Discontinuous Galerkin Method

Praveen Chandrashekar
TIFR Centre for Applicable Mathematics
Bangalore — 560065
http://cpraveen.github.io

February 10, 2019


http://cpraveen.github.io

Contents

1 Introduction

2 Scalar conservation law

2.1 Scalar conservation law . . . . . . . .. ... o
2.1.1 Linear convection equation . . . . . .. .. ... ... ........
2.1.2 Burger’sequation. . . . . . ... ...

2.2 Weak solution . . . . . . . . . .
2.2.1  Rankine-Hugoniot condition . . . . .. ... ... ... ... ....

2.3 Kruzkov’sresult . . . . . . . ..

3 DG scheme in 1-D

3.1 Mesh and approximation space . . . . . .. ... L oL
3.2 Semi-discrete DG scheme . . . . . . . .. ... L
3.3 Relation to finite volume scheme . . . . . . . . . ... ... ... ... ...
3.4 Conservation property . . . . . . . . . . ..
4 Numerical flux
4.1 Properties of numerical flux . . . . . .. ... Lo Lo
4.2 Riemann solver . . . . . . . . . e
4.3 Numerical flux: Linear convection equation . . . . .. .. ... ... ....
4.4 Numerical flux: Non-linear conservation law . . . . . . . ... ... ... ..
4.4.1 Godunov flux . . . . . . . ..
4.4.2 Lax-Friedrich flux . . . . ... ... .. . ... ... ...
443 Rusanovflux . . . ... . . . . ...
4.4.4 Roeflux . . . . . . . .
5 Stability
5.1 Linear convection equation . . . . . .. ... ... L L.
5.1.1 Periodic boundary conditions . . . . . . ... ... ... L.
5.1.2 Dirichlet condition . . . . . . . . . ... ... Lo
5.2 Non-linear conservation law . . . . . . . . . . . . . ... .
5.2.1 Entropy condition . . .. .. ... o oL L
6 Error estimates
6.1 Error estimate: u; + cu, = 0, semi-discrete scheme . . . . . ... ... ...
7 Basis functions
7.1 Nodal basis functions . . . . . . . . . . . ..
7.2 Mapped nodal basis functions . . . . . ... ... L.
7.3 Taylor basis functions . . . . . . ...

11
11
11
12
12
12
12
12
13

15
15
16
16
17
17

21
21



ii CONTENTS
7.4 Orthogonal polynomials (Modal approach) . . . . . .. ... ... ... ... 26

8 Implementation in 1-D 27
8.1 ODE system . . . . . . . . 27
8.2 Quadrature rules . . . . . . . L 28
8.3 Modal DG . . . . . . . e 28
8.4 Setting the initial condition . . . . . .. ... L Lo 30
8.5 Boundary condition . . . ... ... oL 31
8.6 Strong stability preserving RK schemes . . . ... ... ... ... ... .. 31
8.7 Storage requirements . . . . . .. .. Lo Lo e 33
8.8 Classical RK . . . . . . . . . . e 33
8.9 CFL condition . . . . . . . . . . . . . e 34
8.10 Algorithm . . . . . . . . . . 34
8.11 Numerical example . . . . . . . . . .. Lo 35
8.12 Nodal DG scheme . . . . . . . .. .. ... ... .. . 36
8.12.1 Weak form DG . . . . . . . . . . ... 37

8.12.2 Strong form DG . . . . ... oL o 38

8.12.3 Numerical fluxes . . . . . . . . . . . . . ... 39

9 Limiters and TVD property 41
9.1 Limiter for DG scheme . . . . . . . . . . .. ... ... 41
9.2 Limiters: Implementation . . . . .. .. .. ... ... oL 46
9.3 Numerical example . . . . . . . . . oL Lo 46
9.4 TVB Limiter . . . . . . . . . e 47
9.5 Algorithm . . . . . . . . 48
10 Fourier analysis 49
10.1 Semi-discrete scheme . . . . . . . . .. ... 49
10.2 Dissipation and dispersion property . . . . . . . . .. ..o 50
10.3 Time integration schemes . . . . . . . . .. ... ... L L. 50
10.3.1 CFL condition . . . . . . . . . . . . . . i 52

11 Hyperbolic systems in 1-D 55
11.1 Linear hyperbolic system . . . . . . . . .. ... ... .. .. 99
11.2 Non-linear hyperbolic system of conservation laws . . . ... ... ... .. 56
11.3 Euler equations . . . . . . . . . . ... e 56
11.4 DG scheme . . . . . . . . . e e 57
11.5 Numerical flux functions . . . . . . . . . . . . .. ... ... .. 57
11.6 Limiters and TVD property . . . . . . . .. ... . .. .. 58
11.6.1 Characteristic limiter . . . . . . . . .. . .. ... ... ... ... 58

11.7 Some implementation details . . . . . . . . ... oo 60

12 Mesh in 2-D 63
12.1 Basic element types . . . . . . .. L 63
12.2 Mesh data structures . . . . . . . . . ... 64
12.3 Transfinite map . . . . . . . . ... 66
12.4 TIsoparametric elements . . . . . . . . . . . ... 67
12.4.1 Jacobians of transformation . . . . . ... ... ... ... ... ... 69

12.4.2 Normal vector . . . . . . . . . . . . .. e 69

12.4.3 Cell integral . . . . . . . . . . . 69



CONTENTS

12.4.4 Surface integrals . . . . . . . . ...

13 Basis functions in 2-D

14

15

16

17

18

13.1 Complete polynomials P, . . . . . . . . . . . ..
13.1.1 Modal basis for Py on triangles . . . . . . . .. .. ...
13.1.2 Modal basis for P, on rectangles . . . . . ... ... ...
13.1.3 Taylor basis for P on polygons . . . . . . . .. ... ... ...
13.1.4 Nodal basis for Py on triangles . . . . . . ... ... ... ... ..

13.2 Tensor product polynomials Qr . . . . . . . . . .. ... ... ... ... ..
13.2.1 Nodal basis for Qg . . . . . . . . . . . .
13.2.2 Modal basis for Qg . . . . . . . . . ...

DG in 2-D

14.1 Semi-discrete DG scheme . . . . . . . . ... ... ... ...
14.2 Quadrature and assembly . . . . . ... oL L oo
14.3 Assembly using deal .IT . . . . . . . . . . . .

DG in physical space

15.1 Basis functions . . . . . . . . .. L
15.2 DG scheme . . . . . .. e
15.3 Quadrature and assembly . . . . . . ... ..o Lo

Nodal DG on quadrilaterals
16.1 DG scheme . . . . . . . . . e

DG on Cartesian grids

17.1 Introduction . . . . . . . .. L
17.2 Basis functions and solution representation . . . . . . ... ... ... ...
17.3 DG formulation . . . . . . . .. L
17.4 Limiting . . . . . o oL
17.5 Positivity limiter . . . . .. .. ..
17.6 Time integration . . . . . . . . . . ... L
17.7 Setting the initial condition . . . . . .. . ... .. oL
17.8 Summary of algorithm . . . . . . .. ... ... oo
17.9 Adaptive grids . . . . . . . .
17.10Angular momentum conservation . . . . . . . . .. ... ...
17.11Legendre polynomials . . . . . . . . . .. ...
17.12Gauss quadrature . . . . . . .. Lo
17.13Lax-Friedrich’s flux . . . . . . . . . . ...
17.14Left and right eigenvectors of Kuler flux Jacobian . . . . . . . .. .. .. ..

Nodal DG on triangles

Quadrature rules
A1l Quadraturein 1-D . . . . . . . ..
A2 Quadraturein 2-D . . . . . . .

Evaluation of Lagrange polynomials
B.1 Barycentric Lagrange form . . . . . . .. . ... ... ... ...
B.2 Computing derivatives . . . . . . . . ... L o

iii

70

71
71
72
73
73
73
76
7
7

79
79
80
81

83
83
84
85

87
87

91
91
91
92
95
96
98
98
99
99
101
102
104
104
105

107



iv

CONTENTS



Chapter 1

Introduction

In finite volume methods, there is one solution variable per cell, the cell average value,
and the solution is assumed to be piecewise constant. To obtain high order accuracy, we
reconstruct the solution by a polynomial inside each cell by making use of the cell averages
in a small stencil around the current cell. The size of the stencil depends on the order of
accuracy we want, with higher orders requiring larger stencils. While this is relatively easy
to do on structured grids, it can become quite involved for unstructured grids. The choice
of the stencil is not unique and the large stencil can lead to loss of data locality that can
affect computational efficiency. In parallel computations, the variable stencil size require
more intricate coding and transfer of large amount of data across partition boundaries.
We also need special care at boundaries to choose the stencil in an appropriate way.

In DG methods we start with a polynomial solution in each cell which is evolved
forward in time by the scheme. DG methods are thus finite element methods, where we
approximate some function in terms of certain basis functions with compact support. The
basis functions are taken to be polynomials and are allowed to be discontinuous across the
cell boundaries. The compact support property ensures that the stencil of the scheme is
small which leads to efficient methods for solution. In fact each cell only needs to exchange
data with its immediate face neighbouring cells for the computation of fluxes at the cell
boundaries. We have to deal with a mass matrix but the matrix for each cell is decoupled
from other cells which makes it efficient to construct explicit time stepping schemes. Since
the stencil of the scheme is same irrespective or scheme order, parallelization becomes
easier and also requires less data transfer.

The high order nature and compact structure of DG schemes also leads to very low
dissipation and dispersion errors, and these schemes are thus ideal for wave propogation
problems.
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Chapter 2

Scalar conservation law

2.1 Scalar conservation law

A scalar conservation law is a partial differential equation of the form
ug + f(u)z =0
where
e v is called the conserved variable
e f(u) is the flux of u

Such an equation is a conservation law because, if we integrate the equation on any interval
[a, b], we obtain

(;it/abu(x,t)dx T Fu(b,6)) — flula,t)) =0
This says that
Rate of change of total u in [a,b] = Net flux of u into [a, b]
If the net flux is zero, then the total quantity is conserved. Moreover, these are hyperbolic

conservation laws since their solutions have wave-like properties.

2.1.1 Linear convection equation

The flux is a linear function of the conserved variable, f(u) = cu, where ¢ = constant
ut + cuy =0, u(z,0) = up(x)

The exact solution is given by
u(x,t) = up(x — ct)

u(zx,t)

sY

ct

The initial condition is transported with velocity ¢ without change of form.

3
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2.1.2 Burger’s equation

If the flux is of the form f(u) = Ju?, then the conservation law is

up + (§u2)z =0 or up + uty =0 if u is smooth

As long as the solution is smooth, it is given by
u(z,t) = up(x — u(z, t)t)

which is an implicit solution. If we use the above formula to find the solution for a smooth
initial condition as shown in figure, we find that after some time, the solution becomes
multi-valued, which does not make physical sense. We will modify the solution before
it becomes multi-valued by introducing a discontinuity. The solution then is no longer
is a classical solution since it does not satisfy the PDE. For non-linear problems, this
is the general situation; even inifintitely smooth initial condition can eventually develop
discontiuities. We have to now enlarge the notion of solution of the PDE by allowing
discontinuities, known as weak solutions.

Solution at timest=0, t=tc and t>tc
20F

15 15

10

051 05-

05 10 15 20 25 15 20 25

2.2 Weak solution

Take a smooth test function with compact support, say ¢ € CL(R x RT)

(22 o=

t4 Supp(¢)

Y

a O b

Perform an integration by parts on both terms in the equation so that the derivatives are
transfered to the test function. This motivates the following definition.



2.3. KRUZKOV’S RESULT )

Definition 2.1 (Weak solution). A function u : R x Rt — R is a weak solution of the
Ivp
wt (e =0, (5,6) ERXRY,  u(z,0) = up(e)

together with locally integrable initial data ug, if u is locally integrable and satisfies

/ (ugy + f(u)py)drdt + / uo(z)p(x,0)dx = 0, Vo € C3(R x RY)
0 —oo —00

Lemma 2.1 (Classical solution). Let u € C*(R x RY) be a weak solution. Then it is a
classical solution.

2.2.1 Rankine-Hugoniot condition

Suppose there is a discontinuity at x(¢) and let

s = %x(t} = shock speed

Then the two values u(z™(¢),¢) and u(z™(t), ) satisfy the RH condition
Flu(@™(t), 1) — fu(z™ (1), 1) = s(u(z™(t),t) — u(z(t),1))

Definition 2.2 (Weak solution). A weak solution u is a piecewise smooth solution which
satisfies the RH condition at the points of discontinuity of u.

2.3 Kruzkov’s result
The scalar Cauchy problem for

u+ f(u), =0, feCYR)

with initial condition
u(O,x) = u0($)7 ug € LOO(R)

has a unique entropy solution
we L®(R, x R)
which fulfills (important for numerics)
1. Stability: ||u(t,)||ree < |Juo||z<, a.e. int € Ry
2. Monotone: if uy > vy a.e. in R, then

u(t,-) >v(t,-) ae. inR, a.e. int e Ry

3. TV-diminishing: if ug € BV (R) then

u(t,-) € BV(R) and TV(u(t,-)) <TV(up)
4. Conservation: if ug € L'(R) then

/u(t,x)d:v = / uo(x)de, ae. inteRy
R R
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5. Finite domain of dependence: if u, v are two entropy solutions corresponding to
ug, vg € L and

M = mgX{lf'(é)! H[@ < max([|uol|zee, [[vol |z ) }

then

/x|§R lu(t, z) — v(t,z)|dx < / luo(z) — vo(z)|d

|x| <R+Mt



Chapter 3

DG scheme in 1-D

Let us consider a general conservation law of the form

ou %_

54_033_0

and try to construct the DG scheme for this problem.

