Asymptotic behavior of radial solutions for a semilinear

elliptic problem on an annulus through Morse index *
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Abstract

We study the asymptotic behavior for radial solutions on an annulus of a semilinear elliptic
equation with homogeneous Dirichlet boundary condition and polynomial nonlinearity. We are
able to show that Morse index informations on such solutions provide a complete description of
the blow up behavior. In particular, in many situations we obtain that the radial ground state

solution blows up and concentrates at the inner boundary of the annulus.
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1 Introduction

In this paper we study the asymptotic behavior of the radial solutions of the problem,
—Au(z) + A\V(x)u(z) = wP(zr) in A
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where A > 0, p > 1, A = {z ¢ RV : 1 < |z|] < 2} and V : R — R is smooth with
V(z) =V (]z]) > ¢ > 0 Yz € RY. The main result we prove is,
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Theorem 4.2. Let yu be a radial solution of (Py) with Morse Index one in the radial space Hy ,.(A).
Let \,, — 00 as n — oo with a, being the unique point of mazimum of ,u. Let ax, be the limit of

a subsequence of a,. Then
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0if ase = 1
M(as) = 0if ase € (1,2)
Mas) < 0if aw = 2

holds, where M (r) = "~V (r) where § = % — 1 where "." denotes the derivative with respect to

bS]

r.
Remark 1. That yu has a unique maximum, under the hypothesis of Morse Index one is in the
content of corollary 3.4.

Note that if

M(1) < 0<M(2) implies interior blow-up
M) > 0 r € [1,2] implies blow-up at 1
M(r) < 0 € [1,2] implies blow-up at 2

The behavior has been studied earlier in [3] and [4]. The result we have is more general and also
the use of Morse Index, which in some sense seems more natural, to prove the main result in a

different approach.

Remark 2. Consider the problem (Py), then it is clear that the solutions of (Py) in the space
H&?T(A) are critical points of the functional J) : H&’T(A) — R, defined by,

nw = [19af =5 [ V- = [ @

It is easy to see that .Jy satisfies the hypothesis of Mountain Pass Theorem and that the Palais
Smale condition holds. Hence there exist’s a Mountain Pass level cy. At this level Jy has a critical
point with Morse Index less than or equal to one follows from Theorem 10.2 of [8] (See page 222
and Theorem 5.1 of [6] as well as page 1598 of [7]. In context of the problem we are looking at,
it follows that there exists a solution of Morse Index one. Note any nontrivial solution of Py has
Morse Index atleast one.

Throughout what follows we assume that we have a solution of Morse Index one of P, in the space
H&yT(A) which is a consequence of Remark 2. It is this solution we will be considering.

Before we consider the general problem, we consider the case V(z) = 1 in section 2 and give a simple
proof of ay — 1, where a) is the point of unique maximum of yu solution of (P)) and indicate how
the ideas of the proof lead naturally to some ideas built in section 3 and 4 while dealing with the

general case.



2 The case V(z) = 1.

In this section we consider the problem

—Au(z) + Au(zx)
(Py) u(x)
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and prove,

Theorem 2.1. If yu is a radial solution of (Py) with Morse Index one, in H&T(A), then if ay

denotes the mazximum of yu, ay — 1 as A — oo.

Before we prove the Theorem we will prove the following.

Lemma 2.2. If yu is as in Theorem 2.1, then yu has a unique mazimum.
We will prove the Lemma in two different ways, the reason being they serve as a good motivation
in terms of ideas to be used in sections 3 and 4 dealing with the general case.

Proof 1: Dropping the suffix A\, we see that

Uy

—Au, = (puP~ = Nu, — (N = 1) (1)

holds. Now if u has more than one maximum, then denoting by a and b the maximum and ¢ the

r2

minimum between the two maxima a and b, we see that u, satisfies
(=Auy — (puP™ — Ny, up) <0

in each of the intervals (a, c) and (¢, b), which leads to a contradiction to the fact that Morse Index
of u in H&,T(A) is one.

