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Dissipation operators
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Consider a single Fourier mode with wave number k

pw>0, n>0

u(z,t) = ug(t)elr®
The amplitude evolves according to

duy,
% + lakuy = —quuk — nk4uk

whose exact solution is

up(t) = g (0)ekE=at) o= (uk*+nkt)t

)
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Dissipation operators

Second and fourth order terms lead to loss of energy/amplitude. They add

dissipation. The fourth derivative term damps high frequency components

more strongly. To solve the hyperbolic PDE

ou ou

il 20
ot + aax
we replace with
ou n ou 0% o*u >0 >0
- aq— = - -
Ot Oz “8952 77(9:64’ a 7

where, the artificial coefficients p, n vanish under mesh refinement
uw—0 n—0 as h—0

Now construct a central difference approximation for this modified
equation. This is the method of artificial dissipation.
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Upwind scheme
The upwind scheme for

o ou_
ot aaa;
duj | U — U Uj+1 — Uy
=0
@ Tyt Ty
or in finite volume form
du;  fjer—fia 1 1
ditj 2 ; 2 =0, fivr = §(fj + fis1) — §!a\(uj+1 — uy)

satisfies the modified equation

9%u
@ —I-ag—u = h|a|

The artificial viscosity coefficient © = hla|
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. Alternately, if we start with

2



Upwind scheme

and discretize with central differences

1— 2Uj + Ujt1

du]' Uj+1 — Uj+1 Uj—
— a—————— = hla
dt 2h la

then we obtain the upwind scheme.

h2
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JST Scheme

1-D Euler equations and FVM

oU 9
S+ 5 FU) =0

Numerical flux
F.

1
i+ = 5 (Fi+ Fin) —dj

—

Dissipation: second order + fourth order dissipation

d

Finite volume scheme

dj | B —Fia
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JST Scheme

Maximum wave speed at T 1,eg,
2
Ajpr = max(|u;| + ag, [uj] + aj41)

Second order dissipation

2 2
az<+>é — ggjzAﬁ%(UjH ~Uj)
@ _ 42
dj_i_% d]_% ~ 5(2)>\h82U
h Ox?
Fourth order dissipation
dY, = W X\ 1 (Ujye — 3Uj41 +3U
j+3 LN+ ( J+2 j+1+
dW, —a

]"'_% J_% ~ (4))\h3a Y
h ozt

—Uj-1)

19



JST Scheme

Switching functions
lpj—1 — 2pj + pj+1] 2
vj = !pj» 1+ 2p]- +p?+1!’ €§'+)% = w max(vj-1, v, Vi Vi)
J— J J

1 1 1
< (2)<7 < (4)<7
=0 -2’ 64_#& - 32

il M

N

5(,4)1 = max [O, k@ — 8(.2 ] ,
J+3 J+
In smooth regions of flow, v; = O (h2)
@ _ 2 2 _ 3 4) _ 4 _ 3
i =0 (W), di, =0, eW=0(), 4dY, =0(")
Fourth order dissipation damps high frequencies which helps to reach

steady state quickly.

Near a shock, v; = O (1)

2 _ (2 _ 4)
5j+% =0(), dj+% =0 (h), 5j+%



JST Scheme: Matrix dissipation

Upwind scheme like Roe scheme able to compute shocks without
oscillations. Dissipation is scaled by the eigenvectors. Roe flux

1 1 _
Fii1 =5 (E + Fjia) = 5l Al 1 Uga = Uj), |Al = RIA|R™!