3.1 Mesh and approximation space
Divide domain €2 = [0, 1] into disjoint cells /; = [z;_1,2; 1] using the parition
2 2
Ozx% <x% <"'<$N+%:1

as shown in figure (3.1). Define the cell center and cell size as
h = max Ax;
7

Define the space of broken polynomials
ViF={ve L2(Q):v|;, € Pp(L;), 1 <i< N}

Note that these functions can be discontinuous on the boundary of the elements as shown
in the figure (3.2). Define the left and right limits

— :1- _ + :1.
vp(z7) E{%vh(w €), vp(z™) e%vh(x+e)
xIO I; xil
R
: i-3  it+i N+3

Figure 3.1: Mesh for DG scheme
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Iy I; Iy

| |
\ \
i — 1+

D=
D=

Figure 3.2: Discontinuous solution

3.2 Semi-discrete DG scheme

Multiply conservation law by a smooth test function v

ou Of B
/<at+ax>vdx—0

and integrate by parts on flux derivative term

—de / flu —da:

+ f(= Tipls t)v (x;_%)—f(xz_

We now want to replace u with u, and v with vy, and uy, vy, belong to finite dimensional

spaces usually comprising of polynomials. At z = x; 1, u, may be discontinuous, i.e.,

2

uh( 1) # uh( ;). In this case, how to compute the flux f(z,, 1,t) ? Following the
2

ﬁnlte volume method we will approximate this flux by a numerical flux function denoted
by
fi—i—% (t) = f(uh(x;_% ) t)? Uh(.%';,:_%, t))

leading to

Definition 3.1 (Semi-discrete DG scheme). Find uy(-,t) € V¥ such that for all v, € V}F

%vhdx /f up) %dx
1 (ton(z) ) =0

+ fi+%( )Uh(x;r;) —fie 1

1
2 2 L

I; (3.1)

The initial condition is obtained by an L? projection onto the finite element solution
space V,f, ie.,

/ up(z,0)vp(z)de = / u(z, 0)vp(z)de, Yo, € ViF
Iz‘ Ii

Note that the numerical flux couples the solution in I; to those in the neighbouring ele-
ments.
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3.3 Relation to finite volume scheme

If the degree is k = 0, then we have only the constant basis function v, = 1, and the
solution is piecewise constant

up(z) = u;, l’€($i_%,l’i+%)
The DG scheme takes the form
dui A~ A~
Axiﬁ + fus, wig1) — flui—1,u;) =0

which is the finite volume scheme. Thus the DG scheme can be considered as a general-
ization of finite volume scheme to higher order of accuracy. In FVM only the cell average
values are updated by the scheme and to achieve higher order accuracy, the solution has
to be reconstructed by piecewise polynomials inside each cell using the cell average values.
In DG schemes, we start with a polynomial solution representation inside each cell and
evolve the entire polynomial forward in time by using the DG scheme.

3.4 Conservation property

Finite volume schemes are conservative which is necessary to compute correct weak solu-
tions. We will now show that DG schemes are also conservative. Let degree k > 0. Take
the test function vy, € th of the form

1 xel;
Vp =
0 otherwise

The DG scheme (17.1) becomes

d . i
i J, de o+ fuy®© = fy 0 =0

1
2

which is a statement of conservation of u in the element I;.
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Chapter 4

Numerical flux

The numerical flux is an important ingredient of the DG scheme. We can make use of the
developments in finite volume methods to compute the numerical flux and there are many
possible schemes for this. In any case, we desire some common properties of the numerical
flux as follows.

4.1 Properties of numerical flux

1. Consistency

flu,u) = f(u)
2. Locally Lipschitz continuous

| f(ag, ba) — flar,b1)| < Lilaz — ay| + La|by — by

3. monotone

f(a,b), increasing in a and decreasing in b, f(1,])

In terms of the derivatives, we can state this property as
0 ad

%f(a’v b) >0, %f(avb) <0

4.2 Riemann solver

One way to obtain a numerical flux is to solve a Riemann problem. To compute the
flux f;, 1, we solve the Riemann problem
2

8 a U(.’L'_ 1 t) T < x‘+l
Qw O1W) g e =ty=] LI Y
or ox u(xH%,t) T > @i

This has a self-similar solution

M%ﬂ:w3<

and the flux across r = z,

T—Z; 1 _
t— T 2 7u(xl+évt)7u(x:_+évt)>

+1 is given by

fi+% = f(wR(O;u(a:i_Jr%,t),u(w;:%,t)) (Godunov flux)

In practice, the Riemann problem is solved approximately.

11
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4.3 Numerical flux: Linear convection equation

The flux is linear f(u) = au where a = constant and the equation is of the form

ou n ou 0
g =
ot ox
The upwind numerical flux is given by
A - ifa>0
) = au ifa >
H ) aut ifa<0

This can also be written as

A 1 _ 1 _
Flumu®) = Sl () + f(@h)] = Slal(u” —u)

/

~
centered flux dissipative flux

The second part of the flux contributes to the numerical dissipation that gives rise to
stability.

4.4 Numerical flux: Non-linear conservation law

Here we list some standard numerical fluxes and the reader must consult the literature on
finite volume schemes for more details.

4.4.1 Godunov flux

This is obtained by exactly solving the Riemann problem. The general formula is

min  f(u), if v <ut
f(u_ u+) _ ) u€lum,ut]
’ max f(u), if w >ut
u€lut,u”]
For convex flux, we can give simpler expression as follows. Let u* be the only sonic point,
i.e., f/(u*) = 0. Then the Godunov flux is given by

f = max{ f(max{u*,u"}), f(min{u*,u"})}

4.4.2 Lax-Friedrich flux

This may be considered as a generalization of the upwind flux formula by using the wave
speed to be Az /At

R 1Az,

o ut) = S w) + fuh)] - 225

2 s A )

4.4.3 Rusanov flux

This flux is also refered to as a local Lax-Friedrich flux and it makes use of a local wave
speed estimate in the dissipative flux

1

f= SF@) + f@h)] = gAwt —u)
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where

A= max |f'(¢)]

ge(uut)

A simple choice, which is exact for convex fluxes, is
A = max{|f'(u”)|, [/ (u)[}

4.4.4 Roe flux

This flux is based on a approximate Riemann solver. The non-linear Riemann problem is
replaced by the linear problem
ou n Aau B
ot or

and the exact solution of this problem gives the flux

0

.1 _ 1 _
f = SU ) + F)] - M@t —u)

where

Sl Cut¥ ]

ut —u~
We have to modify the Roe scheme to satisfy entropy condition.
Remark 4.1. Many of the numerical fluzes have the upwind property in the sense that

if f' > 0 in the Riemann problem, then f(u‘,u*) = f(u~). This is not the case for
Laz-Friedrich and Rusanov flures, which are hence called central fluzes.
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Chapter 5

Stability

5.1 Linear convection equation

Let us consider the linear convection equation
ou ta ou
ot " “ox

The semi-discrete DG scheme is given by

=0 x€(0,1)

8uh 8’Uh o _
g thdl" — /Iz auh%dx + fi+%(t)vh(3:i+%) - fi_
Taking vy = up,
1d

2 a | o, _ 2, 4
Sdq : uhda:f§ [uh(asi+;,t) - Uh(l"i_lat)]

A~

+J?i+%( )Uh< +27t> - fi_%(t)uh(x:__%at) =0

Summing over all the cells, we obtain the energy equation

1d
2dt

N-1
a ~
el +5ud ey, 0) = Fa (s, 6)+ 3 [S1lies = Fras Ondisy
i=1
Qa A~
—§u;21(xN+%,t) + fN+%(t)uh(xN+%at) =0
where the jump term is defined as
_ + -
[[U]]H% = U($i+%) - v(xi_%)

For the upwind numerical flux, which is given by

5 a _ lal
it T 5[“’1(37”%775) + Uh(x;r%7t)] [[Uh]]H,
we can write | |
a. o .
5[[Uh]]i+% - fi+ L (t [[Uh]]z+1 = [[u it+1

so that the energy equation is

1d
Sl 2 s 1) — fy (unCey 1 +Z' w2, -

a
—§u%($w+%,t) + fN+%(t)uh(xN+é7t) =0

15
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5.1.1 Periodic boundary conditions

In this case
= fN+% = f(uh(xN+%7t)7uh(x%7t))

N[

and (5.1) simpifies to

1d |a| 2

where

)

[[uh]]NJr% = uh(a;NJr%) — uh(m%

Integrating over time

Jun(T +ra\2 / [es]?, 4t = s (0) P

This immediately implies that
[un(8)]] < [lun(0)]]

The use of upwind scheme together with discontinuous basis functions leads to L? stability.
If we use the central flux

then we conclude that

and in this case, the energy is conserved, ||up(T")|| = ||un(0)||. The scheme does not have
any dissipation and is neutrally stable. However, the central flux should not be used in
practice since it gives less accurate solutions than the upwind flux and will be unstable
for non-linear problems.

5.1.2 Dirichlet condition

Assume that a > 0. In this case, we can specify boundary conditions only at x = z1 = 0,

N

- u(0,1) = g(t)

We take the numerical flux at the boundaries as

f (t) = ag(t), fAN+%(t) = auh(xN-}-%vt)

1
2

which is an upwind flux. This corresponds to a weak implementation of the boundary
condition since the solution does not satisfy uy(z1,t) = g(t). The energy equation is
2

1d

5 lunll? +

2uh(x1 t) — ag(t)up( w1t —i—fZ[[u 1 + uh(a:N+1,t) 0

The boundary terms can be rearranged as

=

1d La

thH unll” + 5 [()—uh(xé,t)]z 75 Uh]] 1t uh(xN—i-lvt) 0
-1
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Integrating in time, we obtain the energy equation
2 "a
DI+ [ 3 Sla(t) = (o). 0) EM L Syt e

T
= TP+ 5 [ o

The jump terms at the boundary and interior faces lead to dissipation of energy giving
the inequality

a T a T
o (DI < a0+ 5 [ o)t < Ju)? + 5 [ 2)ar

The energy in the numerical solution is bounded by the energy in the exact solution. If
g(t) = 0 then the energy will decrease with time and we have L? stability.

5.2 Non-linear conservation law

Weak solutions of non-linear conservation laws can be non-unique. To obtain a unique
weak solution, we need to impose an entropy condition.

5.2.1 Entropy condition

Let U(u) be a convex entropy function and let F'(u) be an associated entropy flux such
that

Fl(u) = U'(u) f'(u) (5.2)
If » is a smooth solution, then it satisfies the equation

ou 8u

Multiplying throughout by U’(u)

U/(u)%—i—U’(u)f'(u)a—:O = —+ =0

we see that the smooth solution satisfies an additional conservation law. For a discontin-
uous solution, we will demand that it satisfy the entropy inequality

ou OF

— ++—<0

ot  Ox —
in the sense of distributions with equality in smooth regions. Then Kruzkov theory shows
that the weak solution is unique.
Theorem 5.1 (Cell entropy inequality). The solution uy, of the semi-discrete DG scheme
satisfies

% | U(uh)dx + Fz+%(t) — F.

(t) =

for the square entropy U(u) = %u with some consistent numerical entropy fluzx F

3 - +

41
+3
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Proof: Take v, = uy, in the DG scheme

%uhdx /f up) %dx

+ fipa (B <x+2,t>—fi_ (tyun(a”

Define "
- /0 fs)ds = Pl = fu)

Ignoring the constant term F(0) we have F(u) = uf(u) — F(u). Then

0 - Oup, -
R0 ﬂdx = | Flun)Shde = —F(up(a, 1. 1) + F(up(at 1,1)
I Ox i+3 =2
so that the entropy equation becomes
U (up) - ; +
[ o F ) + Flnda 1)
+fi+l(t)uh(x;;7t)_fz'fl(t)uh(x 1at) =0
2 T3 2 2

This can be re-written as

d .

& . U(uh)dl‘—l- +1 = Fi—%+®z’—% =0

with consistent numerical entropy flux

A ~ ~

Fii= —F(up(z, 1))+ fz+%uh($;_%)

and

@z‘—% = *F(Uh@;_%)) + fl@féuh@;%) + F(Uh(l‘:r_%)) - fzféuh($+

71—

)

1
2

Ignoring the suffixes, the quantity © can be written as

O = Fu")—Fu)+u —u)f
— )P - . minfumut) <€ < maxfu, o)
= (u" —u7)(f() - f)

Now assume that u* > ¢ > «~. Then since f is a monotone flux

FE&) =f(&O > fu, &> fu,uh)

and hence © > 0. In the case u™ < £ < u~ we can again show that © > 0. Thus the semi-
discrete DG scheme satisfies the entropy condition for any order of the basis functions
k. O

Remark 5.1. To obtain entropy inequality, we can also use the E-flux condition
(" —u")(f(€) = flu™,u)) >0, V¢ between u™,u*

This condition can be extended to system of conservation laws (Barth).
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Corollary 5.1 (L? stability). For periodic or compactly supported boundary conditions,
the semi-discrete DG scheme satisfies

d
/u%deO
dt Jo

which implies that
lun ()] < lun(0)]] < [[u(0)]]

Proof: Adding the cell entropy inequality from all the cells

N o4 N A
S| Ulunda+ SolF (0 - By 0] <0
i=1 Ii =1

the internal fluxes cancel one another, leading to

1d 9 . .
el s
¥ Quhda}—i-FNJr% F%_O
For periodic case, Fi = FN+;, while for compactly supported case P = FN+; =0, we
2 2 2 2

obtain desired result. O
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Chapter 6

Error estimates

6.1 Error estimate: u; + cu, = 0, semi-discrete scheme

Theorem 2.1 (First L*-error estimate) Suppose that the
initial condition uo belongs to H*1(0,1). Let e be the ap-
prozimation error u — uy. Then we have,

le(T)||L2¢0,1) £ C'|uo |Hk+1(0,1)(Ax)k+l/2’

where C depends solely on k, |c|, and T'.

Theorem 2.2 (Second L*-error estimate) Suppose that
the initial condition uo belongs to H*T2(0,1). Let e be the
approximation error u — up. Then we have,

| e(T) ||L2(0,1) < C'luo |Hk+2(0,1)(Ax)k+1;

where C' depends solely on k, |c|, and T.

(B. Cockburn, Lecture notes on Discontinuous Galerkin methods for convection
dominated problem)

21
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Chapter 7

Basis functions

We have to construct basis functions for V,f for which there are two approaches: nodal
and modal. The DG solution has the form

k
reli:  up(zt) =Y uy(t)gi(x),  dim(VF)=k+1
=0

and we refer to the set of values {u;; : 0 < j < k} as the degrees of freedom or dof
associated with the i’th cell.

7.1 Nodal basis functions
A degree k polynomial is determined by k + 1 values. In the nodal approach, we choose
k + 1 distinct nodes in each cell

wz‘jGIi, 7=0,1,2,...,k

These nodes can be used to define the Lagrange polynomials of degree k& which have the
interpolation property

Gij(za) = dj1, 0<j,1<k
This property implies that

up(245) = wij, 0<j<k

so that the dofs in this case are the solution values at the nodes as shown in figure (7.1).
The location of the k + 1 nodal points x;; can be

e uniformly distributed inside I;

— We may encounter Runge phenomenon for high degree polynomials
— The mass matrix is full and ill-conditioned for large degree k
e based on Gauss-Legendre or Gauss-Lobatto integration points

Once the nodal points are chosen, the basis functions can be obtained from Lagrange
interpolation.

e k = 0: There is only one dof per element which is the cell average value, so the basis
functions are piecewise constant

(ﬁ@o({L’) _ {1 T € IZ

0 otherwise

23
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Figure 7.1: Nodal solution representation

e k=1: There are two dof per element; we can choose the two end points as the

nodes, ;o = Ti 1, Til = gl

T 1o I TT 1 I
¢z‘,0($)={ Ao TEAL ¢i,1(1’)={ Ao T

0 otherwise , 0 otherwise

e k = 2: There are three dof per element; we can choose the end points and the middle
point as the nodes, x;0 = x,_1, T;1 = 24, T;2 = T 1
2 2

(.7} — -Ti,l)(x — .7}7;72) (J} — $i,0)(fﬁ — .7,'7;’2)

. x) = 5 i X)) = )
Pi0(@) (zi0 — ®i1)(Ti0 — Ti2) Pi(@) (zi1 — @) (xi1 — @i2)
i) = & = 50)(z — 7i1)
(w32 — 50)(Ti2 — i1)
e In general: We choose k + 1 distinct nodes {z;0,2;1,..., ik} C L;
() = ( —wig) - (& —wij1)(@ = ijyr) . (2 = @ip)

(Tij —i0) - (ij — Tij—1)(Tij — Tije1) - (Tij — Tig)

7.2 Mapped nodal basis functions

It is efficient to compute the shape functions on a reference cell instead of defining them
in terms of the real coordinate z as we have done until now. Let us map cell I; to [—1, +1]
by

g Lo _1-¢ 1+¢

Choose a set of distinct nodes &g, &1, ..., & € [—1,+1]. The j’th basis function is given by

(€—80) - (E=&-1)(E—E&v1) .- (€ —&k)
(& —60) - (& — &-1)(& — &) -+ (& — &)

¢ij(2) = ¢;(€) =
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Remark 7.1. If nodes are located at the element boundaries, then we have multiple dofs
at the boundary, see Figure (7.1), since the solution is in general discontinuous.

