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Euler equations in 1-D

∂U

∂t
+
∂F

∂x
= 0, U =

 ρ
ρu
E

 , F (U) =

 ρu
p+ ρu2

(E + p)u


ρ = density, u = velocity, p = pressure

E = total energy per unit volume = ρe+
1

2
ρu2

ρe = internal energy per unit volume

e = internal energy per unit mass

The pressure p is related to the internal energy e by the caloric equation of
state p = p(ρ, e); for a calorically ideal gas, p = (γ − 1)ρe, so that

p = (γ − 1)

[
E − 1

2
ρu2
]
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Flux Jacobian
The flux jacobian A ∈ R3×3 is defined as

A(U) := F ′(U) =
∂F

∂U

The jacobian can be computed by first expressing the flux vector in terms
of the conserved variables

F (U) =

 U2

1
2(3− γ)

U2
2
U1

+ (γ − 1)U3

γ U2U3
U1
− 1

2(γ − 1)
U2
2

U2
1


The jacobian is then given by

A(U) =


0 1 0

−1
2(γ − 3)

(
U2
U1

)2
(3− γ)U2

U1
γ − 1

−γ U2U3

U2
1

+ (γ − 1)
(
U2
U1

)3
γ U3
U1
− 3

2(γ − 1)
(
U2
U1

)2
γ U2
U1


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Flux Jacobian

Defining the total specific enthalpy H

H = (E + p)/ρ =
a2

γ − 1
+

1

2
u2

The jacobian matrix can be written as

A(U) =

 0 1 0
1
2(γ − 3)u2 (3− γ)u γ − 1

u[12(γ − 1)u2 −H] H − (γ − 1)u2 γu


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Hyperbolicity

We can write Euler equations in quasi-linear form

∂U

∂t
+A(U)

∂U

∂x
= 0

The flux Jacobian A has eigenvalues λ1 = u− a, λ2 = u and λ3 = u+ a.
The corresponding right eigenvectors are

r1 =

 1
u− a
H − ua

 , r2 =

 1
u

1
2u

2

 , r3 =

 1
u+ a
H + ua


which are linearly independent. Thus the time dependent Euler equations
are hyperbolic. The flux Jacobian can be expressed in terms of the
eigenvalues and eigenvectors by the following diagonal decomposition

A = RΛR−1
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Hyperbolicity

where the matrix R has the eigenvectors on its columns and
Λ = diag(λ1, λ2, λ3). The rows of R−1 are the left eigenvectors of A; the
left and right eigenvectors are mutually orthogonal. In fact, since

R−1 =

γ−14 u2

a2
+ u

2a −γ−1
a

u
a2
− 1

2a
γ−1
2a2

1− γ−1
2

u2

a2
(γ − 1) u

a2
−γ−1

a2
γ−1
4

u2

a2
− u

2a −γ−1
a

u
a2

+ 1
2a

γ−1
2a2


we have lirj = δij .
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Homogeneity property

If the equation of state satisfies

p(αρ, e) = αp(ρ, e), for every α > 0

then it is easy to check1 that the flux vector satisfies

F (αU) = αF (U) for every α > 0

This implies that

F =
∂F

∂U
U = AU

which is called the homogeneity property. It can also be directly checked
by computing the product AU . This special property of the Euler
equations is used in the Steger-Warming flux splitting scheme and in the
Beam-Warming scheme.

1See [?]
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Primitive form
Primitive variables

V = [ρ, u, p]>

The transformation between U and V is given by

U1 = ρ ρ = U1

U2 = ρu u = U2/U1

U3 = p/(γ − 1) + ρu2/2 p = (γ − 1)(U3 − U2
2 /(2U1))

Defining the jacobian M := U ′(V ), the Euler equations can be
transformed to the primitive form

∂V

∂t
+ Ã

∂V

∂x
= 0, Ã = M−1AM

The Jacobian of the transformation is

M =

 1 0 0
u ρ 0
u2

2 ρu 1
γ−1


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Primitive form
This matrix is invertible since det(M) = ρ/(γ − 1) > 0. The matrix Ã can
be computed as

Ã =

 u ρ 0
0 u 1

ρ

0 ρa2 u


whose eigenvalues are again u− a, u and u+ a. This is obvious since A
and Ã are related by a similarity transformation.
The primitive form can also be derived by manipulating the conservation
form in the following way. The continuity equation gives