Proof 2: From,

We have, on multiplying (2) by u, on both sides and integrating from 1 to 2,

w2 w2 2,2
2(1>_ 2(2)—(1\7—1)/1 =0 (3)

(3) implies




Suppose ¢ is a local minimum, on multiplying (2) by u, and integrating from 1 to ¢, we have

w?(1) cu?  wtle) )

Note that by (4), L.H.S is positive. This implies since p > 1, (u” — Au)(c) > 0, a contradiction to

¢ being a local minima. Hence the Lemma.

Remark 3. Now we will switch back to ay being the unique maximum in the context of Theorem
2.1. Notice that in (1,ay), we have yu, > 0 implies yu T in (1,ay). Since )u is a positive solution,
there exists dy € (1,ay) such that yuP~1(dy) = A. Also since in (1,dy) we have yu? — X yu < 0,

from

—(rN ), = (P = Au)rN !

We have by integration from 1 to 7o, 79 € (1, d,]
aur(1) — rév_l AUp(r) <0
which implies,
Aur(ro) > C zur(1) (6)

where C' > 0 is a constant independent of .

Proof of Theorem 2.1. From
(N-1)

TAUpr = AUy = AP — Au

On multiplication by )u, and integrating from 1 to d) , where d is as in Remark 3, we have

2 2 d 2
aur(dy)  aues(1) / N p—1  pt
- N-1 - = 7

2 SRR Mt Ty (™)

Using (4) in (7), we have

_ptl 1,1
,\ur(d,\) > (CoA2-1) = CgA2 " p-1 (8)
By Pohozaev Identity, we have
2 2 2 2
—1 -1
aur (1) = 2xu,%(2) +2(N — 2)/ A+ 2 / = 1 / uPt! (9)
1 1 T p 1
and hence
2
(1) > Cz/1 N (10)

4



Now consider

—(’I“N_l)\ur)r = (HuP — )\Au)rN_l
We have on integration from dy to ay,
ay ax
d)\N_l)\uT(d)\) = / )\upTN_l — )\/ )\UTN_l (11)
dy dx

which implies,

ax
N-1 N-1
/ AuPT > dy" T ue(dy)
dx

ax 1,1
/d auPrN Tl > Opa2 T (12)
A
by (8). Since 1 < r < 2, we have
A 1, 1
/d AuP > C3 A2 p—1 (13)
A
Combining (10) and (13), we have
9 11,1
AUy (1) > Oy Ap—T ) 27 p1 (14)
which implies,
1, 1
)\ur(l) > Cy 2 p-1 (15)

we have used the fact that yu > AT in (dx,ay) in (10) to arrive at (14).

Now to complete the proof, note that it is enough to show dy — 1 as A — oo. Since if dy — 1
and ay 4 1, then if ay — ax # 1 for some subsequence then in (1 — €, ac0), At > )\P%l leads to a
contradiction to the fact that Morse Index of yu is one.

Note that the linearized eigenvalue problem on _., ) which is an annulus with inner radius

1 — ¢ and outer radius a i8S

—Aw — /’L(Aup_l — )\)w ln Q(l—&aoo) (16)
w(l —¢) =w(aw) =0

admits many radial eigenvalues p < 1, contradicting yu is of Morse Index one on H&,T(A). To prove

dy — 1, we have by Mean Value Theorem,
au(dy) = aup(§)(dr — 1) (17)
for some £ € (dy, 1), i.e.
N = (§)(dy — 1) (18)

But by (6) and (15) we have yu,(§) > Cl)\%ﬂ’%l. Using this in (18) we see that dy — 1 as A — oc.

Hence the theorem.



3 Blow up profile

In this and the following section we study the general case. We first start with a blow up analysis
which will be used to prove the main result in section 4.