Remark 7.2. The direct evaluation of Lagrange polynomials in the form given above can
be costly and error prone. A better way to compute them is based on barycentric Lagrange
interpolation form.

7.3 Taylor basis functions

Here we do not use nodal basis functions, but use Taylor series to generate the basis
functions. The basis functions are defined in terms of the physical spatial coordinate x.
The cell average value u; is one of the degrees freedom. The other dof are the gradient,
hessian, etc.

Define the moments

1 x—ax;\°
mzss!/h< Az, > dz, s=1,2,...

Then the solution for different degree are taken as follows.
k = 1: Dofs are (u;, s;) and the linear polynomial is

Xr — Xy

At
Axis()

up(x,t) = u;(t) +

Hence the two basis functions are

@_70(@ _ {1 z € l; <Z>i,1(33) _ { A_:cii el

0 otherwise ' 0 otherwise

k = 2: Dofs are (u;, s;,¢;) and the quadratic polynomial is

1 (z—a;\?

(5 _mﬂ] 0
(2

2
(%ﬁ;) — M2 I € L;

otherwise

Xr — Xy

At
MiS()

up(x,t) = u;(t) +

The extra basis function is

dia(z) =

O N

In general, the basis functions are chosen as

1l (z—ux J
. — — M 1 =0,1,2,...
¢z,y($) ,7' ( 2.1‘1 ) ml]7 ] 9 Sy

We thus have following property for the basis functions
/ (]51'70(311‘ = A."L‘i, / d)i’jdl‘ = O, ] = 1, 2, 3, cee
I; 1;

In each case, the first coefficient u; is the cell average of the solution. We have a heirarchical
representation of the solution and the mass matrix is diagonal for k£ < 2. This idea can
be extended to multi-dimensions on arbitrary polygonal elements. It is also possible to
generate an orthogonal set of basis functions using a Gram-Schmidt process.
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7.4 Orthogonal polynomials (Modal approach)

The Legendre polynomials are the solution of Legendre’s differential equation

d
dg[( 5)5 (E)]+n(n+1)Pn(§):0, n=0,1,2,...

The first few polynomials are given by

Py(§) =1 Pi(§) =¢
Py(¢) = %(352 —1) Py(¢) = l(553 — 3¢)
Py(€) = (356" — 3062 +3)  P5(§) = 5(63¢° — 70€3 + 15¢)

These polynomials satisfy the following recurrence relation which is useful for numerical
computation

Pp(§) = < - > EPy—1(8) — ( - ) P, (), n=23,...
A very useful property of these polynomials is that they are mutually orthogonal, i.e.,
JR GG { , 7

Using these polynomials, we can define our basis functions as: 7 =0,1,2,...

y Ti bede = 40 TFL
¢lj() 27 + P <A /2> /quszﬁbzldx—{Awi =1

or equivalently

e = V2 +1P(e), &= A”’

We will need derivatives of basis functions also in the DG scheme, and the derivatives of
Legendre polynomials can be computed from

Fy(§) =0, P& =1 P& =nP1(§)+EP (S

Remark 7.3. In deal.II, the FE_DGP space makes use of these basis functions, but the
reference cell is [0, 1], so that the definitions are
T—x,_ 1

ey = /2] + 1P;(26 — 1), g:ﬁe[e,u

and we have the orthogonality property

1
/I_ GijQadr = sz‘/ \/(2j +1)(20 + 1) P; (26 — 1) (28 — 1)d¢

1

= A [ \/2J+1 )20+ 1) P (§) Pi(€) dg

~J0 ]#l

Remark 7.4. Many authors use the following definition for the basis functions

e o 0 j#l
(ZSZ](:L.) - Pj <A$1/2> ) /[l ¢l]¢1ldx - {2?—?1 j:l




Chapter 8

Implementation in 1-D

The solution inside cell I; is a polynomial of degree k and is of the form
k
t) = Zuil(t)fﬁil(x), xel;
1=0

The semi-discrete DG scheme is given by equation (17.1) where we can take the test
functions to be equal to the basis functions, leading to the system of equations

8Uh ¢z]dl‘ / f (Z)zg dz
I;

+fz+%()¢zj($2_+%) fsz()@J(x:_ ) =0, 0<j<k

The DG scheme requires the computation of some integrals over the cell. In simple cases
like linear advection equation, we can perform these integrations exactly and explicitly but
in general, it is better to use some numerical integration techniques. These are reviewed
in the Appendix (A.1).

8.1 ODE system

Plugging the solution wuy in the DG scheme, the first term is of the form

8uh duzl (4) duil
Oun oude ="M
[ oo = /asjmdx W

The quantities M](lz) form the elements of the mass matrix M®) ¢ RE+HDX(k+1) - Thjg ig
evaluated using a ¢-point quadrature rule as

M;;) = /I ¢ijPadr = Zwiq¢ij($iq)¢il($iq)y 0<j4,l<k
@ q

where {x;,} are the quadrature nodes in element I; and w;, are the corresponding weights.
The remaining terms which we will put on the right hand side are computed as

LW, = [ e = fi 065G+ oy o)
~ Y wigh (un(wig, ))(ﬁij(l’z‘q)—fi+%(t)¢ij($;%)
q
iy i)

27
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Let us put the degrees of freedom associated with I; in a vector
U(l) = [ui’o, ... ,Uiyk]—r (S Rk+1
Then we obtain the following system of ODE for element I;

U (2)

M
dt

= LU )

The mass matrix is obviously symmetric, and it is also positive definite. For any vector
U= [uo, .. .,uk]T € RF+1

k
UT MOy = /1 S weyltde >0, U £0
i §=0

Hence we can invert the mass matrix and write the ODE as

dU @ (t)

2 = MO LW () = ROW D)

We have one such system of ODE from each cell. These equations from different cells are
coupled through the terms involving the numerical flux function.

8.2 Quadrature rules

The quadrature rule must be chosen such that mass matrix is evaluated exactly. Moreover,
in order to achieve the optimal convergence rate, the integral inside the cell must be
computed with a quadrature rule which is exact for polynomials of degree 2k. These
requirements are satisfied by using

e (k + 1)-point Gauss-Legendre quadrature, which is exact for Posq
e (k + 2)-point Gauss-Lobatto-Legendre quadrature, which is exact for Pogyq

The quadrature rules are explained in section (A.1). The elements of the mass matrix can
be computed as

M;;) = /I ¢ijPadr = Zwiq¢ij($iq)¢z‘l($iq), 0<j4l<k
@ q

where

1-¢ 1+¢
Wiqg = §qux,~, Lig = 9 qu% + 9 qu%

and {{;} are the quadrature points in the reference element [—1, +1].

8.3 Modal DG

If we use the orthogonal Legendre basis, then it is convenient to transform to a reference
cell and then derive the equations. The solution has the form

T — I

k k
up = Y uadu(e) = wa@i(€), @€ =V2A+1RE), =
1=0 1=0
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Since

Az doy dédg, 2 dyy / doy /“ dg;

the semi-discrete DG scheme takes the form

Az [T ouy, | +1 dg;
B /1 Esé’jdf— . f(uh)ngf

+ fi+§@j(+1) - fie
The first term can be computed exactly as

Az; [T1 Ouy Az & duy [T du
[ 5.dE = ) i ~ N dé = A ; ]
B /1 ot p;d€ 5 ; dt /_1 @l(‘f)%(f) 3 T at

We get the system of ODE

duij _ @) :
a J

The right hand side is computed using a quadrature rule with N, points

Ax

+1

LOU); = g f(uh)%d{—fi+%¢j(+1)+ﬂ_%¢j(—1)
Ng—1 ) X
~ Y wof (€)@ (6) = far@i(+1) + fii1gi(=1)
q=0

and if f(u) is non-linear, then the quadrature is not exact. The last sum for the quadrature
can be computed as a dot product of two vectors

{f(un(&e)) g and {Wq(’b; (€a)}q

or as a matrix-vector product if we compute all terms in one step

I Flun)hde f(un(&o))
. _g. .

JHE Fun) @) de Flun(En,—1))
where the matrix S is defined as
Sjg = wg@j(&y), 0<j<k, 0<g<N,—1

The solution at the quadrature points are given by

k
un(&q) :Z“ij‘ﬁj(gq)» 0<g<Ng—1
=0

This can be written as a matrix vector product

up(§o) ui0
) V.

up(En,—1) Uj &
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where V' is the Vandermonde matrix of size N, x (k + 1), whose elements are given by
Vi =@i(&), 0<q¢<N;—1, 0<j<k

Thus, all the computations involving basis functions and their quadrature can be per-
formed on the reference cell which is common to all the cells. We can write the right hand
side vector as

L0 — S[f]q—fi+%b++fi_%b_

where [f], is vector of flux values at the N, quadrature points and the vectors b* are
defined as

by =¢(£1),  0<j<k

Numerical flux To compute the numerical flux f; 1 we require the solution from the
2

i’th and (i + 1)’th cell evaluated at the face z; 1. These are given by
2
k A k |
j= =

+1).

Then the numerical flux is obtained from some Riemann solver f, 1 = f(u. ,,u;
l+2 7/"1‘5’ Z+§

8.4 Setting the initial condition

Suppose the initial condition is
u(z,0) = up(z)

We have to set the initial condition ug(x) onto the finite element function wuy,(z).

e Modal basis: Do an L? projection, i.e.,

min/ (up(x,0) —uo(x))2dx Wrt U0, Ui, Uik
I

2

The first order optimality condition is

/(uh(:c,O)—uo(x))de:(), 1=0,1,2,...,k
dug Jr,

— / uhd)ild:c:/ ’U,()(Z)Z'ldx, 1=0,1,2,...,k
I; I;

Using the orthogonality of the basis functions, and a quadrature rule for the right
hand side, we get

uygAr; = Z uo(Zig) Pit(Tig)wiq
q

which determines the dofs of the initial solution. This can also be written on reference
cell as

1 .
wi = 5 qum(m@w(@)wm [=0,1,....k
e Nodal basis: We can interpolate initial condition
ui;(0) = up (245, 0) = uo(xi))

Alternately, we can also set the initial condition by performing an L? projection.
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8.5 Boundary condition

We can specify Dirichlet boundary condition at some boundary point if the characteristics
are entering the domain (inflow boundary) at that point. For example, at x = 0 if f’ > 0,
then we can specify the boundary condition on u. In general let us take the boundary
conditions

u(0,t) = a(t), u(1,t) = b(t)

The boundary conditions are incorporated in the DG scheme via the boundary fluxes
£ = Fa®)un0%0), s (8) = Flun(17,1),b(1))

In case of periodic boundaries, the fluxes at the boundary are computed as

s () = flunoy o0, un(@T0), g (0 = flun(ay oo t) un(@f, 1)

8.6 Strong stability preserving RK schemes

Consider an ODE of the form
1t ( ’ )

A standard method to solve ODEs is the Runge-Kutta method. We will consider the
strong stability preserving RK schemes, examples of which are given below.

o l-stage, 1-st order RK (forward Euler)

Ut = U + At R(U™, t,,)
e 2-stage, 2-nd order RK
UM = U+ At R(U™,t,)
1 1
Urtt = U+ §[U(1) + At RUW t, 4+ At)]
e 3-stage, 3-rd order RK

Ul = U™+ At R(U",t,)

U® _ %Un . %[UU) + At RUD, t, + At)]
U = U4 S0P 4 A RU, b+ JA0)

e 4-stage, 3-rd order RK

v = U”+§R(U”,tn)

2
v® = y®4 %R(U(l), tn + 1A
u® = %U" + %[U@) + %R(U@), tn + At)]

At
n+1 3 3
Uttt = U® 4 > RUW t, + LA
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e 5H-stage, 4-th order RK

UN = U™+ e AtR(UM)

U@ = enU" + caaUW + ez AtR(UW)

U = U + c5U® + ez AtR(UP)

U(4) = cyU"+ C42U(3) + C43AtR(U(3))
)

U = 51U 45U + 55U + At[esa RUP) + 55 RUM)]
where the constants are
c11 = 0.391752226571890
co1 = 0.444370493651235, c20 = 1.0 — 21, co3 = 0.368410593050371
c31 = 0.620101851488403, c32 = 1.0 — 31, ¢33 = 0.251891774271694
cq1 = 0.178079954393132, 42 = 1.0 — 41, c¢y43 = 0.544974750228521
cs1 = 0.517231671970585, c52 = 0.096059710526147, c53 = 1.0 — (51 + ¢52)
¢4 = 0.063692468666290, c55 = 0.226007483236906

Remark 8.1. The SSP property requires positivity of all the coefficients. There is no
4-stage, 4-th order SSPRK scheme with positive coefficients. We need atleast 5-stages for
the fourth order SSPRK [16], [13] to have all positive coefficients.

Lemma 8.1 (SSP Runge-Kutta). If the forward Euler scheme is stable in some norm and
under some time step condition, i.e.,

At < Atpp(U) = U+ At R(U)| < [IU]

then the SSPRK scheme is stable under a CFL condition At < aAtrpg. For the second
and third order schemes, a = 1. The 4-stage, third order method has o = 2. The 5-stage,
4-th order method has o = 1.508.