∂ρ

∂t
+ u

∂ρ

∂x
+ ρ

∂u

∂x
= 0

which is in the primitive form. The momentum equation can be written as

ρ
∂u

∂t
+ u

∂ρ

∂t
+ u2

∂ρ

∂x
+ ρu

∂u

∂x
+
∂p

∂x
= 0
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Primitive form

Using the continuity equation to eliminate the time derivative of ρ we have

∂u

∂t
+ u

∂u

∂x
+

1

ρ

∂p

∂x
= 0

Similarly, from the energy equation and eliminating ρt and ut, we obtain

∂p

∂t
+ ρa2

∂u

∂x
+ u

∂p

∂x
= 0

Writing the three equations as a system, we have

∂

∂t

ρu
p

+

u ρ 0
0 u 1

ρ

0 ρa2 u

 ∂

∂x

ρu
p

 = 0

which immediately gives us the matrix Ã.
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Entropy equation

Consider the quantity s = p/ργ . Using the primitive form of the Euler
equations, we can show that

∂s

∂t
=

1

ργ

(
∂p

∂t
− a2∂ρ

∂t

)
= −u 1

ργ

(
∂p

∂x
− a2 ∂ρ

∂x

)
= −u∂s

∂x

which gives us an additional conservation law

∂s

∂t
+ u

∂s

∂x
= 0

This equation tells us that the quantity s which is the entropy, is
convected along with the fluid; the entropy of a fluid element remains
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Entropy equation

constant. This is however not always true, e.g. when shocks are present.
Using the continuity equation this can also be written in conservation form

∂

∂t
(ρs) +

∂

∂x
(ρsu) = 0

We can replace s by any convex function η(s) and derive a similar
conservation law for η. In the presence of shocks, the equality must be
replaced by an inequality and the equation interpreted in the weak sense.
For smooth solutions, the entropy equation implies that p = constργ along
a particle path. For 1-D problems, if the inflow is uniform in time then the
entropy is constant everywhere.
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Characteristic form
We can put the Euler equations in the form

∂φ

∂t
+ λ

∂φ

∂x
= 0

which leads to the characteristic equation

dφ

dt
= 0 along

dx

dt
= λ

The entropy equation is already in this form, i.e.,

ds

dt
= 0, along

dx

dt
= u

Combining the primitive form of the momentum and pressure equations,
we have (

∂p

∂t
+ u

∂p

∂x
+ ρa2

∂u

∂x

)
+ a

(
ρ
∂u

∂t
+ ρu

∂u

∂x
+
∂p

∂x

)
= 0
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Characteristic form
or

∂p

∂t
+ (u+ a)

∂p

∂x
+ ρa

[
∂u

∂t
+ (u+ a)

∂u

∂x

]
= 0

which implies that

1

ρa

dp

dt
+

du

dt
= 0 along

dx

dt
= u+ a

Integrating this equation we have∫ (
dp

ρa
+ du

)
= C along

dx

dt
= u+ a

The entropy condition implies that ρ, a can be written as functions of
pressure so that the first integral can be evaluated to

a

γ − 1
+
u

2
= const, along

dx

dt
= u+ a
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Characteristic form

Similarly we get

a

γ − 1
− u

2
= const, along

dx

dt
= u− a
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Riemann problem (Shock tube problem)

Two gases are separated by a diaphragm inside a tube. The gases on the
two sides of the diaphragm are at different states; when the diaphragm is
ruptured, a pattern of waves is set up in the tube which may travel along
the length of the tube.

Diaphragm

ρl, ul, pl ρr, ur, pr

We have seen that for a linear system of n hyperbolic PDEs, the Riemann
problem consists of n discontinuity waves propagating with speeds given
by the eigenvalues. For the 1-D Euler equations, the Riemann problem has
in general three waves known as shock, contact and expansion wave.
What type of waves are actually present in the solution will depend on the
initial conditions of the Riemann problem.
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Riemann problem (Shock tube problem)

x

t

Shock

Ul

Ur

x

t

Contact

Ul

Ur

x

t

Tail

Head

Ul

Ur

• A shock is a discontinuity across which all the flow variables density,
velocity, pressure, are discontinuous. A shock is associated with the
characteristic fields corresponding to the eigenvalues λ1 = u− a and
λ3 = u+ a. The characteristics on either side of the shock intersect
into the shock. Fluid particles can cross the shock; when this
happens, their velocity decreases, and, density and pressure increase.
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Riemann problem (Shock tube problem)

• A contact is a discontinuity across which density is discontinuous but
pressure and velocity are continous. It is associated with the
characteristic field corresponding to the eigenvalue λ2 = u. The
characteristics on either side of the contact are parallel to the contact
line. Fluid particles do not cross a contact discontinuity.