Let u,, be a radial solution of

—Auy, + X\ Vu, =ub, in A,
Up >0 in A, (19)
U, =0 on A

for a sequence \,, — 400 as n — +oo, where A = {z € RV : 1 < || <2}, N>2, p>1and V is
a smooth radial potential. We are interested in the description of the blow up behavior of u,, and

to this purpose we will assume:

max un(x) — 400 as n — +00.
1<]z|<2

Further, assume on the potential V' that
V(z)>co in A, (20)

for some positive constant cy. Let a,, € (1,2) be the absolute maximum of u,(r), r = |z|: up(a,) =

maxj<r<2 Up(r). We rewrite (19) in the form:

—iin, — L, = ub — AV (r)u, in (1,2),

un, > 01in (1,2), (21)
un (1) = up(2) = 0.

2

Let us introduce ¢, = un(an)_% and Uy (r) = z-:Fun(snr +ay) forr € I, = (—“g—;l,%)

Then, ¢, — 0 as n — 400 and U, satisfies:

—Up(r) — (N = 1)=—22—U,(r) = UE(r) — M2V (€1 + a,) Uy (r) for r € I,,

eEnr+an
0 < Uyn(r) <UL,0) =1 for r € I, (22)
Uy lor,= 0.
Since a,, is a maximum point of wu,, we have that uh(a,) — AV (an)un(an) = —Auy(a,) > 0 and

therefore,
AV (an)un(an) AV (an)

un(an) uban)

Up to a subsequence, we can assume that:

1>

= M2V (ay) > 0.

M2V (an) — 1 €[0,1] as n — +oo, (23)

and
Qp — — Qn

1
— Ly € [0,+OO] ,

En En

— Ly € [0, +00] as n — +o0.



Let I be some bounded interval so that 0 € I and let r € I be fixed. Then, by (22) and U, < 1
1
On) = 10) = U0 < I [ (el
< ((N — Deysup |Un(s)] + 1 + Ape2 sup V(s)) 7|
sel sel
< 0 (eusupltn (o) + 1)
sel

for some C' > 0, since A\,e2 = O(1) in view of (20) and (23). Hence,

sup ]Un(r)] < C|I| <€n sup ]Un(s)] + 1>
rel sel

and, since ¢, — 0 as n — +o0,
sup [U,(r)] < €11} (24)
rel

for some C' > 0 and n large (depending on |I|). Moreover, for all r,s € I:
1
[Un(r) = Un(s)| < |r — 5!/ [Un(s +t(r — s))|dt < Clensup [Un(t)| + 1)|r — s| < C|I[|r — s| (25)
0 tel

for some C' > 0. Since by (24) we get that, if Ly < +o0,

anp — 1

1= Un(0) — Un(— ) = /0 U (t)dt < O(22— 1)2

€n

and, if L1 < 400,

| = U, (0) = Up(22% = AO O (dt < C(2— 2,

En

we obtain that Ly > 0 and Ly > 0. Since

-1 2 — 1
Lo+ L1 = lim (an + an): lim — = +o0,

n—-+o0o En En n—+00 gy,

we have that both Ly, L1 cannot be bounded. Now we show that:

Lemma 3.1. Up to a subsequence, Lo = L1 = +oc.

Proof By contradiction, assume for example Ly < 400 and L; = +o0o. Since U, is uniformly

. 1,1 —_ —_
bounded in C;*! [~9n=1 2=an
loct  en 7 en

in C’lloc(—Lo, +00), where U € C![~Lg, +00) satisfies

) in view of (24)-(25), up to a subsequence we assume that U, — U

—U + pU = UP in (—Lg, +o0)
0<U(r)<U(0)=1in (—Lgy,+0)
U(—Lg) = 0.



We have that U(r) > 0 for any r > —Lg. Otherwise, there exists ro > —Lg so that U(rg) = U(rg) =
0. Hence, by uniqueness for the Cauchy problem, U = 0 contradicting U(0) =

Let us remark that x4 > 0. Otherwise, if 4 = 0 we have that U < 0 in (—Lp,+0o0) and therefore,
U is strictly decreasing in (— Lo, 4-00) and admits limit as r — +00: lim,_ 1o, U(r) = Ul,. Since
U(0) = 0, we get that U’ < 0 and therefore, lim,_, o, U(r) = —co contradicting U > 0.

