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Shallow water (SW) model

Atmosphere

T3
T3 = 5(":617 T2, t)

xr3 = b(Il,{EQ,t)

xlwr?
h = h(z1,z2,t), v =v(r1,22) = (V1,02)
oh
V() = 0
5 + V- (hv)
o(h h2
(B:) +V- <hv®v+g2l> — —ghVb— Clofv

Applications: Flow in channels, sea/oceans, tsunami modeling
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Shear shallow water (SSW) model

Teshukov (2007), Richard & Gavrilyuk (2012), Gavrilyuk et al. (2018)

oh
5 +V.:(hv)=0
2
a(gt”) V. <h'v v+ %I + h7>> = —ghVb — Cslo|v

oP

5 TV VP + (Vo)P +P(Vo) =D

R = h'P: stress tensor
P=P">0

D: dissipation tensor

Numerical methods: Gavrilyuk et al. (2018), Bhole et al. (2018)
(Based on splitting PDE into smaller sub-systems)
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Brock’s experimental results (1967)

Flow down an inclined plane due to
gravity

tanf = 0.0502 (Richard &
Gavrilyuk, 2012)

Shallow water

Formation of roll waves
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Flow over a weir
(Richard & Gavrilyuk, 2013)

Delis et al. (2018)
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Hydraulic jump and roll wave
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Model derivation

3-D Inviscid, incompressible Euler eqns

ﬁuk -
oy 0

8ui+u ou; _i_}@p s
ot " Oxk pOx; 998

Scales of motion

H : vertical length scale

L : horizontal length scale

U : horizontal velocity scale

Non-dimensionalize

* * * 1
U= I’ (xlax2) = Z<$17$2)’

i=1,2,3

Long wave limit

7/34



Model derivation

* K\ * u3 «__ D
(u17u2) - U(u17u2)7 U3 U37 p pU2
Continuity equation
Uodui Uouy Usduj
Lozt Lox;  H oz 57¢
Vertical momentum equation
Du}  Op* 1 U
o Dug + P -, Fre_—~
Dt* Oz} Fr VgH
Hydrostatic approximation: for « = 1,2
Ip3 op 9
oz, — "9 p—Pa=—pg(z3 —¢) 0.~ Pon.
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Model derivation

Depth average
_ 1 §(z1,22,t)
d(z1,22,1) = hoaa ) /b(xlm,t) (1,9, x3,t)dTs3
Fluctuations _ B
o'=¢p—¢, =0

Boundary conditions

o€ o€ B B
a-{—uaa—u;g =0 on x3—§
0b 0b

ot tlog, e T 0 on =t

— Oh 0

E + 8xa (hua) =0
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Model derivation

Horizontal momentum eqn

Oug 8Ka5 0 o€ 1
o o (tqus) + 95> =0, Kop = 5ua
ot oy oy et TG, § = glalts
Average horizontal momentum eqn
d(hty) OK o3 o (1 , b
2 —gh* | = —pgh—
ot + Oxg + 0xq 2g P9 0z

_ 1 1 P
Kap = 5Ualis + 5Pap,  Pap = ugUj

Shallow water model | Shear shallow water model
Paop =0 Pas #0
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Model derivation

0Kog . 0

0 0¢ 3
2 2— (K, 2— (K, o — — =9
ot 2o, Fantn) g (Kagus) gt~ guag,
Averaging the above equation over the depth
O(hK p) o, —— 1 _ 0h 1 oh
hK, —gh —ghtig— =
Gt o, Mastn) T oghtlago o ghtsg, -
— 1 hu ﬂ — 1 u ﬂ
2g a@wg 29 58%
1 1 1 1o
Kopuy = 2uau5u,Y = K(wu,y + u(ﬂ?ﬁ7 + u/ﬂ?M + —ulu

Small horizontal shear case: u/ u’ﬁu’ =0

Closed system of 6 equations
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SSW model