Proof: Let us show this for the 2-stage scheme. Since the forward Euler scheme is stable
if At < Atpg, and as first stage resembles a forward Euler scheme, we get

|o®|| = 1w+ at mE™ < U7

For the second stage, we apply triangle inequality
1 1 1 1
Jomt) < S0+ 5 [0 + At RED)| < S 107+ 5 [o®] < o

since the second term has the form of a forward Euler scheme. O

Remark 8.2. The allowed time step Atpg depends on the current solution. The above
proof is correct provided

At < min{Atpp(U™), Atpp(UM)}

But we do not know UM at the beginning of the time step. In practice, we can put a
margin of safety and choose the time step as At = 0.95Atpp(U™) for example, which
usually works in practice. If it turns out after the first stage, that the At we have chosen
18 larger than AtpE(U(l)), then we can reduce it further and restart the time step from the
first stage.
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8.7 Storage requirements

The above SSPRK scheme require storage for three vectors,
o UM
e current stage solution U ()
e Residual R

We anyway need to store U™, U™t and we can use U1 to also store the intermediate
stage solutions. Here is a pseudo algorithm to perform one time step of the 2-stage, 2-nd
order method.

uold = u

// First stage

R = residual(u, t)

u = uold + dt * R

// Second stage

R = residual (u, t+dt)

u = 0.5%xuold + 0.5%x(u + dt * R)

This shows that we need to store the vectors uold, u, R. The 5-stage, 4-th order SSPRK
scheme requires more storage.

8.8 Classical RK

The classical 4-stage, 4-th order RK scheme is not SSP. It is given by

ki = R(U"t,)
ke = R(U"+ 3At ki, t, + $At)
ks = R(U"+ $At ko, t, + 5AL)

ki = R(U"+ At ks, t, + At)

At
yrtl — pn 4 ?(kl + 2ko + 2k3 + k4)

A pseudo algorithm is of the following form.

uold = u

k1 = residual(u,t)

u = uold + 0.5*xdtxkil

k2 = residual(u,t+0.5%dt)

u = uold + 0.5xdtxk2

k3 = residual(u,t+0.5%dt)

u = uold + dt*k3

k4 = residual(u,t+dt)

u = uold + (dt/6)*(kl + 2xk2 + 2xk3 + k4)

The above algorithm requires storage for six vectors: uold, u, k1, k2, k3, k4. We can
reduce the storage to four vectors by rewriting the algorithm in the following way.
uold = u

utmp = u
k = residual(u,t)
u = uold + 0.5xdtxk

utmpt+= (dt/6)xk
k = residual (u,t+0.5%dt)
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Table 2.3. CFL Numbers for RKDG Methods of Order £+ 1

k 0 1 2
CFLqpy 1 1/2 1/2
CFL,: 1 1/3 1/5

uold + 0.5xdtxk
utmpt+= (dt/3)xk

<]
I

k = residual (u,t+0.5%dt)
u = uold + dtxk

utmpt+= (dt/3)xk

k = residual (u,t+dt)

u = utmp + (dt/6)xk

This requires storage for the vectors: uwold, u, utmp, k.

8.9 CFL condition

Explicit time integration schemes are stable only under a restriction on the time step
At. For k = 0, the DG scheme with an upwind flux is identical to upwind finite volume
scheme which is L? stable under CFL number of one. For k > 1, the forward Euler scheme
(RK1) is known to be unconditionally unstable in L? (Chavent and Cockburn, 1989) if the
CFL number is of order unity. It is L? stable for finite time intervals if the CFL number
is O (h1/2) which means that At = O (h3/2), which is very restrictive. For DG space
discretizations using polynomials of degree k, and a (k + 1)-stage RK method of order
k + 1, a Von-Neumann stability analysis for the one-dimensional linear case

fu) = cu
with upwind flux gives the CFL condition
At 1
el <
Azx ~ 2k+1

Theoretical proof of this is available only for £ = 0,1,2. For k > 3 the above condition
is close to the numerically determined values of CFL numbers. In a later chapter we
will perform Fourier stability analysis to obtain the precise CFL numbers for different
combination of polynomial degree and RK scheme.

Remark 8.3. The CFL number for SSPRK scheme to be TVDM is higher than that
required for L? stability. However, to control round-off errors, the smaller CFL condition
from L? stability has to be used in practical computations.

8.10 Algorithm

Let us now summarize the main steps in the DG scheme.
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Compute and store the mass matrix if needed.
e Determine u?L from initial condition ug by an L?-projection or interpolation

Set time counter t =0

Forn=20,1,...

Compute time step At from CFL condition
Set uZ’O =u}
RK stages: For r=0,1,..., Nt — 1

* Compute right hand side Ly (u;™")
* Update solution to next RK stage

n,r n,r+1
Uy, — Uy,

— Increment time counter t =t + At

8.11 Numerical example

Let us apply the DG scheme to linear and non-linear problems with smooth and discon-
tinuous initial conditions. A set of Python codes are available at

http://github.com/cpraveen/fembook/tree/master/dgld/scalar

You can see the available command line arguments
$ python3 ./dg.py —h

This code uses the three stage, third order SSPRK scheme. The time step is chosen as

Ax

At = O e [P/

Let us try some examples using the Python code.

1. Linear advection: smooth solution
$ python3 ./dg.py —pde linear —ic sin2pi —ncell 50 —degree 1
$ python3 ./dg.py —pde linear —ic sin2pi —ncell 10 —degree 3

2. Linear advection: smooth solution
$ python3 ./dg.py —pde linear —ic gauss —ncell 10 —degree 3
$ python3 ./dg.py —pde linear —ic gauss —ncell 20 —degree 3

3. Linear advection with varying speed, smooth solution: This corresponds to Exam-
ple 5.3 in [8].
$ python3 ./dg.py —pde varadv —ic sindpi —Tf 10.5 —ncell 5 \
—degree 16 —cfl 0.5 —plot_freq 10

We have to reduce the CFL since we use a third order SSPRK scheme. Compare
the solution at final time with Fig. (5.1) in [8].

4. Linear advection, discontinuous solution
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$ python3 ./dg.py —pde linear —ic hat —degree 1 —ncell 52

$ python3 ./dg.py —pde linear —ic hat —degree 2 —ncell 52

$ python3 ./dg.py —pde linear —ic hat —degree 2 —ncell 100 \
—plot_freq 10

5. Burgers equation
$ python3 ./dg.py —pde burger —ic sin2pi —degree 1 —ncell 50

Change the initial condition to 1 + sin(27wz) and try above scheme again.

$ python3 ./dg.py —pde burger —ic sin2pi —degree 2 —ncell 50

$ python3 ./dg.py —pde burger —ic sin2pi —degree 2 —ncell 100 \
—plot_freq 10

Codes based on the deal.II library are available here

http://bitbucket.org/cpraveen/deal_ii/src/master/dg/1d_scalar_legendre
http://bitbucket.org/cpraveen/deal_ii/src/master/dg/1d_burger_legendre

e Linear convection equation: smooth initial condition with periodic boundary condi-
tions
u(z,0) = sin(7x), x € [—1,41]

Running the code will simulate this problem. We can perform grid convergence
study by setting

param.nstep = 5;

param.output_step = 10;

Run the code and generate error.pdf file from error.tex file.

e Linear convection equation: continuous initial condition with periodic boundary

conditions
14 2z, —% <x<0
u(xz,0) =<1 — 2z, nggé , x € [—1,41]
0, otherwise

e Linear convection equation: discontinuous initial condition with periodic boundary
conditions

1, <1
u(z,0) = l<1 4
0, otherwise

e Burgers equation: smooth initial condition

u(z,0) = sin(27z), z € [0,1]

8.12 Nodal DG scheme

When using nodal basis functions, certain simplifications can be made which improve the
computational efficiency. The solution in the cell I; is represented as

k k
up = Y uadu() = uili(§)
1=0 1=0


http://bitbucket.org/cpraveen/deal_ii/src/master/dg/1d_scalar_legendre
http://bitbucket.org/cpraveen/deal_ii/src/master/dg/1d_burger_legendre
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where u;; = up (&) are solution values at certain k + 1 distinct nodes inside the cell which
will be taken from a quadrature rule. The DG scheme can be written as

0 i
) Uh@] / f ¢jdx
+f¢+%( )¢ij(93;+%)—ﬂfé(t)éf)ij(lf:r_%)20, 0<j<k

We will now approximate the flux with the same basis functions

k
= flua)pu(x Zf u) (€
1=0

i.e., we are interpolating the flux at the solution points. The actual computations are best
performed on a reference cell.

8.12.1 Weak form DG
Using the projected flux in the weak formulation and transforming to reference cell, we
get
Ax; ouyp, ot
- —{;d ’d
o S G
T hy s G — f (-1 =0, 0<j<k

We will now use the nodes used to define the solution to perform the integrals.

Bk 5 2 Z &) G €N

q=0

+]2+ L (8)(+1) = f,_1(0)4;(=1) =0

MM—‘

Since £;(&,) = 04 and
k
§q - Zf uzl el fq f(uzq)
1=0

the DG scheme reduces to

Az;  du,
2:6 Wy (’;Ltj Zf Zq dg (§Q)wq+fz+ () <+1) f

(£)¢5(=1) =0

w\»—-

This can be written in matrix-vector form as
Az; AU
T; v

2 de

where M is diagonal matrix containing the quadrature weigths, D is differentiation matrix
with components

~D'MTFO 4 f 1bT —f,_1b” =0
2 2

DqJ—Tf(gq) 0<q,j<k
and the vectors b* are given by
by =4(£1),  0<j<k

For actual computer implementation, we can define the stiffness matrix S = DT M " whose

elements are given by
d/;

jq — dg (§Q)MQ7 OS],QSI{?
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8.12.2 Strong form DG

Performing another integration by parts in the second term we get

3uh Of (un) ,
| ot | 5

+[fi+%(t) Flun(ez 1)) (27, 1)
= [fii1(t) - f(uh(xi,%))]@j(xif%) =0, 0<j<k

S

1M

and using the projected flux approximation in the DG scheme to get
A:L’Z' 8uh£ df +1 (9fh
2 ), Ot o¢
[Fops () = FulH1)E (1)
—[fii®) = A(-DIG(-D) =0, 0<j<k

Zhpde

1
2

We will also approximate the two cell integrals using the solution nodes as the quadrature
nodes. Then we get

Ax; du” ofn
2 Tt T e

2 (&) + s () = fu(+ 1)1 (+1)
—fict(®) = fu(=D)G(=1) =0,  0<j<k

This looks like a collocation scheme with some coupling terms coming from the numerical
fluxes at the cell faces. The derivative of the flux can be computed as a matrix-vector
product

Afn
{Fee} =D e
where the differentiation matrix D is of size (k+ 1) x (k+ 1) and given by

a4

D
q = d§

We can write the scheme in compact form

Az ()
T; MdU
2 dt

+ MDF® — [fl;%(t) — fa(=D)b™ + [fH%(t) — f(+DpT =0

where M is diagonal matrix with quadrature weights on the diagonal and the vectors b*
are given by

br=Li(£1), 0<j<k

Gauss-Lobatto nodes In this case §g = —1 and &, = +1 so that
G-1) =1, G(-1)=0, 1<j<hk

lp(+1) =1, Ej(—i-l) =0, 0<57<k-1
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and the set of equations becomes

Ax; dugg ofn 1 f _ — =
2 dt 765(_1)_ wo[ -3 Il =0
Ax; duij Ofn = <J<
2 dt 785(&') =0, 1<j<k-1

Aa:i duik 8fh 1 4 .
AT R ISTORFAC Ry

The coupling terms are present only in the first and last equations which correspond to
solution nodes located at the boundaries of the cell.

Remark 8.4. Since we used the same nodes for quadrature as are used to define the
solution, we directly have access to the solution values at the quadrature points. This was
not the case when we used orthogonal polynomials; there we have to evaluate the solution
at the quadrature points by computing the sum over all basis functions. This adds to the
computational cost expecially when we go to three dimensional. Some optimizations can
be performed to evaluate the sums more efficiently using factorization techniques.

Remark 8.5. Because of the choice of the same nodes to represent the solution and to
perform the quadrature, the quadrature sums become simplified and essentially dissapear
from the scheme. For this reason, such schemes are also said to be quadrature-free.

Remark 8.6. The efficient computation of Lagrange polynomials and their derivatives is
explained in the Appendizx.

8.12.3 Numerical fluxes

The numerical flux fl 41 is computed using your favourite Riemann solver. One approach
2

is to first evaluate the two states on either side of the face and pass them to the Riemann

solver to compute the flux

it T f(uh(fﬂ;_%)’uh(x;_%))

Note that the state uh(ﬂlc;r ;) is obtained using the polynomial in cell I; and uy, (1‘;:_ ,) is
2

obtained using the polynomial in cell I;

k k

uh(m;%) = Zuidﬂj(-f-l) =bt. U(l), uh(ﬂ?;:%) = Zui+17j€j(_1) =b Uity
§=0 §=0

If we use GLL nodes, then this simplifies to

) =ik, up(e

H%) = Ui+1,0
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Chapter 9

Limiters and TVD property

When the solution is discontinuous or has large gradients, the higher order DG scheme
produces oscillatory solution. This situation is similar to high order finite volume schemes
and is related to loss of TVD property. The oscillatory numerical solution has more total
variation than the initial condition. In the case of finite volume schemes, this problem
is resolved by reducing the slope of the reconstructed solution by appropriate limiter
functions so that the scheme becomes TVD. In DG schemes we do not have to perform
any reconstruction since we have a polynomial inside each cell. But we can borrow the
limiter idea and reduce the slope of the solution in each cell to achieve TVD property.
The approach we will take is to construct a limiter so that the DG scheme with forward
Euler discretization is TVD. The use of an SSPRK scheme then automatically gives TVD
property for higher order versions of the DG scheme.

9.1 Limiter for DG scheme

Consider the forward Euler time discretization, i.e., find wZH such that
wi Tt — ov p ;
h h _ n h n - _ fn + _
J, e = [ DGR ) - A ) =0

The solution wﬁ“ may be oscillatory. We will treat this as a provisional solution and

limit it to obtain the solution at the next time step
uptt = AL, (w) )

We require that the limiter AIl,() satisfy some basic properties as follows.
Properties of AIl,(+)

1. It should not change the cell average value.
2. It should not affect the accuracy in smooth regions.

Define the cell average value

1
U; = Az /] updx

3

the forward and backward differences

Uizuh(ﬂﬁiJr;)—ﬂi, U = U — up(x
2

41
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AL = Uigp1 — Uy, A_u; = Uy — Uiy

For k = 1 we have 4; = @;. We cannot modify the cell average value but we can modify
the slopes

@z(m) = m(t;, Ay i, A1), ﬂgm) = m(ii, ApUi, A_1i;)

where m is the minmod function

smin(|ail,...,|a]) s =sign(a1)=...=sign(a)
m(ay,...,a) =

0 otherwise

If all arguments have same sign, the minmod function returns the one with smallest
magnitude, otherwise it returns zero. The trace values are recomputed using the limited

slopes
(m)

m —_ — ~(m m — ~
R
2 2
For k = 1, we have ﬁgm) = agm). The effect of the limiter is to reduce the slope of the
0.751 b
\
\
\
\
0.5+ \
\
\
\
0.251
\
\
\
\
or \
\ |
\
\
-0.251
0.075 0.1 0.125 0.15

Figure 9.1: Effect of applying TVD limiter is to reduce the slope of the solution so that it
is less oscillatory

solution in case it is larger than the finite difference slope of the cell average values as
shown in figure (9.1). If the cell averages are monotone around cell 4, then the limited
linear polynomial satisfies
min{ai_l,ﬁiH} < uém) (Jf) < max{ﬂi_l,ﬁiﬂ}, el

For k£ = 0,1, 2, this procedure uniquely determines a new polynomial of degree k. For
k =1, let us denote the limited function by AII} (up). For k > 3 there is more freedom
since the cell average and the two trace values do not completely determine the polynomial.
One approach is to determine the remaining dofs by an L? projection. A more simple
approach that works well in practice is the following.