• A rarefaction or expansion wave is a continous wave which consists of
a head and a tail; all the flow quantities vary continuously through
the wave and the entropy is constant. This wave is associated with
the characteristic fields corresponding to the eigenvalues λ1 = u− a
and λ3 = u+ a.
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Riemann problem (Shock tube problem)
118 4. The Riemann Problem for the Euler Equations 

P(1 - bP) 
(7 - 1 ) P  ’ 

e =  (4.4) 

where y is the ratio of specific heats, a constant, and b is the covolume, also 
a constant. See Sects. 1.2.4 and 1.2.5 of Chap. 1. For the case in which no 

Case (a) Case (b) 

4 t  r t  

X 

v- \I/I 
X 

0 0 

Case (c) Case (d) 
Fig. 4.2. Possible wave patterns in the solution of the Riemann problem: (a) left 
rarefaction, contact, right shock (b) left shock, contact, right rarefaction (c) left 
rarefaction, contact, right rarefaction (d) left shock, contact, right shock 

v a c u u m  is present the exact solution of the Riemann problem (4.1), (4.2) has 
three waves, which are associated with the eigenvalues A1 = u - a, A2 = u 
and A3 = u + a;  see Fig. 4.1. Note that the speeds of these waves are not, in 
general, the characteristics speeds given by the eigenvalues. The three waves 
separate four constant states, which from left to right are: WL (data on the 
left hand side), W,L, W,R and WR (data on the right hand side). 

The unknown region between the left and right waves, the S t a r  Region, 
is divided by the middle wave into the two subregions S t a r  Left  (W+L) and 
S t a r  Right  (W,R). As seen in Sect. 3.1.3 of Chap. 3, the middle wave is 
always a contact discontinuity while the left and right (non-linear) waves are 
either shock or rarefaction waves. Therefore, according to the type of non- 
linear waves there can be four possible wave patterns, which are shown in 
Fig. 4.2. There are two possible variations of these, namely when the left or 
right non-linear wave is a sonic rarefaction wave; these two cases are only of 
interest when utilising the solution of the Riemann problem in Godunov-type 
methods. For the purpose of constructing a solution scheme for the Riemann 
problem it is sufficient t o  consider the four patterns of Fig. 4.2. 

An analysis based on the eigenstructure of the Euler equations, Sect. 3.1.3 
Chap. 3, reveals that  both pressure p ,  and particle velocity u* between the 
left and right waves are constant, while the density takes on the two constant 
values p + ~  and p , ~ .  Here we present a solution procedure which makes use of 
the constancy of pressure and particle velocity in the Star  Region to  derive a 
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Riemann problem (Shock tube problem)

4.3 Numerical Solution for Pressure 129 

2 1.0 -2.0 
3 1 .o 0.0 
4 1 .o 0.0 
5 5.99924 19.5975 

4.3.3 Numerical Tests 

0.4 1.0 2.0 0.4 
1000.0 1.0 0.0 0.01 
0.01 1.0 0.0 100.0 

460.894 5.99242 -6.19633 46.0950 

Five Riemann problems are selected to  test the performance of the Riemann 
solver and the influence of the initial guess for pressure. The tests are also 
used to  illustrate some typical wave patterns resulting from the solution of 
the Riemann problem. Table 4.1 shows the data for all five tests in terms 
of primitive variables. In all cases the ratio of specific heats is y = 1.4. The 
source code for the exact Riemann solver, called HE-ElRPEXACT, is part 
of the library NUMERICA [369]; a listing is given in Sect. 4.9. 

Test 1 is the so called Sod test problem [318]; this is a very mild test and 
its solution consists of a left rarefaction, a contact and a right shock. Fig. 
4.7 shows solution profiles for density, velocity, pressure and specific internal 
energy across the complete wave structure, at time t = 0.25 units. Test 2, 
called the 123 problem, has solution consisting of two strong rarefactions and 
a trivial stationary contact discontinuity; the pressure p ,  is very small (close 
to  vacuum) and this can lead to difficulties in the iteration scheme to find p ,  
numerically. Fig. 4.8 shows solution profiles. Test 2 is also useful in assessing 
the performance of numerical methods for low density flows, see Einfeldt et. 
al. [118]. Test 3 is a very severe test problem, the solution of which contains 
a left rarefaction, a contact and a right shock; this test is actually the left 
half of the blast wave problem of Woodward and Colella [413], Fig. 4.9 shows 
solution profiles. Test 4 is the right half of the Woodward and Colella prob- 
lem; its solution contains a left shock, a contact discontinuity and a right 
rarefaction, as shown in Fig. 4.10. Test 5 is made up of the right and left 
shocks emerging from the solution to  tests 3 and 4 respectively; its solution 
represents the collision of these two strong shocks and consists of a left facing 
shock (travelling very slowly to the right), a right travelling contact disconti- 
nuity and a right travelling shock wave. Fig. 4.11 shows solution profiles for 
Test 5 .  