Further, we have the following conservation law associated to U:

1.
E(r) = 5U2(r) +G(U(r)) (26)
is constant for r € (—Lg,+00), where G(s) = p}rlspﬂ £s2. Let us observe that G(s) has the

following shape:

G(s)SOforsE[O(,uf’%l)P 1]andG()—01ffs—0(—; =
. 1 +1 1 (27)
G(s)<0fors€(0,u ) andG()>0fors€</M I (,u%)%l).

Let Fy = %—% By (26) we get that E(r) = Ey for any r > — Ly and, since Hopf’s Lemma provides
U(~Lo) >0, -1x — & = Ey = E(—Lg) > 0. So, ()’(0) =0, U(0) = pU(0) = U0 = p—1 < -2
and G(s) < G(1) = Ep for 0 < s < 1 imply that U(r) < 0 for » > 0. Hence, U(r) possesses limit as
r — 400 and 0 < lim,_ oo U(r) = Us < 1. Since G(Us) < Ep, we have that lim,_, o U(r) < 0

contradicting U > 0. The proof is complete. O

Since Lo = L1 = 400, up to a subsequence U,, — U in Clloc(R)’ where U € C!(R) satisfies

—U+puU =UPinR (28)
0<U(r)<U(0)=1inR.
To go further in our analysis, let us assume that
uy, has Morse index 1 in the radial space H&T (A). (29)
We obtain the following easy result:
Lemma 3.2. Assume (29). Then u = —1 and there holds:
lim U(r) = lim U(r) =0. (30)
r—=oo r—=3o0
Further,
2 1 1
—— | U*= —+7 /UpH,



Proof First of all, we want to show that p < 1. Otherwise, if 4 = 1, by the uniqueness for the
Cauchy problem we have U = 1 in R, and we can easily construct cut-off functions ¢;(r) € Cg°(R),

1 = 1,2, with disjoint supports so that
(604 62) — 07 )63 i < 0 (31)
R

for any i = 1,2. Define now ; () = ‘/engbi(lzle;na”), i = 1,2. Hence, for i = 1,2 we get that as

n — —+00:

= [ B0) e+ 0 dr - ek [ Brar
R R
/ AV 7, = wN/ M2V (enr + an) 2 (r) (enr + an) tdr — wyall ™ / G2 (r)dr
A R R

p [ k= owp [ U2 060 Er + 0¥ dr = wnap [ 0770620
A R

where ao, = limy,— o0 ap, (up to a subsequence). Hence, we get that

/ (IV¥inl® + AaVd, — pub '02,) — wyal” / (82r) + 63(r) = pUP~(r)62(r) ) dr < 0

as n — +o0. Since ¢, € C5°(A) are radial functions with disjoint supports, we get that the Morse
index of u,, in the radial space H&T (A) is at least 2 contradicting (29).

By (26) we get that E(r) = Ey = ﬁ — & for any r € R, where E(r) = %Uz(r) + G(U(r))
and G( )= p_lep‘H B2
If m < p <1, Ey <0 and by (27) we have the existence of an unique sy € (O 1) solution of

G(sp) = Ep. The solution U is a periodic function of period R = 2 f \/T which lies

in the region s9 < U < 1. Since sy < uﬁ, by (27) we obtain that for the function h(s) =
sP — psg —psP~1 (s — s0) there hold: h(sg) = sh —puso = G(s0) < 0, h(s) = —p(p—1)sP~2(s —59) <0
for s > sp. Hence, h(s) < 0 for sp < s <1 and