Replace )\j+; with a Roe-type matrix in dissipation terms
2

a®

2
a+)§ - 5§'+)%‘A‘j+%(Uj+1 - Uj)

4 4
ngr)% = —€§,JZ%‘A‘]-+%(UJ‘+Q —3Ujp1 +3U; —Uj—1)

As in Roe scheme dissipation can vanish at sonic points and stagnation
points. Eigenvalues in A matrix are not allowed to vanish. We can prevent
them from becoming too small compared to maximum wave speed

Am = max(|A1],]|A2], |A3|). Acoustic eigenvalues are modified as

IAi| = max (||, @A), i=1,3



JST Scheme: Matrix dissipation

and convective eigenvalue as
[Aa| = max(|Xa], BAm)

Typical values
a = 0.25, B8~ 0.025
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TVD property

The JST scheme with scalar dissipation may still produce oscillations at
strong shocks. For scalar problems, if the numerical flux is written as

1 1
Fip1 = 5(F+ Fj1) = 5Q441(Uj1 = Uj)

then it is TVD provided
Qj+% > ’A‘j+%v A= F/(U)

A modified switch proposed by Swanson and Turkel (1992) makes the
scheme TVD for scalar problems

[pj—1 — 2pj + pj+1] L@ 1

v = ,
T lpi = pial+ Ipia — il +e
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TVD property

This leads to too much dissipation of shocks and in practice a weaker form
of the switching function is used

L. [Pim1 = 2pj + pjn]
T (1-w)Ptw;

0<w<l1

Pj = |p; — pj-1l + Ipj+1 — pjl, Qj = pj—1 + 2pj + pjt1]

w = 0 gives the TVD switch and w = 1 gives the JST switch. Typically, a

value of w = % can be used for problems with strong shocks.
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SLIP scheme

JST scheme uses pressure based switch for all flow components. It forces

all variables to be treated equally though they may experience different
changes through a discontinuity.

Jameson introduced SLIP (Symmetric limited posititive) scheme which
makes use of limiters.

q
, qg>0

u—"v

Ru,v)=1—|—+—Y
(u,v) | + o] + €

@ If u and v have opposite sign then R(u,v) =~ 0.

@® If u, v are close to one another, then R(u,v) =~ 1.
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SLIP scheme

Define the limited average value

me):R@ﬂg<“;”>

At mesh face Tl define left and right states
2

UL—U + L(AU+3 AU

1
2

Dissipation flux is defined as

dj_% =q; %(UR—UL), a1 —&(Z)Aj+§
Now
UR—UL:AUj+§ —L(AUj+%,AUj_%)

), Ur=Ujs — (AU+3A@7

N
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SLIP scheme

Near a shock, we get second order dissipation
UR—ULZAUj_i_%, dj+§—oz]+ (Uj+1 U)

In smooth regions, we get fourth order dissipation

—_

Ur—-UL

%

AUyt = (AU, s + AU, )
1

= 5 Uiz = 3Uj1 +3U; = Uj-)

_1,,0°U
Ox3

1
2

ol
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CUSP scheme
Inspired by AUSM

P 0
F=uU.+F,=u|pu|+ |p
pH 0
Numerical flux
UCj + UCJ‘+1 ij + ij+l
Fj—f—% = uj-&-%f o dcj+% - 2 de%

Upwinding is achieved by choosing

1 1

dchr% = 5’“3+%|AUCJ+% = §|Mj+%’6j+%Ach+%
1 0

= Qsign(M) AP(J)'Jré

i+

19



CUSP scheme

Full upwinding is unstable in subsonic regions where waves propagate in
both directions. The dissipation is taken to be

0
1 1
dcj+% - §f1(M)Cj+%AUCj+%’ dpj+% - ifZ(M) Apé+%
We need full upwinding in supersonic regions
H(M) = [M[, fo(M) =sign(M),  [M]>1

ag + agM? + agM* |M| < 1
fl(M):{

| M| M| =1
AE) =1, -y =41
1 - 5 dM 1 -
_3 ., gL
ay =3 —2a0, ar=ag—;
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CUSP scheme

Only one free parameter ag which is usually taken to be ag = %.

1 _ 2
Fo ) = {QIM(g M?) M| <1
sign(M) |M|>1

Remark: There are other versions of CUSP scheme, see the references.
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