'lkst I pL I UL I P L  I PR I UR I PR 
1 1  1.0 I 0.0 I 1.0 I 0.125 I 0.0 I 0.1 

Table 4.1. Data for five Riemann problem tests 

Table 4.2 shows the computed values for pressure in the Star Region by 
solving the pressure equation f(p) = 0 (equation 4.5) by a Newton-Raphson 
method. This task is carried out by the subroutine STARPU, which is contained 
in the FORTRAN 77 program given in Sect. 4.9 of this chapter. 
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Riemann problem (Shock tube problem)

130 4. The  Riemann Problem for the Euler Equations 

Test 
1 
2 
3 
4 
5 

p, P T R  P P V  P T S  $(PL $- P R )  
0.30313 0.30677(3) 0.55000(5) 0.31527(3) 0.55(5) 
0.00189 exact(1) TOL(8) TOL(8) 0.4(9) 
460.894 912.449(5) 500.005(4) 464.108(3) 500.005(4) 
46.0950 82.9831(5) 50.005(4) 46.4162(3) 50.005(4) 
1691.64 2322.65(4) 781.353(5) 1241.21(4) 253.494(6) 

Table 4.2 Guess values po for iteration scheme. Next to  each guess 
is the required number of iterations for convergence (in parentheses). 

0 
1 

Position 

0 
1 

Position 

0.5 . 

0 
1 

Position 

1 
Position 

Fig. 4.7. Test 1. Exact solution for density, velocity, pressure and specific internal 
energy a t  time t = 0.25 units 

The exact. converged. solution for pressure is given in column 2. Columns 
3 to 6 give the guess values ~ T R ,  ppy, p ~ s  and the arithmetic mean value of 
the data.  The number in parentheses next to each guess value is the number 
of iterations required for convergence for a tolerance T O L  = l o p 6 .  For Test 
1. ~ T R  and p ~ s  are the best guess values for PO.  For Test 2 ,  ~ T R  is actually the 
exact solution (two rarefactions). By excluding Test 2,  PTS is the best guess 
overall. Experience in using hybrid schemes suggests that  a combination of 
two or three approximations is bound t o  provide a suitable guess value for po 
that  is both accurate and efficient. In the FORTRAN 77 program provided 
in Sect. 4.9 of this chapter, the subroutine STARTE contains a hybrid scheme 
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Riemann problem (Shock tube problem)4.3 Numerical Solution for Pressure 131 

u .- 
; a 

e! 

e! 
Le 

a 

1 
Position 

1 
Position 0,4m 0.2 1 - 0 o . ~ ~  

I 0 

1 1 
Position Position 

Fig. 4.8. Test 2: Exact solution for density, velocity, pressure and specific internal 
energy at time t = 0.15 units 

x 
4- .- 
; a 

0 '---1- 
1 

Position 

0 
1 

Position 

1 
Position 

1300 

1 
0- 

Position 

Fig. 4.9. Test 3: Exact solution for density, velocity, pressure and specific internal 
energy at time t = 0.012 units 

22 / 21



Riemann problem (Shock tube problem)

4.3 Numerical Solution for Pressure 131 

u .- 
; a 

e! 

e! 
Le 

a 

1 
Position 

1 
Position 0,4m 0.2 1 - 0 o . ~ ~  

I 0 

1 1 
Position Position 

Fig. 4.8. Test 2: Exact solution for density, velocity, pressure and specific internal 
energy at time t = 0.15 units 

x 
4- .- 
; a 

0 '---1- 
1 

Position 

0 
1 

Position 

1 
Position 

1300 

1 
0- 

Position 

Fig. 4.9. Test 3: Exact solution for density, velocity, pressure and specific internal 
energy at time t = 0.012 units 
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Riemann problem (Shock tube problem)4. The Riemann Problem for the Euler Equations 

1 
Position 

50 

10 

l o o !  50 4 
10 ' 

1 
Position 

-7 - 
1 

Position 

O b  
1 

Position 

Fig. 4.10. Test 4: Exact solution for density, velocity, pressure and specific internal 
energy at time t = 0.035 units 

40 

20 x - .C E 
f r  

2000 I I 

I 
Position 

1 
Position 

Fig. 4.11. Test 5:  Exact solution for density, velocity, pressure and specific internal 
energy a t  time t = 0.035 units 
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Riemann problem (Shock tube problem)

4. The Riemann Problem for the Euler Equations 

1 
Position 

50 

10 

l o o !  50 4 
10 ' 

1 
Position 

-7 - 
1 

Position 

O b  
1 

Position 

Fig. 4.10. Test 4: Exact solution for density, velocity, pressure and specific internal 
energy at time t = 0.035 units 

40 

20 x - .C E 
f r  

2000 I I 

I 
Position 

1 
Position 

Fig. 4.11. Test 5:  Exact solution for density, velocity, pressure and specific internal 
energy a t  time t = 0.035 units 
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