—(U = 50)" + (U — s9) — pUP™H(U — s9) = UP — psg — pUP"H(U — s9) = h(U) < 0 (32)

in view of s9 < U < 1. Let rp € (0, R) be such that U(rg) = so. Since U(r) — sp = 0 for any
r =19+ mR, m € Z, we can consider ¢,, € Co(R) N HY(R) defined as: ¢, (r) = U(r) — so
if r € (mR+r9,(m+1)R+ 1) and 0 otherwise. The functions ¢,,, m € Z, have all disjoint
supports and satisfy (31) in view of (32). Arguing as before, it is possible to show that the
associated Y € H&T (A), m € Z, give that the Morse index of w,, is not finite contradicting (29).
If p < +1, U(0) =0, U(0) = pU(0) — U(O)p— —1<0and G(s) < Ep for 0 < s <1 imply that
U(r) < 0 for r > 0. Similarly, if 4 = —2- we obtain that Ey = 0 and U(r) < 0 for 0 < r < R,

p+1 )
where R is the first zero of U(r). If R is finite, since Ey = 0 we have also that U(R) = 0 and, by



uniqueness of the Cauchy problem, U = 0 contradicting U(0) = 1. Hence, for p < 1% we have
that U(r) < 0 for 7 > 0 and U(r) possesses limit as 7 — +o0: 0 < lim, oo U(r) = Uy < 1. We

must have that G(Us) = Ep since G(Ux) < Ey gives that lim, .1 U(r) < 0, contradicting U > 0.
Property G(Us) = Ey ensures that pu =

1%’ Eyp =0 and lim,_, 1o U(r) = Uy = 0. Further, since
E(r) = Ep = 0 the limit lim, - U(r) exists and vanishes. By uniqueness of the Cauchy problem,

U(r) = U(—r) for any r € R. Hence, there holds also: lim,_, o, U(r) = lim,._o U(r) = 0.
Since E(r) = 0, by integration on R we get that

1/U2:1(/U2—/UPH),
2 Jr p+1°Jr R

and, multiplying (28) by U and integrating on R, by means of an integration by parts and (30) we

obtain that
1/02:—1 U2+1/Up+1.
2 Jr p+1Jr 2 Jr

Taking the difference of these two relations, finally we get that

2 1 1
p+1Jr 2 p+17 Jr

and the proof is complete. O

We are now in position to show a decay property for U, which will be crucial in the sequel:

Proposition 3.3. Assume (29). Then

lim limsup max Uy(r)=0.
R—+00 p—+oo T€lL, |r|>R

Proof We perform the following construction. Since U, — U in Clloc(R) and by Lemma 3.2
lim, 40, U(r) = 0, for any fixed nn > 0 small there exist bounded sequences r1, < 0, 12, > 0 so
that
Up(r) >nformpy, <r<ryn, Uy(rin) =Un(ren) =n.
Consider the test function:
__2
() = un(r) —men P~ for ¢p i =eprin +an < v <dp =epron + ay
0 for r € [1,2] \ [cn, dy)

for the linearized operator at u,: —A + A,V — puﬁ_l. We have that, for r € [y, dy,], there holds:

_ 2
— Ay + ()\nV - puﬁ_l) Yp = —Au,+ ()\nV - puﬁ_l) (un —MNen pl)
2

= —(p—1Dul —nen " (\V —pub™).

10



By rescaling, we get that
[ 190+ V=t

2 2
= / <(p - 1)“?1 — TEn Pl ()‘nv - puﬁ_1)> (Un — TNen p_l)
Cn§|m|gdn

_p+3 T2,n
=wnen " (=0 = DU = n(AaenV (enr + an) = pUL)) (Un = 0)(enr + an)V~'dr.

T1,n
Let 7o, > 0 be the unique solution of U(rs) = U(—rs) = 1. Since any converging subsequence of
T1n/ T2,n CONVEIZES t0 —Too/ Too, We get that limy, o 71 = —Too/ liMy—qoo T2 = Too. Hence,

since pu = 1% we have that
VP O =

—oyen ! (a1 - (~t- 007 2 =07 ) =+ o).

Since
Too 2
/ (—<p— DU - (—2 —pUp—1>) W= =—=1) [ U7 <0asn—0,
—Too p+ 1 R

we can fix > 0 small so that

With this choice of 7, since 1 < a,, < 2 for n large 1, is a radial test function so that: supp ¥, =
[en,dy] and

/A Vbnl? + (V. — pul—1Ye2 < 0.