1. If the limiter does not modify the trace values, i.e.,

) and ugm) (x7 1) =up(z 1)

then take ugzm) =uy, for x € I.
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2. Otherwise, let uj € P1(I;) be the L? projection of uy|s,. Take uh )\1 = AIL} (u}).

If the DG solution has been processed by the above limiter, then we can prove a TVD
property. Let us first recall Harten’s sufficient conditions for a finite volume scheme to be
total variation diminishing.

Lemma 9.1. (Harten) If a scheme can be written as
41 _ _ _
al ™t =al + CZF%A+U? - DZ%A_U
Assume that boundary conditions are periodic or compactly supported. If

Cl+%>0 D, %>0 Ci+%+Di+1§1

2

then the scheme is TVD
TV(uj™) < TV(u)

where the total variation is defined as
up) =y |A
i

Proof: Take the update equation at 7 and 7 + 1

—n+1 _

Uy = Ut C 3A+Uz+1 D; +1A Uit 1
—n+1 _

u; = u +C’i+%A+ui A

and subtracting them yields
—n+l1 _ _ _ _ _
Avu™ = Aju + C:+%A+U?+1 — D AT — CL AUy + DY L AT

1
= A+'L_LG + Cn §A+ﬂzn+1 — D?_'_lA_i_?TL? — C 1 A+u + D 1 A+’U,Z 1

= (1-C;

z—}—%_ )A+'LL +C 3A+uz+1+D 1A+uz 1

Applying triangle inequality and noting that all the coefficients are positive according to
our assumption

Acart < (1-C

il — Dipn)lAval ]+ C:+%!A+ﬂ?+1| + D?_%\A+ﬂ?—1’

Summing over all cells, all the terms on the right cancel except the first one, yielding
S lasart < 3 jagay
i i

which proves the lemma. O

Remark 9.1. Consider the first order upwind finite volume scheme for u; + au, = 0
which is identical to the DG scheme for degree k = 0. This scheme can be written in the
incremental form with

At |a| —a At la| + a
b= ar 2 0 PiTAs o
The coefficients and the condition
la|At
Ci+% +Di+§ ~ Az =1

leads to the CFL condition.
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Definition 9.1 (TVM). For DG solution uyp, let us define the total variation of the
means by

TVM(uy) = 3 A1

We will show that the TVM does not increase with time if the limiter is applied. For
this we make use of the monotone flux property. Since f(u,v) is increasing function of u
and decreasing function of v, we have

f(aﬂb)_f(c7b)20 f(a,b)—f(a,c)

a—c b—c

<0

We can bound the above ratios as follows. Since

~ A

fla,b) — f(e,b) 9
R0 S fen.  gellao
we have R R
f(a7b)_f(cvb) 9 _
N A
Similarly ) R
7b B ) 9 2
fla l))_f(a c) :_%f(a’n)’ n e I(b,c)
so that R R
f(a,b) — f(a,c) 3 _.
AR < s [ fen)] = 120

Theorem 9.1. For periodic or compactly supported boundary conditions, the DG scheme
with the minmod limiter is TVD in the means, i.e.,

TVM(uth) < TVM(u})

Proof: Taking vy, = 1 for z € I;

) - At
w; = U — )\i[fzur% - fi_%]a Ai = Ar.

A~ A~

= U — N[f (@i + Ui, Uig1 — Uig1) — f(Qim1 + U1, U — U5)]

We can write this in incremental form with

~ N

Fl; + iy Wi — Gig1) — f(U + G, w3 — ;)

Z"r% ? A+ﬂz

Do 1=\ F + g, w5 — 05) — f(1 + U1, T — )
im0 A_a
—Ujg

Rewrite the coefficient

where A A

s f(u U, U — Ui1) — f(
(Uit — Uig1) — (U — W) B
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Since uj has been pre-processed by the minmod limiter, we have

U U U Uj
1+1 S 1’ 0< 7 S 1 — 1 i+1 + 1 <9

0< _
JANIRH Ay JANIRH Aiu; —

and hence
and similarly

If the time step satisfies the condition

CiJr% + DiJr% = 2(>\iL2 + )\i—i-lLl) <1 or At <

Aziy Ax;
then from Hartens’s Lemma, we have
TVM(wp ™) < TVM(uj!)

We now apply the limiter to obtain uzﬂ = AHh(wZH), and we know that UZH and wy

have the same cell average values. Hence

+1

TVM(up ™) = TVM(w ) < TVM(u})
which proves the theorem. O

Remark 9.2. In the case of linear convection equation and upwind flur, we have Ly =
$(lal +a), Ly = 3(|la| — a) so that the time step on a uniform mesh should satisfy the

L. la| At 1
condition A <5

Remark 9.3. On non-uniform grids, we can define the limiter as

- (m) i A+ A
ui = szm 1 71

Az 5(Am; + Azig) 3(Azi + Azig)
iLEm) — szm i 1 A+Ui ' 1 A_Ui

Az 5(Am; + Azig) 3(Azi + Azig)

The factor in C; 1 is
2

1 Wit + U <14 Az + Azip
JANIRTY Ara; — 2Ax;
and in DH% 18
1 ; Uil <14 Az; + Ariq
Aty A_tipr 2Az41

The CFL condition s

< <1 4 ATt ATi A“i“) ML+ (1 4 ATt AT A‘““) Neprla < 1

G QA.T,'Z 2A.Ti+1

i+ + D,

i+

N |=
N[
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9.2 Limiters: Implementation

Degree k = 1: Let us write the solution in terms of Taylor or Legendre basis

Note that “h(x;r;) = u; + s; and uh(x:r_l) = u; — s;. We limit the slope with the minmod
2 2

(m)

S5

function
= minmod (Si, U; — Ui—1, Uj41 — ﬂl)

The limited solution is

AH}L(’LL]—L) = Uu; + (l’ — :L‘Z> Sz(m)

Degree k > 1: Let us write the solution in terms of Taylor or Legendre basis

Up = Ui + <x1—$Z> si + HOT

§A$Z

We obtain a limited slope
(m)

S

S minmod (Si, Ui — Ui—1, Uit1 — ﬂz)

If ng) = s; then
ATy (up) = up € Py
else

_ 5 L= Zi) (m)
AHh(“h) = U; + <;A$Z> s, €y

Remark 9.4. If we use the Legendre polynomials to form the basis functions as ¢;(§) =
V2] + 1P;(§) which is used in deal.II, then the linear solution is of the form

thﬂi+\/§<x_xi>si

1

The limited slope is given by

1
(m) _ —minmod (\/gsi, Wy — Uj—1, Uit 1 — ﬂz)

87, \/g
9.3 Numerical example

Discontinuous solution and smooth solution

’ Numerical example ‘

If the solution in cell I; has an extremum, see figure (xxx), then the slope in the cell
has a different sign compared to A_u;, Ayu; and the limiter returns zero slope. The
limited solution becomes constant and equal to the cell average value. Thus there is loss
of accuracy at smooth extrema due to TVD limiter. We have to modify the limiter so
that it does not change the solution at smooth extrema.
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9.4 TVB Limiter

In smooth regions of the solution, the differences inside the cell are
1 1
Uy = §um(asl)A:L‘Z + O (h2) , U; = §uz(x2)sz +0 (hQ)
while the differences of cell averages are

1
A_:,_ﬂi = iux(.%'zxAl'z + Aac,-H) + O (hQ)

A_u; = %ux({L’ZXAl'Z + Ax,-_l) +O (h2)

If the solution is smooth and monotone around I;, and since the O (hQ) term is small, all
the above quantities have the same sign, so that the limiter yields

Since the solution is not modified by the limiter, we obtain the full accuracy of the scheme.
However, if there is a smooth extremum in cell I;, then u,(z;) =~ 0 and the sign is deter-
mined by the second derivative. If M is the magnitude of the second derivative at smooth
extrema, then u; = O (M h2). This motivates the definition of the TVB limiter function
as
~ aj if ‘CL1| S M h2
m(a,ag,...,a;) = )
m(ay,asg,...,a;) otherwise

If we are near a smooth extremum, the TVB limiter returns the original slope and the
solution is not modified in that cell. With the above limiter, the scheme is no longer
TVDM and the TVM can increase. However this violation is small and of the other of the
mesh size.

Lemma 9.2 (TVB property). With the TVB limiter, if the CFL condition

1
At ——— Y
2( Ly Lz)
Axiq1 Ax;

1s satisfied, then
TVM(utt) < TVM(uy) + CMh
Proof: See [6]

Remark 9.5. If we are interested in the solution in a finite time interval [0,T], then the
TVB limiter ensures that

TVM(up) < TV(ug) + CMT, VnAt<T
so that the numerical solutions have bounded variation. This is sufficient to prove conver-
gence to a weak solution.

Remark 9.6. The quantity M is an estimate of the second derivative of the solution at
smooth extrema. This can be based on the initial condition, e.g.,

M = max{Juf(z)] : uf(x) = 0}

Ideally M should be estimated from the numerical solution but there is no reliable way to
do this. The solution may have several extrema with different magnitude of the second
derivatives. In practice people choose the value of M by some trial and error. But this is
still a weak point of the TVB limiter.

Numerical example ‘
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9.5 Algorithm

The DG scheme together with the TVD/TVB limiter is as follows.
e Compute and store the mass matrix

e Determine w?L from initial condition uy by an L2-projection

Find uY from w) by applying the limiter, u) = AIl,(w?)

Forn=0,1,...

— Compute time step from CFL condition
— Set uZ’O =u}
— RK stages: For r =0,1,..., Ny — 1

+ Compute right hand side Ly (u;™")

* Update solution to next RK stage

n,r n,r+1
Up, — Wy,

* Apply limiter
uj, " = ATl ()
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Fourier analysis

We will perform Fourier stability analysis of the DG scheme applied to the linear advection
equation
ut + auy, =0, a>0

We first derive the semi-discrete equations in matrix form, then apply a time integration
scheme to obtain the fully discrete scheme. Finally, we plug in one Fourier mode and
derive the amplification matrix. An examination of the eigenvalues of the amplification
matrix yields the CFL condition.

10.1 Semi-discrete scheme

Let us take a uniform grid of size Az and approximate the solution in cell I; in terms of
some modal basis functions

N
veli:  up=Y ugd§), —1<E<H1
1=0

which is a polynomial of degree N > 0. Then, using the upwind flux, the semi-discrete
DG scheme is given by: for j =0,1,2,..., N

Az [T Ouy, . 4o, . NN
<5 /|, ﬁgojdg = a/l uhd—gdﬁ + auh(xiié)gpj(—l) - auh(xH%)goj(—i-l)

Define . »
1 dp;
My == piprd A= L pd
i 2/_1%@55, i /_1 dgsﬁzé
By = i(—Dau(+1), B = ¢y(+1)@i(+1)
Then the semi-discrete scheme can be written as an ODE system

du; _ a
dt Az

M (A’LLZ + Bfu,-_l - BJF’U,Z)

where
_ T N+1
uwi = [wio, i1, ..., win] €R

We assume that the modal coeflicients have a Fourier representation, so that
ui(t) = U(t)e'*i

49
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where U € RV*! is the vector of Fourier amplitudes which depends on the wavenumber
k. Then the semi-discrete scheme takes the form
dU  a
dt Az

M-YA+eikAzp- _ ghypy— 4
(A+e WU Aa:CU

where '
C=MYA+ekAzg= _ pt)

isa (N +1) x (N + 1) matrix. Since we use orthogonal polynomials, the mass matrix M
is diagonal and equal to identity matrix with appropriate choice of basis functions, i.e.,

$j(&) = /27 + 1P;(8).

10.2 Dissipation and dispersion property

Assume that the Fourier amplitude is of the form U(t) = U exp(—iwt) and consider the
eigenvalue problem

. . A Az - « A

Lol =il — cU=-i"220 =00, =922
Az a a

The eigenvalue 2 which could be complex depends on kAx since the matrix C depends

on kAx. The exact dispersion relation is w = ak. Define

_ kAx
N +1
The wave number k is related to the wavelength A by k = 27/ so that
_2m Az 2m B A
TN+l p PTwivTy

Note that h/(N + 1) is the effective spacing and p is the points per wave-length. The
minimum value of p is 2 in order to be able to identify a wave and K € [0,7] while
kAz € [0,(N + 1)m]. We obtain N + 1 eigenvalues but only one of them corresponds
to the physically correct mode while the remaining modes are parasitic modes. For the
case N = 2, Figure (10.1) shows all three modes. The imaginary part of (2 represents
dissipation and note that it is negative for all modes indicating the stability of the DG
scheme. The physical mode is the only one with zero dissipation at zero wavenumber
and all the parasitic modes are heavily damped at the smaller wavenumbers, which are
the ones which are well resolved on the mesh. The real part of 2 gives rise to phase
errors. Figure (10.2) shows the real and imaginary parts of € for the physical mode at
various orders of approximation. With increasing degree, the scheme becomes accurate
over increasing range of wavenumbers. For more information, see [10], [9], [1].

10.3 Time integration schemes

The forward Euler scheme is given by

vt = (I +vC)U" =GU", G:=I+vC, V= %A;

The 2-stage, 2-nd order SSPRK scheme is

1 1
Ul =Gun, yntl = §U” + 5GUl
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Dispersion: All modes, Degree, N = 2 Dissipation: All modes, Degree, N = 2

- w
\
\
Qi/(N +1)
| | | | | |
O A i s i =
o wu o w o w o

|
w
o

|
g
<)

0.0 02 0.4 06 0.8 1.0 0.0 0.2 04 06 08 1.0
Kin K/

Figure 10.1: Real and imaginary parts of eigenvalues for N = 2. The physical mode is in
green.
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Figure 10.2: Real and imaginary parts of eigenvalues of physical mode for various degree N.
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so that combining both steps, we get
1
(7n+1 _ 5[[ GQ]lﬂL

The 3-stage, 3-rd order SSPRK scheme is
3
4

and combining all the steps we obtain

Ut=GU", U= U"+iGU1, gt = Ly 2ape

3 3

1.1, 1
Ut = (31 +5G+ 6G3> un

The 4-stage, 3-rd order SSPRK scheme is (now G =1 + %I/C)
2 1
Ul=GU", U*=GU', UP=U"+ GUY, U™ =GU?
and combining all the steps, we get
2 1
Urtt = (G + G U"
<3 * 3
The 5-stage, 4-th order SSPRK scheme can be written as

yrtl = (c51G2 + G5G3 + GgGy)U™

where
Gi =1+ c1vC, Go = co1l + (6221 + ngl/C)Gl
Gs =ca31l + (ng] + ngl/C)GQ, Gy =cnl + (C4QI + C431/C)G3
G5 = 50 + c54C, Gg = cs53l + c550C

The 4-stage, 4-order classical RK scheme is

1 1 1 1
Ut = <I+ éGl +§G2+§G3+ 6G4> u"

where

1 1
Gi1=vC, Go=0Gy (I + 2G1) , G3=G4 <I+ 2G2> , Gy= G1(1+ GS)

10.3.1 CFL condition
Each of the schemes has the generic form
Ut = H(kAz,v)U™

where H(kAx,v) is the amplification matrix which depends on the CFL number v. After
n time steps, the amplitude is

U™ = [H(kAz,v)]"U°

where UV is the initial Fourier amplitude. If we want the solution to remain bounded
then all the eigenvalues of the matrix H(kAx,r) must lie inside the unit circle in the
complex plane for all kAz € [0,27]. The smallest value of v > 0 for which atleast one
eigenvalue crosses the boundary of the unit circle is the limiting value, beyond which we
lose stability. This critical value of v is determined numerically and the results are shown
in Table (10.1).