— 1 1
Vo = Ugys Rag = h'Pag, Eag = hKag = §'Ra5 + §UOKU5
oU OF,(U) 0FR(U) o o
— + + + B (U)— + B(U)— = S(U)
ot ox1 0xo ox1 0xo
h hvy hva
hvy Ri1 + hvf + Lgn? Ri2 + hvivg
U= hvg Fo— Ri2 + hvivy = Raz + hv% + %ghQ
T B YT (E11 + R11)v1 2T E11v2 + Rigvy
E12 E1zv1 + 1 (R11v2 + Rigv1) E12vz + 3 (R12v2 + Ragv1)
E22 E32v1 + Ri2v2 (B22 + Ra2)v2
0
8 8 héai — Cylvlvy
0 0 7gh - Cf‘ v|vg
By = ghvy | B2 = 0 » 5= 7gh'u1 Frrs 1 + hD11 — Cf|v|v1
%ghl@ %ghvl —7ghv2 — 7gh1)1 b +1 3hD12 — Cf\v\vl'UQ
0 ghva aJ—l 3
—gh1)2 + hD22 — Cf|v|v2

Similar to 10 moment Gaussian model for gases: Levermore, Berthon
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SSW model: entropy

Solution space

Uyq:={UeR:h>0 R=R" >0}

Convex entropy function (Levermore)

det’ R
n=nU):=—hlog <h4>
Entropy equation
on + V- () =— h [trace(P) trace(D) — trace(PD)]
at )= T et (P)
Entropy condition
on +V-(qv) <0
ot nv) =
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Hyperbolicity

oU  OF(U)
+

Oh

— BU)-—=0
ot 8951 ( )81'1
Six real eigenvalues, full set of eigenvectors
)\1 /\2 )\3 = )\4 )\5 )\6
v1 —Vgh+3Pu | vi —vVPu U1 vi + VP | vi+Vgh+3Pn
Gen non-lin Lin deg Lin deg Lin deg Gen non-lin
Shock//rarefaction Shear Contact Shear Shock/rarefaction
t
A
)\1 )\2 /\;; = /\,1 )\5 )\6
U Uy Ur* U Ugp U
| il
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Dissipation model: Richard & Gavrilyuk

Stokes hypothesis: isotropic tensor function of P

2a|v]? T — ¢h?
D=-— . P, o =max ( 0, CT? , T = trace(P)
¢ : enstrophy of small vortices C, : dissipation coefficient associated
near bottom to roller formation

Entropy equation

87173 + V- (qv) = 4alv]* >0 Wrong entropy inequality !!!

0 det(P) 4o )
<8t +v- V) = T8 det(P) < 0 det(P) | along particle path
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Path conservative solution

Conservative system: U; + F(U), =0

/ /(U¢t+F(U)¢x)dzdt+/ Up(z)p(z,0)dz =0, ¢ € C®°(RxR")
o Jr R
Non-conservative system: Uy + A(U)U, =0

A(U)U, =? when U is discontinuous at x = x
Dal Maso, LeFloch, Murat (1995)
e Choose a nice path: W : [0,1] X Uag X Uag — Uaq
v(0;UL,Ug) = Uy, V(1;UL,Ug) =Upg
® Non-conservative product is
(4% - [ aweu v e
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Path conservative solution

Generalized RH jump condition: discontinuity moving with speed S

! 4w
| A& U ) - 519 = 0
0
Linear path
V(& UL, Ug) =UL +¢Ur - Uy)

RH condition for SSW model

Fr— Fp + B(mp,mg)(hgr —hy) = S(Ur —Up)
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Riemann problem: exact solution

Assume that Uy,,Ug € U,q and we use the linear path.