After this construction, it is easy to show the validity of the Proposition. By contradiction, assume
that

limsuplimsup max Uy(r) > 0.
R—+oco n—4oo r€ln,|r|>R

Then, up to a subsequence, there exists a sequence r, € I, |r,| — 400 as n — 400, so that
Un (1) > 9, for some § > 0. Assume for example that r, > 0 (up to a subsequence). Since U,, — U
in C’lloc(R) and lim, 1, U(r) = 0, we can find some R > 0 large so that U, (R) < ¢ and therefore,
we can assume that r, has the following maximality property:

Un(rp) = max Upy(r).

R<r<2=an
- — &n

Let b, = enrp + a,. Clearly, we have that b, € (1,2), uy(bn) = max,, gia,<|z|<2 Un(z) and, for

Hn = un(bn) 2,
2
§ < Un(rn) = (Zi)m <1 (33)

11



2
In particular, pu, — 0 as n — 4o0o. Let us define U,(r) = ,ur’{*lun(,unr + b,) for r € I, :=

(—T””;Ra@, 2?’") in order to get

0<U,(r) <U,(0)=1 forrel,.

Repeating what we did for U,,, we are able to show for n large the existence of a radial function ¥y,

so that: supp ¢y, = [Cn, Jn] and

/ Vnl2 + OV — pul1)i2 < 0,
A

where ¢, = pnT1n + by, dy = pnT2, + by, for some suitable bounded sequences 71, < 0, T2, > 0.
Since by (33)

- . Mn -
Cn — dp = pnTip + by —eproy —ap = 5n(?7'1,n + 71y —1rapn) >0
n

for n large in view of r, — 400 as n — 400, we obtain that supp v, N supp zﬁn = () contradicting
(29). O

As a by-product, we obtain that solutions with Morse index 1 have for n large exactly one maximum

point:
Corollary 3.4. Assume (29). Then, for n large a,, is the unique mazimum point of u,.

Proof By Proposition 3.3 we can fix some R > 0 large so that

Co 1
U, < (—r— )1
relgl,zﬁzR n(r) < ((p +1) maXV)p

for n large. Then, for |r| > R and n large:

UP(r) — A2V (enr + an)Un(r) < Un(r)(pil A2V (an)

C
LI

max V

since )\nsiV(an) — Z% as n — 4o00. Hence, for n large all the maximum points of U, stay in the

fixed region |r| < R. The proof of the Corollary is reduced to show that 0 is the only maximum
point of U, in [-R, R], for n large.

By contradiction, assume that, up to a subsequence, there exist a sequence s, # 0 so that s, is a
local maximum point of U,. Since 0 is the only maximum point of the limit function U, by the
convergence U, — U in C}

loc
point of U,, between s,, and 0. Then, we have that ¢, — 0, U, (t,) — U(0) =1 and

(R) we get that s, — 0 as n — 4o00. Let ¢, # 0 be some minimum

. 2
—Up(tn) = UP(tn) — M2V (entn + an)Up(ty) -1 — —— >0
(tn) (tn) ( an)Un(tn) P

12



as n — +o00, contradicting that ¢, is a minimum point of U,.

Hence, u, has an unique maximum point in [1, 2], say a,, for n large and the proof is complete. [

To conclude this Section, by the uniform decay of U, at infinity contained in Proposition 3.3

we can strengthen the result in order to obtain an uniform exponential decay:

Remark 4. The contents of Lemma 2 are well known, however we have included the proof for the

sake of completeness.

Remark 5. A comparison with Lemma 2.2 and the two proofs given there show how naturally the

ideas involved extend to the general case.

Proposition 3.5. Assume (29). There exist C >0 and N € N so that:

2 lr—an|

Un(r)SC'e,_ije*V en forrel,, n> N,

for some v > 0 small.