10.3. TIME INTEGRATION SCHEMES 93

Scheme | N=0|N=1,| N=2| N=3
FE 1.000 - - -
SSPRK22 | 1.000 | 0.333 - -
SSPRK33 | 1.256 | 0.409 | 0.209 | 0.130
SSPRK43 | 2.000 | 0.590 | 0.306 | 0.191
SSPRK54 | 2.190 | 0.662 | 0.343 | 0.215

RK4 1.392 0.464 0.235 | 0.145

Table 10.1: CFL numbers from Fourier stability analysis

Remark 10.1. There are some schemes whose order matches the number of stages, but
this is not true beyond third order accuracy for SSP schemes. Schemes with higher number
of stages can have higher CFL number and may be efficient due to this reason. FE.g., at
third order (N = 2) spatial accuracy, SSPRK33 has a smaller CFL than SSPRK/S3 though
both are third order in time. Suppose we want to reach a final time T'; then the number of
time steps (T /At) is proportional to T /v and the amount of work required is W = O(T's/v)
where s is number of stages. We can compare the relative work of two schemes (s1,v1)
and (s2,12) as

Wy s119

Wy sy
For the third order spatial DG scheme

W (SSPRK33)  30.306 _
W(SSPRK43) ~— 40.209

1.1

Hence using SSPRK43 can be about 11% faster than SSPRKS33. However the accuracy of
the solutions can be poor when run with higher CFL. For more analysis on this kind of
issues, see [1/].
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Chapter 11

Hyperbolic systems in 1-D

11.1 Linear hyperbolic system

Consider the linear system of conservation laws

ou 0
— + l =0, f = Au, A = constant matrix
ot Ox
Let
R = matrix of right eigenvectors, L = matrix of left eigenvectors

Then we can diagonalize A
A= RAR ' = RAL, A = diag(A1, ..., A\m)
Define the characteristic variables
c=R'u=Lu

Then we get

ou ou dc ol

The is a set of decoupled scalar convection equations

8ci 802'

— +X—-—=0 L =1,2,...
8t+ zax ) ¢ )< y TN

We can solve for ¢;(x,t)
ci(z,t) = ¢ij(x — A\it, 0)
and then obtain the solution as

u(x,t) = Re(x, t)

The solution u is a linear combination of the waves ¢;. This motivates the definition of
non-linear hyperbolic systems.
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11.2 Non-linear hyperbolic system of conservation laws

For a set of conserved quantities u € R with flux f : R™ — R™, the system of conserva-
tion laws can be written as

ut+f(u)x:0

We assume that this system is hyperbolic. This means that the Jacobian of the flux
A(u) = f'(u) € R™*™
1. has only real eigenvalues
2. and the eigenvectors are linearly independent so that

span of eigenvectors = R™

11.3 Euler equations

An important example of non-linear, hyperbolic system of conservation laws is the Euler
equations which govern the flow of inviscid compressible fluids. The conserved variables
and flux vector are given by

U1 p pY
u=|ug| = |pv|, f=|p+p®
us E (E+p)u

Here we have defined the internal and total energy per unit volume

p 1, C,
e o1 e+2pu, Y c,

Since density and pressure (internal energy) must be positive, the solution must lie in the
physically admissible set of states

Una = {u e R?: p(u) > 0, p(u) > 0}

where

plu)=w,  plu)=(y 1) [u?, - “2]

The set U,q is convex.
The Euler equations are hyperbolic. The flux Jacobian A(u) = f’(u) has eigenvalues

Al =v—a, Ao =, A3=v+a

a= ?_ speed of sound
V »

where
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11.4 DG scheme

Divide domain Q = [0, 1] into cells [; = [z, 1,z
2

Space of broken polynomials
Vi ={v : vly € By(L), 1<i <N}

Note that these functions can be discontinuous on the boundary of the elements. Define
the left and right limits

vp(z7) = lim vy (z — €), v (z7T)

00 = ll\r% vh(m + 6)

Multiply conservation law by vy € th and integrate by parts

/at . opdz— /f %dx

w(oy,y ) onley,,) = flulal . 0) ot ) =0

L) 2

We approximate the inter-element flux using a numerical flux function

This couples the solution in I; to those in the neighbouring elements I;_; and I; ;.
The semi-discrete DG scheme is: Find up (-, t) € th such that for all v, € th

8’Uh

- vpdar— /fuh a—dx

+fi+%( ) 'Uh(x;r%) - fi—

8uh
, Ot

HORUACEVE

11.5 Numerical flux functions
We would like the numerical flux to satisfy some basic requirements.

1. Consistency

f(u,u) = f(u)
2. Lipschitz continuous

£ (w2, v2) — fur,v1)|| < Liflup — ui|| + Lo|lvs — vi
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Some numerical fluxes

e Rusanov flux

A~

Flu,w) = JF(w) + F@)] - SAw,0)(w - u)

where A is an estimate of the maximum wave speed in the Riemann problem, e.g.,

)\(U, ’U) = max{)\max (u)7 Amaz (U)}

where
Amaz (w) = max |A;(A(u))]
e Roe flux ) )
f(u,v) = S[f(w) + f(v)] = SlA(u, v)|(v —u)

where |A| = R|A|L is computed at the Roe-average state.

11.6 Limiters and TVD property

Forward difference in time: Find uZ'H such that

~n+1 n
Un T Uh gy da— ny . 9vn
/Ii A7 vpde /Il f(up) o dx

n _
. * UplZ. . .
+ er% h( z+% 2 =3

+1

The value u, " may be oscillatory. We limit it to obtain the new solution

upth = ATl (a) )
Properties of AIl(-)
1. Tt should not change the cell average value.
2. It should not affect the accuracy in smooth regions.
There are two possibilities to applying the limiter.
e Apply the limiter componentwise to the conserved variables.
e Apply the limiter componentwise to the characteristic variables.

The first approach is easy to implement and we can follow the procedure outlined for the
scalar problems in previous chapters.

11.6.1 Characteristic limiter

Let w; denote the cell average value in cell I;. The solution inside this cell has the form

lAwi

up = u; + (x_wi>ux+HOT
2

Let
R; = R(w;) = matrix of right eigenvectors of the flux Jacobian f’(w;)
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We define the local characteristic variables by
_ p-1-— _ p—1-— _ p-1
¢ =R, u;, cit1=R; Ui+, ¢ =R; u,
Now compute a limited estimate of the derivative

o(m)

e =m(cz, ¢ — Ci—1,¢Ci41 — ¢;)

If cgcm) = ¢; then
ATy (wp) = up,
else

AHh(uh) =u; + (W) u{(rm)7 u:(lcm) = chg(rm)

For better acccuracy at smooth extrema, we can use the TVB version of the minmod
limiter.

Another version

c; = R;lﬁi, Cit1 = Ri_lﬁ,-il, c:il = R;lutl, c;rl = Ri_lu;rl
2 2 2 2
and the differences
(A}L'ZCZ;%—CZ‘, éi:Ci—Cj_%
AJrCi = Cj+1 — C4, A,Ci =C; —Cj—1

We cannot modify the cell average value but we can modify the slopes

(m)

()

. (m)

¢ =m(é,Avci, A_c;), ¢ =m(é,Arc, A_c;)

where m is the minmod function

smin(|ail,...,|a]) s =sign(a1)=...=sign(a)

m(ay,...,a)) = ]
0 otherwise

For k = 1: We have ¢; = ¢;. The modified trace values are recomputed using the limited

slopes

'u,glm) (x;%) =u; + Riél(-m), ugm) (z7 ) =w; — Riégm)

This completely specifies the limited polynomial solution inside the cell.

For k > 1: If égm) # ¢; or égm) # ¢ then the limiter is active which indicates that we are
probably near a discontinuity. In this case we retain only the linear part of the solution.
The trace values of the linear part are taken as

m — J— ]' +(m ~lm m
ug )(5’31+%):Ui+§Ri(cg )"‘Cz( ))7 “2 )(CU+

Remark 11.1. We can use the TVB version of the minmod limiter which leads to a less
restrictive limiter.
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Linear system In the case of the linear system

ou Of
ot o

=0, f = Au, A = constant matrix

we have the following result

Theorem 11.1 (TVD property [6]). The DG scheme with characteristic limiter is total
variation diminishing in the means with the TVD limiter and total variation bounded with
the TVB limiter, where the total variation is defined as

TVM(uy) = E:E]%]—%lg

i g=1

11.7 Some implementation details

We have a vector of unknowns u;,. We write each component of uj, in terms of the usual
basis functions, e.g., Legendre polynomials. The j’th component of uj, has the form

k+1
rel;: Zwm ()i s(x j=1....m
where k = degree of polynomial space. We have (k + 1)m dofs. The test functions are of

the form

vy = | iy There are (k + 1)m test functions.

The DG scheme is given by

0 0 i,T
| o /_fj(um g’dx
7‘:1,2,...,k:+1, i=12....m

)j¢i,r (33+ 1

=0
For component j define its dofs

T k+1
wz,] [wz] 1y--- 7wi,j,k+1] eR

Then the DG scheme in element I; can be written as

dwm

M;
dt

=Lij(up), j=12,...,m

where
M; € REHDXEHD) — 1ags matrix
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with components
(Mi)rs = / Gir @i sdw, rs=1,2,...,k+1
I;

This is a symmetric, positive definite matrix, and usually also diagonal. The integrals are
evaluated using some Gauss quadrature rule. Then the resulting system of ODE can be
integrated in time using a Runge-Kutta scheme.

Remark 11.2. We have to choose a time step to apply a Runge-Kutta scheme to the ODE
system. For degree k polynomials and (k + 1)-stage Runge-Kutta scheme, we can choose

(’U,‘ + CZ‘)AQZZ‘

At; = CFL :
2k + 1

0< CFL<1

for the Euler equations, where we can use cell average value to estimate the velocity and
sound speed. The global time step is given by

At = min At;
3

which is required for time accurate computations.
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Chapter 12

Mesh in 2-D

12.1 Basic element types

In 2-D the possible elements are triangles and quadrilaterals. These can have either
straight sides or can be curved in order to represent curved boundaries. We can map the
element from the physical domain to the computational domain where we have a reference
element K. The reference triangle can be taken to be the right angled triangle with unit
sides and the hypotenuse of length v/2 as shown in Figure (12.1). The mapping for a linear
triangle is given by an affine map

F=X(&n) =0 —§&—n)F + Edo + i3

This can also be written in a matrix-vector form as

[:E] =Jk [ﬂ + br, Jk =, b =
Y n

The inverse map is easy to compute and is given by

-

For a linear quadrilateral, we can map to the reference quadrilateral K = [0,1] x [0, 1],
see Figure (12.2) and the map is bi-linear and given by

X(&n) =061 -0 +EQ —n)Ta + &nds + (1 — E)nis

) n
A - A

il_ﬁ"g 39

1

Figure 12.1: Affine mapping of a linear triangle
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Figure 12.3: Affine mapping of a linear quadrilateral

Instead, we take the reference element to be K = [—1,4+1] x [-1,+1], see Figure (12.3),
then the bi-linear map is given by

R = 30-O0-nd+ 0+ - )i

1 ] (12.1)
4 Z(1 +&)(1+n)Zs + 1(1 —&)(1+n)Zy

In this case the inverse map cannot be written down explicitly, but see [11]. We can
compute the inverse using Newton method; however it is rarely required in practice to
know the inverse map.

Remark 12.1. If the quadrilateral is a rectangle, then the bi-linear map reduces to an
affine map. If the reference cell is K = [—1,+1]?, then the map is given by

Ax Ay
$:$K+75, y:yK+77l

where (g, yK) is the center of the rectangle.

Remark 12.2. In deal.II, the reference cell is taken to be the unit square K= [0, 1]d.

12.2 Mesh data structures

The mesh is basically specified by a list of coordinates of the vertices and the list of cells.
The vertices are numbered in some manner and a cell is specified by provided the list
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of vertex numbers that form the cell. A mesh of quadrilateral cells may be specified as
follows

double coord|[nvert|[2];
int cell[ncell][4];

The order in which the vertex coordinates are listed gives them an implicit global num-
bering which is used in the cell array. We will assume that the vertices for each cell, for
the i’th cell, the vertices are

cell[i][0], cell[i][1], cell[i][2], cell[i][3]

are arranged in some fixed order, say counter-clockwise. For a DG method, it is also useful
to have a list of faces since we have to compute fluxes across faces and also implement

some boundary conditions on faces which lie on the boundary of the domain. We need to
associate certain information for each face

e The two vertices forming the face
e The two cells adjacent to the face
e Local face numbering of adjacent cells

e A unique indicator to tell us if the face is on the domain boundary and if yes, then
the value of the indicator is useful to specify boundary condition.

We can encapsulate this information in a class as follows.
class Face

{
public:
int vertex[2];
int lcell, rcell;
int 1lface, rface;
int bd_id;
};

By specifying the vertices, we endow an orientation to the face. When we move from
vertex 0 to vertex 1, the cell 1cell is to your left and rcell is to your right. For a
boundary edge, we can take the convention that 1cell is present but there is no rcell,
which requires arranging the two vertices in a particular order. Or, we can set a value of
-1 to indicate that there is no cell on one side of the face.

