiFetx el

[bLF s +baF], }

t
Aye

[Ge_%bz + Ge%b;}
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Fourier stability analysis in 2-D

Up + a1y + aguy =0

CFL numbers
alAt agAt
o1 = o9 =

B Awe, B Aye

Stable region
jo1] + lo2] < CFL(N)

N 1 2 3 4
Radau | 0.259 | 0.166 | 0.101 | 0.067
g2 0.511 | 0.348 | 0.178 | 0.108

Using D2 dissipation (upwind flux)
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Fourier stability analysis in 2-D: LWFR with Radau

0.35
0.30
0.25
0.20
s 0.15
0.10
0.05
0.00

0.000 0.025 0.050 0.075 0.100

Allowed At is reduced for waves moving at an angle to the mesh

T T
—— ox+0, =CFL
Stable Region

0.15

0.10

02

0.05

0.00

—— 0,+0,=CFL
« Stable Region |

0.0 0.1 0.2

o1

(a) Degree 1

0.3

0.00 0.05 0.10

o1

(b) Degree 2

0.15

T T T
—— 0x+0y = CFL
« Stable Region

0x+0, = CFL
« Stable Region |

o

(c) Degree 3

0.00

0.02  0.04

o

(d) Degree 4

0.06



Fourier stability analysis in 2-D: LWFR with g2

s

02

Allowed At is reduced for waves moving at an angle to the mesh

—— 0x+0y =CFL
« Stable Region |

T T T
1.0 —— ox+0,=CFL
«  Stable Region
0.8
0.6
0.4
0.2
0.0
0.00 025 050 0.75 1.00

o

(a) Degree 1

T T
ox+ 0y = CFL
«  Stable Region

0.15

0.10

0.05

0.00

0.0 0.1 0.2 0.3
o1

(b) Degree 2

0x+0, = CFL
Stable Region |

0.00 0.05 0.10 0.15
o

(c) Degree 3

0.000 0.025 0.050 0.075 0.100
o0

(d) Degree 4
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Numerical results: 2-D
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2-D Burger’s equation: convergence test

GL, Radau, D2 GL, Radau, D2
5 O RKFR & O RKFR
1072 O LWFR-AE 102 O LWFR-EA
e -~ Theoretical -~ Theoretical
o
1073 102
107* 1074 4
8 8
s -5 g -5
o, 10 o 10
107° 1076 4
1077 1077
10 10°°
10! 2x10'  3x10' 4x10'  6x 10! 10t 2x10'  3x10' 4x10'  6x10
Number of cells Number of cells

LWFR: O(hN+%) for N odd O(hN*Y) for all N
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2-D linear advection

LWFR-D2, N = 3, 100 x 100 cells

05

Exact no limiter TVB limiter
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2-D linear advection: N = 3, 100 x 100 cells

No limiter

(ﬁjm

RKER

LWER

TVD limiter
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Summary and conclusions

® Combine LW with FR idea: single step method for all orders

® Only requires flux evaluations

® Nodal DG/FR type approach: quadrature free, matrix operations

e (lassical FR corrections, Radau and g2, lead to Fourier stable schemes

® Numerical fluxes from traditional FV can be used
> Use time average solution in addition to time average flux
» Enhanced Fourier CFL numbers, same as ADER-DG
e Numerical flux: Average-Extrapolate (AE)
Loss of accuracy/rate for non-linear at odd degrees
GL + Radau + D2 + AE good at even degrees
® Numerical flux: Extrapolate-Average (EA), GL points
Optimal rates observed at all degrees
GL + Radau + D2 + EA good at all degrees
® g2 and/or GLL points do not lead to uniformly optimal performance
e |WFR CFL numbers are smaller than DG; but same as ADER-DG

® Constant linear advection: LWFR less accurate than RKFR
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Ongoing and future work

Better limiters
2-D/3-D systems

Unstructured and curved grids

e Convection-diffusion problems

Parallel implementation
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Thank You
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