Proof By Proposition 3.3 we can fix some R > 0 large so that

Co 1

)1

Up(r) < (—————
reln 2R (r) < ((p + 1) max V’

for n large. Define the linear operator:

En

Enr + ap

Ln¢ = _d; - (N - 1) d)'*‘ (/\nE?LV(énT + an) - UTILFI) ¢

for functions ¢ defined on I,. Since U, is a positive solution in I,, of L,U, = 0, we have that L,,
satisfies the minimum principle in any subinterval of I,, (see [5]). Letting ®(r) = e 7= ~ > 0,

we compute for r € I,, r > R:

L,o(r) = (—72 + (N - 1)€7n7 + M2V (enr + ap) — Uﬁ_l(r)> e " >0

EnT + an

if v is small enough and n is large since

Co 260
)\nEiV(gnr + an) > maXVAneiV(an) — W as n — +00
and UE~1(r) < M#X‘/ in the region under consideration. Moreover, ®(r) — Uy(r) |,=r=

r=

1 —=Up(r) > 0 and ®(r) — Uy(r) | _2-0n= @(2;%) > 0. Since Lp(® —U,) > 0in r € I,
r > R, by applying the minimum principle on subintervals of (R, 2;—:”) which exhaust the interval

(R, 22%) we obtain that Uy, (r) < e Vr=R) for R<r < 2;% and n large. Arguing in a simmetric
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way, for some v > 0 small we have that U, (r) < eV +R) for —“g—;l <r < —R and n large.
Take v > 0 small (in order to have the validity of previous estimates) and C' = e’®. There exists
N € N large so that

Up(r) < Ce " forrel,, n>N (34)

since this estimate is always satisfied in |r| < R. By the relation between U, and u, we get the
desired result. ]

4 Location of the blow up set

By previous Section, assuming (29) on u,, we know that for n large u,(r) has an unique maximum
point a, € (1,2). Up to a subsequence, let us assume that a,, — ax € [1,2] as n — +oo. We want

to determine the location of a.

To this purpose, let us introduce the modified potential

M(r) =rN"VOr), r >0, (35)
where 6 = % — 5. The role of the modified potential in concentration phenomena has been already
pointed out in the papers of Ambrosetti, Malchiodi and Ni [1]-[3] in order to construct radial spike-

layer solution for the same problem either in R™ or in a ball/annulus in RY with homogeneous
Dirichlet boundary condition. Here, we show in a rigourous way by an asymptotic approach the role
of M(r). We have to combine the results in the previous Section with the following Pohozaev-type

identity:

Lemma 4.1. Let 1 <a <b<2. There holds

a b AR 3. 3.N -1 b
3 %(a) = 3 i(b)+<rp+1—2rVui+(N—2)unun (N_§) o u% . (36)
3 1 b by
- p+1 o o . 2
+ (N p+1)/u + A /a (2V (N 2)V>un
N—l
+ (N=3 -

Proof Multiply (21) by r, and integrate on [a, b]:

b b
N -1
/ (=i, — U )Ty, = / (ub — Ay Voup) iy,

r

14



By some integration by parts we get that the L.H.S. term takes the form:

b b
.. N -1, . r .ol 3 .
/a (—iy, — . U )T Uy, = —iu% LT (N — 2)/a u%,

and the R.H.S. term becomes:

uﬁ“ An

2
p+1 2 tn)

’ b1 P An
/(uﬁ—/\nVun)riLn:r( _p—i-l/ ubtt 4+ 0 5 /(V—H"V)

Hence, we have that:

b L, b 3. ("
Sl = Jide) g - Ve =) [Cad (37)
P oo M a
— P
o1l ub™t + — 5 /a(V—FrV)

Multiplying (21) by w, and integrating on [a, b], we get that:

b b
N -1

.
/N—l2

Integrating by parts the L.H.S. term, we obtain:

b b
. N-—-1. . b . -1
/ <_un - un)un = —UpUp| + / i 2
a a a

r

and so, we obtain that

b b
N -1 b bN -1
/ 02 = (lpup + 5 u?) 572 u? +/ (ubt — X, Vu?). (38)
a r a a a
Inserting (38) in (37), finally we get that:
a. b ubt™t o 3. 3N -1 b
gu%(a) = §u%(b) + ( pi 1~ ?anui + (N — §)unun (N — 5) o u? .
+ov-3_2 )/b Pty ) /b(rv (N~ 2)V) 2
- u -V - - u
2 p+1J, " T \2 "
3, [AN-1,
+ V- 5) 9r2 Un
and the proof is complete. O