For example, for the face shown in Figure (12.4) we have 1face=-2 and rface=3.
TODO We setup a local coordinate system on the face going from vertex 0 to vertex 1
and let s € [—1,+1] be a point on the face. We want to evaluate the solution at this point
on the face from the two cells adjacent to the face. From the left cell, the solution is

ufeel(—5, +1)
while from the right cell, the solution is

uzcell(_l7 S)
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vertex|[1]
\ £

vertex[0]

§

Figure 12.4: Connectivity of face to cells

Figure 12.5: Transfinite mapping of a curved domain (from Kopriva)

12.3 Transfinite map

Suppose we are given a domain by specifying the four bounding curves fl, fg, fg, Ty as
shown in Figure (12.5). Let us assume that the parameters &, n are proportional to the
arc length and take values in [—1,+1]. The transfinite map is given by

X(&n) = 1;§f4(?7) + 1;£f2(77) - 5 Ty + ! ;nf?)(f)
_1=90-m,  (A+H0-n),
4 4
04904, (=90 +n)
4 4

We can use the transfinite map to generate a structured mesh. An example is shown in
Figure (12.6) which is obtained by uniformly dividing the (£,7n) space and the sides are
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3.01

2.51

2.04

1.01

0.5

0.0 4

3.01

2.51

2.04

1.04

0.5

0.0 4

-0.5 0.0 0.5 1.0

2.0 2.5 3.0 3.5

(a)

Figure 12.6: Structured mesh using transfinite mapping

given by the curves

This mesh is composed of straight sided quadrilaterals. If we want better representation
of curved boundaries, we can put extra points in between the elements and use them to
construct a polynomial approximation of curved sides that is more accurate than straight

line approximation.

12.4 Isoparametric elements

Suppose Figure (12.6a) shows one element in our mesh. We can of course use the trans-
finite map in our numerical scheme to represent this curved element. The other option
is to construct a polynomial approximation of the curved sides. For example if we want
quadratic approximation of the curved sides, we can put extra points on each of the four
curves, say at their midpoint, and one point at the center, as shown in Figure (12.7a).
Then the quadratic approximation is

Xole,m) = 360 - (L~ n)oo — 2 (1~ 1+ En(1 — )i

_l’_

+
N N I O N

(1 +En(1 —n)20

E1+ 6 —n)(L+n)Zn

1+ En(1 + n)T2e

1 =@ =) +nZo + (1 =&A+EA —n)(1+n)Zn

(1 = (1L + m)iz + 51— (1 +En(1 +m)ry
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3.01 3.09 (+1,+1)e

2.54 2.54
2.04 2.04 (0,+1)¢

15 S 15

1.01 1.01 (-1,+1)e

0.5 4 0.5 4

0.0 4

(-1,-1) ( 07—1) (+1,-1) 0-01 (-1,-1) ( 0?—1) (+1,-1)

-0.5 0.0 0.5 1.0 15 2.0 2.5 3.0 3.5 -0.5 0.0 0.5 1.0 15 2.0 2.5 3.0 3.5
X X
(a) (b)

Figure 12.7: Example of quadratic element

E.g., setting £ = —1 we get
a(—1,m) = — 01— )0 + (1= m)(1+n)Tor + 3n(1 + n)ios

which is a quadratic curve wrt n and passes through the three points. Figure (12.7b)
shows the original element and its quadratic approximation. An element represented by
such a polynomial interpolation is usually called isoparametric. The term isoparametric
elements arose from continuous Galerkin methods where the same basis functions used
to approximate the solution are used to approximate the domain. This allows accurate
representation of curved boundaries so that optimal convergence rates of the error can
be achieved. For example, a general quadrilateral element can be represented in terms of
tensor product of 1-D Lagrange polynomials of degree k based on GLL nodes as

k k
X(Em) =D &ijli(€)L;(n)

i=0 j=0
The use of GLL nodes is essential since we want the elements to patched up in a continuous
manner.

The map X:K > Kis clearly one-to-one and it must also be onto, so that the inverse
exists and is unique. This requires that the Jacobian matrix

o) 0
must be non-singular everywhere inside the reference element, i.e.,

det J(&,n) #0  (&m) e K

Since
| K| :/ dzdy = / det(Jx)dédn > 0
K K
and Jg is continuous, we actually require that
det J(&,m) >0 V(¢ €K

Remark 12.3. When we want to refine the mesh by dividing the elements, the new points
must be introduced using the exact boundary definitions and not using the isoparametric
representation.
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12.4.1 Jacobians of transformation

In assembling the weak formulation of finite element methods, the derivatives between
physical and reference cell coordinates may be required. The map X is available as a
polynomial function of &, 7 so that quantities like

or e oy oy
o’ on’ 9¢  Iny

are easy to compute from the known map. The derivatives of wrt x,y are not directl
Yy p p » 1 Y y

available. From the two relations
oxr Ox 0 0 0 0 ox Ox
dy o ov| Ldn dn o g0 1y LSl 5e 52| ldn

ox or Oy o On
Hence
ot 9] [0z o (I3 or 9217 [0 o
or Oy o oOn| _ or Oy| _ |0 On _ o an
op on|fog ou| =1 = oy on| = |ow ow| T ge7 | %y o
or Oy o0& On or Oy o0& On o€ o€

and last equation gives the required derivatives, where

_osdy ooy
detj_(‘){@n an O¢

12.4.2 Normal vector

In DG schemes we require the unit normal vector to element faces to compute the numerical
flux. This can be computed using the knowledge of the mapping function. Let us take
the reference cell to be [—1,+1] x [-1,+1] and consider the face £ = +1. The vector
8%)? (+1,n) is tangential to this face and we get an outward normal vector by rotating
this by 90 degrees

(gz(ﬂ, n), —g“”;(% 77))

and we can normalize this to get unit outward normal vector. The restriction of the map
to any face is same whether we take it from one cell or the neighbouring cell, and hence
the normal vector is also same, except we have to be careful about the orientation.

12.4.3 Cell integral

An integral over a cell is performed by doing the change of variable so that the area
measure transform as

dzxdy = Jd&dn

so that
/ ¢(x,y)dady —/ d(&,n) det J(&,m)d&dn
K K

and then applying a numerical quadrature on the reference cell.
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12.4.4 Surface integrals

To compute a surface integral

/ecé(w, y)ds

we have to transform the measure ds to the reference element so that we can perform

ds = y/dz? + dy?

we can then use the map X. E.g., on the face £ = +1, only the i coordinates is independent

+1 s
[otwas = [ ottt 1) dy
e -1 n

numerical quadrature. Since

and we have

Hence

and then we can apply a 1-D numerical quadrature in the 7 variable.
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Basis functions in 2-D

In two spatial dimensions, there are mainly two types of polynomial spaces we can use for
function approximation.

1. Complete polynomials of degree k > 0 denoted by Py

2. Tensor product polynomials of degree & > 0 denoted by Qy

13.1 Complete polynomials P

These are usual polynomials where the total exponent of each term is < k. Some examples
are:

Constant polynomial: Py
p(z,y) = ago

Linear polynomial: P;
p(z,y) = ago + a0z + a1y

Quadratic polynomial: Py
p(x,y) = ao + a10z + aoy + aza® + a11zy + a2y’

The space P has dimension
1
N(k) = §(k +1)(k+2)

In the above, we wrote the polynomials using physical coordinates (z,y). But in finite
element methods, it is comman to use mapped coordinates (£, 7n) in a reference element in
which case the polynomial has the form

ki

p&m) =3 > ai€'

k
1=0 j=

~

Note that the total power of each term is ¢ + j < k. We have written the polynomial in
terms of monomials but this is rarely used.
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13.1.1 Modal basis for P, on triangles

The names of Proriol, Koornwinder [12] and Dubiner [7] are associate with this type of
polynomials. The presentation below closely follows [8]. Consider the reference triangle

K={(rs):rs>—-1r+s<0}
The transformation from reference triangle to real triangle is given by
- 1 L1 o1 -
T= —i(r + )T + i(r + 1)@y + 5(3 + 1)

where 1, T2, T3 are the three vertices of the triangle ordered counter-clockwise. The
orthonormal polynomials on this triangle are given by: for m =0,1,...,N(k) — 1,

om(r.s) = V2P ()PP O 0) (1 - by, 0<i i<k itj<k
where P; is the ¢’th Legendre polynomial, Pj(a’ﬁ ) is the j’th order Jacobi polynomial, and

1+r
1—s

a=2 1, b=s
The mapping from the indices (i, j) to m can be taken as

1
m=j+ (k+ Di— gili— 1)

Then each component of the solution in a triangle is of the form
N(k)—1
m=0

Recurrence relations The first two Legendre polynomials are

Then we have the recurrence relation

21 -1 1—1
P(a) = =——aPi-1(a) -

R_g(a), i:2,3,...

The Jacobi polynomials Pj(a’o) satisfy the recurrence relation (CHECK)

2j(j +)(2) + o — 2PV (b) =(2j + & = 1)((2) + a)(2] + a — 2)b+ o*) P\ (1)

—2(j +a—1)(j — 1)(2j + a)P\*) (b)

Stable evaluation of basis functions The value ¢ becomes infinite at s = 1 so some
care must be taken while evaluating these polynomials. Define

Qi(a,b) = Pi(a)(1 —b)’
The first two functions are

Qo(a,b) =1, Q1(a,b) =a(l —0)
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Note that
a(l=b)=2(1+r)—(1—y5)

which is well defined for all values of (r,s). Then, using the recurrence relation of P; we
get

Qula,d) = 2 RaPa(@)(1 - b — P (@) (1 - by
= a0 -0 (@ h) — 1 - 0Qia(ab)

1

Again the factor a(1 — b) appears, which is well defined for all values of (r, s). Given (r,s)
we can compute Q;(a,b) without having to compute (a,b), thus avoiding the singularity
at s = 1.

13.1.2 Modal basis for P, on rectangles

We have introduced Legendre polynomials P;(§) which are mutually orthogonal on [—1, +1]
and using these we can define mutually orthonormal functions ¢;(&) = /25 + 1P;(§). A
function in P, can be written as

k—

k
3 WAL

=0 j=0

@

where the dofs a;; are not nodal values but some modal coefficients which are moments of

the polynomial
1 +1 p+1 A .
aij = 4/1 /1 p(&,m)$i(§)P;j(n)dédn

We provide more details on this approach in Chapter (xxx).

13.1.3 Taylor basis for P, on polygons

This type of functions are constructed directly in physical space and can be used on any
type of polygonal cell. As the name suggests, they are inspired by the form of the terms in
a Taylor expansion. They are essentially modal in character since the dofs do not represent
nodal values. We provide more details on this approach in Chapter (xxx).

13.1.4 Nodal basis for P, on triangles

Let us take the reference triangle K to be the right isosceles triangle. Let (&,7;), i =
0,1,...,N(k) — 1 be a set of distinct nodes in the reference triangle and let ¢;(&,7n) € Py
such that

4i(&5.m5) = b4y, 0<i,j<N(k)—

Then the set {¢;,i = 0,1,..., N(k)—1} forms a basis for P, and any polynomial p(§,n) € Py

can be written as
N(k)—1

p&m) = Y pl& )t n)
i=0
The functions ¢;(&,7n) are the Lagrange polynomials and the question is how to find a set

of nodes and the corresponding Lagrange polynomials. There are many possible ways to
make this choice [18], [3], [17], [5].
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Figure 13.1: Uniform nodes for P;, Lagrange polynomials on triangle

Suppose we have chosen a set of N (k) nodes. Let us find the Lagrange polynomials
corresponding to these nodes. We first express each Lagrange polynomial is terms of the

orthogonal polynomials
N(k)—1

G&m) = > cpi(&n) (13.2)
j=0
The coefficients ¢;; can be found from the interpolation conditions

N(k)—1

gi(fnvnn) = 5in = Z Cij@j(gnvnn)v 0<n< N(k) -1
=0

which leads to a matrix problem where we have to invert the Vandermonde matriz which
is defined as
Vij = @i mi),  0<i,j < N(k)—1

Clearly, for the node set to be admissible, the Vandermonde matrix must be non-singular.
Moreover, it would be desirable that the determinant of the Vandermonde matrix is as
large as possible or its condition number to be as large as possible. Using the inverse of
Vandermonde matrix, the expansion coefficients are given by

cij = (V1) (13.3)

In general, the evaluation of Lagrange polynomials is performed in terms of their expansion
wrt orthogonal polynomials, i.e., using (13.2) and (13.3).

Another important consideration while performing interpolation is the Lebesgue con-
stant which is defined as

N(k)—1
A= max [€i(&; )
(Emek ;

The value of this constant depends on the node distribution and affects the stability of
the interpolation process to errors in data, e.g., round-off errors. It is desirable to find a
node distribution which has a small Lebesgue constant.

Uniform nodes One possibility is to put k£ + 1 uniformly spaced points on each unit
side of the triangle and form a half tensor product as shown in Figure (13.1). For k = 1,
the nodes can be located at the vertices (0,0), (1,0), (1,0), and the basis functions are

pr=1-&§—mn, P2 =, ¢3 =1

For k = 2, the nodes are the three vertices and the mid-points of the three sides.

pr=20 -1 —-E—n), ¢2=-263-¢), ¢3=-2n(3-n)
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(b)
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Figure 13.2: GLL nodes for P, Lagrange polynomials on triangle (a) k¥ = 6 (b) mapped
to equilateral triangle (taken from [3])

Gp =461 —&E—m), &5 =48, ¢ =4n(l—&—n)

For any degree k > 1, we can find k straight lines on which all points except the ¢’th point
lie; the Lagrange polynomial is the product of the k straight lines together with some
constant factor to make it unity at ¢’th point. While these basis are simple and easy to
generate!, they suffer from the Runge phenomenon especially at high polynomial degrees.
Bos [4] showed that they oscillate badly in between the nodes and have a large Lebesgue
constant. Hence they should be used only when the degree is small, say k£ < 3.

GLL nodes Instead of uniform nodes, we can use GLL nodes on each side of the triangle.
The case of k& = 6 is shown in Figure (13.2a). The basis functions can be constructed
following the ideas explained for uniform nodes. If the real triangle is equilateral, then the
nodes are not symmetrically placed, as shown in the example in Figure (13.2b), which is
a deficiency of this method.

Fekete points

Blyth and Pozridikis In [3], a node set which is derived from a simple modification
of GLL nodes is proposed. On the unit sides of the triangle, the nodes are taken as GLL
nodes and the interior nodes are obtained by an averaging process. An example is shown
in Figure (13.3) for k = 6.

Remark 13.1. On mapped quadrilaterals, the P basis are not complete and hence must
not be used. To see this issue, consider the case k =1 and a function in Py is of the form

p(&,m) = ago + a10€ + ao1n

and the mapping is given by (12.1). If we want to exactly represent the linear function
f(z,y) =z by the above polynomial, then we require that

x = apo + a10€ + ao1n

I There is no need to use the Vandermonde approach.
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(a) (b)

0.8

0.6

04 r

02

Figure 13.3: Example of Blyth and Pozridikis nodes (a) k = 6 (b) mapped to equilateral
triangle (taken from [3])

However the map tells us that

r= (- O+ 1O~ s+ 14O+ s+ (01— O+ )

and the last two expressions can coincide only if the element is a rectangle. But we can
use Taylor basis for Py, since they do not utilize the mapping for their definition and are
complete on any type of polygon.

13.2 Tensor product polynomials Q;

These are used on quadrilateral elements and are defined in the mapped space.