U, <0
Ur >0

U(x,0) = {

® The RP has a unique positive and entropy satisfying solution if

(vi)r — (n1)r < A(hr,cr) + A(hg, cr)

where
A(h,c) = \/gh + 3ch? + —— sinh - c=—
® Across a shock 1 "
R
< =<2
2 < hr, <

18/34



Path conservative schemes (Pares, 2006)

Partition domain € into cells: Q; = [:L‘j*%’l‘j+%]’ 0 =U;Q;
Approximate solution by piecewise constant functions, the cell averages

—_—

—_—

Ui ag J, Ul e e T T

J x=a i-12 i+1/2 x=b
Godunov's idea: - 1
@ Solve RP for small time-step At

® Average solution onto piecewise ' At
constant E x : N

At 0 +
Urt —ur— A, (DD %)—FAtS(U}H_ ), Dii=D (U} Uy)

1
d
D™ (U,Ug) + D" (UL, Ug) Z/ A(\IJ(SQULaUR))£\IJ(5§UL7UR)dS
0
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Approximate Riemann solver: HLL!

* Include only the slowest (S1) and fastest wave (Sg)

UL UR

* RH condition across the two waves
F. - Fp+ B(mp,m.)(h. —hy) = S, (U, - Uy)
Fr—F, + B(m*,mR)(hR — h*) = SR(UR - U*)

* Solve for U, and F,
* Fluctuations

D*(U.,Ug) = S (U, —Uy) + SE(Ur — U,)

'Harten, Lax, van Leer
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Multi-state approximate Riemann solvers

Include more waves in the model

More accurate resolution of linear waves

t
Su_

U

Ur

,,,SR

3 wave model

5 wave model

See 10.1016/j.jcp.2020.109457
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High order schemes

® Piecewise linear reconstruction

TVD-type limiters (minmod)
MUSCL-Hancock in time
Source term is implicit

» essential for positivity
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Numerical Results
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1-D dam-break: 1|
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1-D dam-break:

0.0200 HLLCS 0.101 0.2
0.0175{ ~~° Exact 0.1
0.051
< 0.0150 g & 0.0
0.0125 0,004 -0.11
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0.0 oo i
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1-D roll wave

0.8

Compared to Brock's experiments

— HLL
—— HLLC3
2.51 —— HLLC5
®  Brock
2.0
o
=
S~
<15
1.0
0.5
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
x/L, z/L,

(a) Case 1

(b) Case 2
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2-D roll wave: 2080 x 800 mesh

First order

Second order
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2-D roll wave: HLLC5, 2080 x 800 mesh
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roll wave: 2080 x 800 mesh, ¢t = 36

HLLC3 HLLC5

Contours of fluctuation in h wrt y-average
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2-D roll wave: spectrum of fluctuation KE

10°} 10°
=3 e =
i LoD ]
> R >
S 8
(] 7 []
o’ a
HLL t=36 ===

HLLC3 t=36 —=

HLL t=60Q === HLLC3 t=60Q ===~
P P

107
Wave Number k

0’| ]
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2-D roll wave

Movie

31/34



Summary

® Simpler non-conservative model

® Path conservative schemes, 2'nd
order

® Multi-wave Riemann solvers

® More robust compared to
existing approaches

® Reproduces experimental results
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Summary

Simpler non-conservative model

Path conservative schemes, 2'nd
order

Multi-wave Riemann solvers

More robust compared to
existing approaches

Reproduces experimental results

Guaranteed bounds on wave
speeds

Positivity of numerical solution
Dissipation model violates
entropy condition

Turbulent solutions: physical or
numerical

Question of correct path is
always present

Other approaches

» entropy stability + dissipation
(Fjordholm/Mishra)

Schemes on unstructured grids
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Summary

Simpler non-conservative model

Path conservative schemes, 2'nd
order

Multi-wave Riemann solvers

More robust compared to
existing approaches

Reproduces experimental results

Thank You

Guaranteed bounds on wave
speeds

Positivity of numerical solution
Dissipation model violates
entropy condition

Turbulent solutions: physical or
numerical

Question of correct path is
always present

Other approaches

» entropy stability + dissipation
(Fjordholm/Mishra)

Schemes on unstructured grids
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