The asymptotic analysis combined with (36) leads to the following property:

Theorem 4.2. Assume (29). Let ax be the limit of some subsequence of a,. Then,

1. 1 e 9(p 1) 1 :
P () = i@ + e e (M(aoo)+o(1))/RU2, (39)
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In particular, there holds:

M(aso) > 0 if aso = 1

M (aso) =0 if ase € (1,2)

M (too) <0 if aoo = 2.
Proof We will restrict our attention to the subsequence along which a, converges to as, and we
will label it always by n. Take a = 1, b= 2 in (36). Since u,(1) = u,(2) = 0, we get that

1., 1., 31 3. [AN -1,
u

5 n(1)_un(2)+(N——)/12ug+1+An/12 (%V—(N—z)v)ui+(1v—§) S

Since U,, — U a.e. and (34), by means of Lebesgue’s Theorem we can expand all the terms in the

2 _pt3 _pt3
/ U$L+1 = &p p=l U,g—i_l = E&n p-l (/ Up+1 -+ 0(1)) s
1 In i
2 _pt3 .
An / rVul = g,"! (Anei/ (enr + an)V(enr + an)U,f)
1 In

_ pi1“°°1‘iEZ:§E;ﬁ </RU2+0(1)>,

expression above:

and
+3 9 _pt3
1 —1
/ 2 _/ ul = e, N /InUndr):o(en" )
as n — +o0, since \,e2V (ay,) — +1 as n — +oo. Hence, we get that
1. Lo —”f‘i’( 31 / 1 2(N—2)/ 2
(1) = Zui(2)+en? N—--—-——) [P - = [ U
ginll) = i) =5t p+1 Jp
oo V(aoo)/ 2 p+f< 1 1 / 1
+ U?+o(1) | =02(2) +en N—-1)(z———) [ UPF
e [ o)) = i2) V-1G -7 [
1 1 2(N —2) s oo V(aso) )
+ (N- +/UP+1—/U+ /U+1.
=G+ 57 PRSP A

Since by Lemma 3.2 p+1 U=+ p+1 ) Jg UPT!, we get that

}dz(l) _ ;ui@)_'_gnﬁ <(N—1)(1— 1 ) 4 n Uoo V(GOO)+0(1)>/U2
R

2 p+1'p+3 p+1V(ia)

_ 1,&2 8*%? 2(p—1) _ a V(aoo) o 2
- FEO e ((N 1)+ b o4 + (1)>/RU.
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Hence, by definition of M(r):

. 1. -2 2(p—1) 1 :
) = i)+ ey (Mo +ot) [ 0%

and (39) is proved.

Finally, let us remark that by Proposition 3.5 uh — A\,u, = o(ep gii’) in Clooc (A\{z: |z| = an})
and by elliptic regularity theory (see [5]) u, = o(ey, T?) in C’1 (A \{z:|z| = an}). If aso = 1, by
2 (2) = o(en I;r?) combined with (39) we get that

1 _pk 9(p 1) 1

0< Sig(l) =&

o 00 15 e (@) o) [ 02

and therefore, M (aso) > 0. If ano € (1,2) we get that

—25 20p—1) 1 . )
T D +3) V(a2 (M(aoo)+o(1))/RU2_0

and therefore, M(aoo) =0. If ase = 2, we get that

—25 20p—1) 1 . ,
o (P+1)(p+3) VO(as)ad N2 (M(aoo)-ko(l))/RU <0

and therefore, M (as) < 0. The proof is now complete. O

Remark 6. It is not hard to check that as A — oo , the solution under consideration will have
Morse Index tending to infinity on the whole space H{(A) even if the Morse Index on the radial
space H&T(A) is one.
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