Constant polynomial: Qg
p(&,m) = ago

Linear polynomial: Q
p(&,n) = aoo + a10§ + ao1n + a11én

Quadratic polynomial: Qo

p(&,n) = a0 + a10€ + ao1n + a11€n + a0€® + agen® + an &0 + a126n” + axén’?
The general form is given by
ko k -
p(&m) =D > ai&y
i=0 j=0

and the dimensional of this space is N(k) = (k + 1)2. The powers of each coordinate is
< k but the total power in some terms can exceed k and can be as high as 2k. In practice,
the above monomial basis is not a good choice.
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13.2.1 Nodal basis for Q,
We can use Lagrange polynomials based on a set of k + 1 distinct nodes in [—1, +1]

—1<&H << <<+l
and write any function in Qy, as

kK k
p&m) =Y aili(€)(n)
i=0 j=0
Note that in this case, the dofs u;; are actually the value of the function at the nodes, i.e.,
p(&i, &) = aij

and hence the name nodal basis.

13.2.2 Modal basis for Q,

We have introduced Legendre polynomials P; (&) which are mutually orthogonal on [—1, +1]
and using these we can define mutually orthonormal functions ¢;(&) = /25 +1P;(§). A
function in P, can be written as

k k
P& =D aipi(€)éi(n)

i=0 j=0

Now the dofs a;; no longer represent nodal values of the function, but are certain moments

1 +1 p+1
=1 [ pema©zmacn
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Chapter 14

DG in 2-D

In this Chapter, we introduce the DG scheme for a scalar conservation law in a general and
abstract setting, i.e., without explicitly specifying the type of element or basis functions.
We will assume that each element is mapped to a reference element K and the basis
functions are constructed on this reference element with coordinates (£, 7). The mapping
will be denoted by Fi : K — K so that (z, y) = ﬁK(ﬁ, 7). Let us also denote the Jacobian

of this mapping by
O(z,y)

1}3%7)

14.1 Semi-discrete DG scheme

Consider the conservation law 9
U —

and we will approximate the solution inside element K by a polynomial of degree k in
terms of some local basis functions

N-—1
K _ K,
Un = Z uj ¢;
7=0

where N is the dimension of the polynomial space. The semi-discrete DG scheme is
obtained by multiplying the conservation by the test function ¢; and performing an inte-
gration by parts on the flux divergence term

o o
Cudady — [ Flun) Voordady+ 3 [ Hl uf ng )ouds =0
K ot K ecdK V€

where H(-,-,+) is a numerical flux function. The time derivative term can be written as
K ﬁﬁbidxdy = Zj: e /K pipjdady = zj:sz —

so that we obtain the semi-discrete scheme as a set of coupled ODE which can be written
as
ug R
MKE : _ .
dt . .
K K
UN-1 Ry 4
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where M is the symmetric mass matrix with entries

= [ utyday

and the right hand side is

RE = [ Flwn) - Vatndady = 3 [ 1l i nic s

ecOK

14.2 Quadrature and assembly

All the integrals appearing in the DG scheme are computed using numerical quadrature
including the components of the mass matrix. Sometimes the mass matrix can be exactly
and/or analytically integrated. The quadrature rules are usually defined on a reference
interval/element and we are already making use of such a mapping to define the basis
functions.

The cell integral can be computed as

Vaoidxdy

fqanq z‘lsi(gqanq) det(JK(gqvnQ))wq

J T
_/ - Vi det(Jx )dédn
?

The solution at the quadrature points required to compute the flux are obtained by com-
puting the sum over all basis functions

=2

-1

un(&qs 1g) = uquﬁj(fqa Tq)

J

Il
o

The gradient of the test functions can be computed using the chain rule of differentiation

Opi _ 0¢; 0  0¢;i On O0¢i _ 0¢i 08  0¢; On

o 0for  omox 0y  0toy  ongoy

and the derivatives of the coordinates can be obtained from the map Fy as explained
in (xxx).

The integrals on the faces of cells is a 1-D integral and is computed by mapping each
face to a reference interval. This map is just the restriction of Fy to a particular face.

E.g., for the face £ = +1, the integral is computed as

/H uh7uh )nK€)¢ZdS

/H uhvuh )nK6)¢id7dn

~ S H (+1,mg), u (€(n,), n(nq»,nK,e<nq>>¢i(+1,nq>ij<nq>wq

q

and the derivative g—; is obtained from the map Fy, see (12.4.4). The value from the

neighbouring cell uhKe must be computed taking account of the orientation of the local
coordinate system in each cell.
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14.3 Assembly using deal.II

81



82

CHAPTER 14. DG IN 2-D



Chapter 15
DG in physical space

The construction of basis functions and test functions is usually performed on a reference
cell. However it is also possible to do this directly in physical space [15]. This approach
can be used on all types of meshes and even on hybrid unstructured grids also. In this
Chapter, let us assume that the mesh 7 is composed of polygonal cells which could even
be curved. This type of DG scheme has been developed in [15].

15.1 Basis functions

The approximating space we will use is basically the complete polynomials Py for some
k > 0. For any element K € T, let (zx,yx) denote the centroid of the element, i.e.,

1 / 1
T = — | adzxdy, YK = / ydady
K| Jx K| Jk

and let hx denote some length scale of the element. At first order, there is only one basis
function

o (2,y) =1
At second order we have in addition
T —TK Y— YK
¢{((‘T’y) = ) ¢§(($7y) -
hi hi

At third order, we have in addition

o (z,y) =

1
2
—TK Y UK
o) = () (Y] - it
1
2

o (z,y) =

where

1 T —x ‘ — J

K K Y—UYK

mb = — dzd
“ |K| K< hk ) ( hik ) e

Note that these functions are similar to the terms in a Taylor expansion with some shift
applied to them. We can define higher degree functions by following the same methodology.
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This shift ensures the following normalization

]. 1 .
m‘/qué((l}y)dxdy = 1, m /K¢JK($,y)dxdy = 07 j= 1727 o

Also, as is common in DG methods, these functions are supported only in one element, so
that

of (zy) =0  if (z,y) ¢ K

15.2 DG scheme

Let us consider a scalar conservation law of the form

ou 0 0

Ou  of 99

ot  Ox Oy
though the extension to systems is trivial and is performed component by component.
The solution uy, € P inside element K is of the form

=0

N-1

up(z,y,t) = > upf ()or (z,y),  (v,y) €K
=0

where the number of degrees of freedom is
1
= §(k +1)(k+2)

Due to the way we have defined the basis functions, the cell average of this function is

up(z,y)dedy = u; /qbey)dxdy—u
\K!/ Z 7 K| °

Multiply the conservation law by the test function qbiK and perform integration by parts
in the flux divergence term to obtain

8uh gzﬁK dzdy— /

K

K K
1) % + gt S| sy

K 0

+ > [ H@® uf ng,)¢fds =0,  0<i<N-1
ecdK V€

where H(-,-,-) is a numerical flux function. For i = 0, the test function is constant and
the time derivative term can be written as

d
Ouyp, K dpdy = K| 240 uo
at
so that the equation for the first dof takes the form
dug K ke
|K|E+Z eH( nKE)ds:O
e€cOK

This looks like a finite volume scheme and shows the conservation property of the DG
scheme. For i > 1, we have

NldK

ou
% 5t dy—z o orgamay = Y M

7j=1
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where

This matrix is not diagonal which means that the modes ¢ > 1 are coupled and we have
to invert the mass matrix to evolve these modes. The set of semi-discrete equations for
the dofs can be written as

dufs
K= 0 =Rf =- > u® ufe ng)ds
ecdK V€
and « «
u R
o d 1 1
M"™ — : = :
dt *
UN—1 RN _4
where

K
R :/K[fwh)agb" o) 25 }dxdy—z H (', u', nie )¢ ds

ecdK V€

15.3 Quadrature and assembly

We have integrals defined on the cells and on the faces, and these are computed using
some numerical quadrature. To perform the quadrature, we have to map the cell K to a
reference cell K

(z,y) = Fx(&,n)

since quadrature rules are usually developed for reference cells. Let (mf , yf ) denote a set
of quadrature points which have been mapped back to physical space

( g(ay(ﬁ{) ﬁK(ﬁtﬁﬁQ)

Define the Jacobian of the mapping by

Ik (&n) = Oe,) _ [gﬁ gf’]

The elements of the mass matrix M can be computed as

ME = / O ()65 () det(Jxc (€, m))dédy
Z@ o Ys )05 (v ) det(Jk (€4, 7))

Q

These quadratures are exact only on linear triangles. The mass matrix depends on the
element K and they can computed once and stored for later use. For explicit time stepping,
the inverse of the mass matrix can be computed once and stored. Moreover since this is

symmetric, only half of it needs to be stored.

K K
The shape functions are defined directly in physical space and hence 8;; , 85; are

easy to compute and do not require the use of the mapping function ﬁK. Performing a
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quadrature, the cell integral term is given by
K K
[ |+ atun | asay
K
oled

o K
~ ) [f(uh(xf,yf)) ;; (xf,yf)Jrg(uh(wf,yf)) N (2 yl) | det(Jr (&g, 1) )wq

q

The solution at the quadrature points is evaluated from the expansion

K
K, K, K K
:Zuj o5 (g ;95 )

=0

and these are used to compute the fluxes required in the cell integral.
To compute the flux integral on the faces, we map each face to a reference interval [0, 1]
r [—1,+1] and then perform numerical quadrature. This mapping is of course just the
restriction of the mapping Fg to a particular face of K. Denoting the mapped coordinate
on the face by s, the face integral is computed as

Z H(uf ule ng )pKds
e€OK v ¢

ZH (2, ) ' (2, ) e, )0 (a5, yE)g
The assembly of the residual and one stage of an RK scheme can be accomplished by the
following steps.
1. Set R=0.
2. Loop over faces
e assemble flux integral into R for cells adjacent to each face.
3. Loop over cells

e assemble cell integral into R.

e Multiply by inverse mass matrix.
4. Update solution to next RK stage.

Remark 15.1. [t is possible to take the shape functions defined in this Chapter and apply
a Gram-Schmidt orthogonalization process to generate a set of mutually orthogonal shape
functions which are still defined in physical space. Such an approach has been used in (xxz).



Chapter 16

Nodal DG on quadrilaterals

In this Chapter, we will consider meshes composed of curvilinear quadrilateral elements.
The solution on quadrilaterals can be approximated by tensor product of Lagrange poly-
nomials which are defined using Gauss-Legendre or Gauss-Lobatto-Legendre nodes. Let
us denote the k£ + 1 nodes by

1< < <. <<+l

and the Lagrange polynomials are given by

k

§—&;

0(6) =
© §i—&;

=0,j#i

The Lagrange polynomials have the interpolation property such that
(&) =06, 0<i,j<k

Let each cell be mapped to a reference cell K by the map Fx : K — K so that (z,y) =
Fi(&,m). The solution is a piecewise polynomial in Q and in each element K is given by
an expression of the form

k k
Up = Z Z Uq{gfr(f)gs (n)

r=0 s=0
Consider the conservation law
ou Of Og
— 7 _— = 0
ot + Oz + oy

To construct the DG scheme, we can map the PDE to the reference cell coordinates, but
this is not strictly necessary. Let us proceed without explicitly mapping the PDE but we
will in the end obtain the same scheme as we would with mapped PDE.

16.1 DG scheme

Let us multiply the PDE by the test function ¢;(£)¢;(n) and integrate over cell K

ou Of Og -
/K (8t tor T 8y> €:(§)¢j(n)dzdy =0
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Performing an integration by parts on the flux divergence term, we get

Ka(;:l&(g)ﬁj(n)dxdy— /K [f(uh)ai[éi(g)ej(n)]+g(uh)§y[£i(g)@(n) dazdy

+ Z H uh 7uh y K, e)g (5)53'(77)018 =0
ecOK V€

We will use the same nodes to perform quadrature for the cell integrals as are used to
define the Lagrange polynomials.

Time derivative The time derivative term is

ou ou
S O mdady = [ 8—5&(5)&(17) det Jicdédn
K K
ou
ZZ h (&p» Ea)i(&p) 15 (&q) det Tk (&p, Eq)wpug
p=0 ¢=0
8uh
~ Z Z (Eps £9)0ip0iq det Ji (&, £g)wptg
p=0 ¢q=0
8uh
= (§Z7€j)det JK(E’L?ﬁj)wlw‘]
But -
8uh rs K dullj(
(&> &) ZZ (§)s(&) = D D urdnidsy = —;
r=0 s=0 r=0 s=0
and hence
ouyp, K

du;;
y ﬁ&(f)f] (T])da:dy ~ dit] det JK(&, @)wiwj

This quadrature is exact if det Jx is constant in the element, which is the case for Cartesian
grids and linear triangles.

Cell integral Now let us consider the second cell integral term involving the fluxes. We
first transform the derivatives by applying chain rule of differentiation,

SlLOLM] = LG + 5L

0%
= GO S+ 1O )

and similarly

(.fywi@)ej(n)] - gg[&(f)ﬁj(n)]gz+§7[&(€)@(n)]gz

= BOLOG +HOL M)

Using the above two relations, the flux integral can be written as
0 0
[ |7 g6+ stw 5 1665 asay

= [ [+ ot 5| it o det e maean

+ [ 3+ s 52| €60 det e maan
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Define the transformed fluxes

; _ %3 %3

Flen = | flun(em G + atuneon) 5| det i

e = | Fun(em) 37+ alun(on)’5! | det i

We now apply numerical quadrature using the solution nodes themselves which leads to

/ FE MO (n) + 56 E(E)0 (m))dgdy

Q

Zng@ﬂ@ 3(Eq) + G(6ps £)i(Ep) €5 (Eq)Iwpiog

p=0 ¢=0
k

(&p &q) 5, (&p)d g §(§p7§q)5ip€;‘(fq)]wpwq

"3

k
2
k ~ k

Z (&ps &) (Ep)wp + wi Z 9(&i, £q)f§- (€q)wq

p=0 q=0

g w]

We only need the fluxes at the nodes where the solution is already available in the dofs,
so that

23

0
5 (& &) + g(uij) :

fij = f&.¢&) = [f(uij) ay(&ﬁﬁj)} det Jk (&, &)

0 0
Gy = 9(6.8) = [f(uma’;@i,éj) +g<uz~j>8Z<§i,§j>] det J (6, &)

and the computation of the coordinate derivatives is explained in Section (xxx). For
example

8{ Oy

and the determinant does not appear in the expression on the right.

Face integral Consider the face £ = +1 on which we need the integral of the numerical
flux. We will compute this 1-D integral using the same nodes used to define the Lagrange
polynomials. Hence

[ L.l ‘>,nK,e>ei<+1>fj<n>ijdn
k

~ ZH(U{L((—H,&Z%U?E(-?'),nK,e(fq)) i(+1)¢ (fq) ("‘1 q)wg
q—O

- ZHK (+1, &) li(+1 )qu (+1,&g)wq

q=0

d
= HK(—I—l, fj)fi(+1)£(+1a éj)w]

The solution from neighbouring cell uhKe has to obtained accounting for the orientation of
the local coordinate system in that cell. We have introduced the notation Hg(+1,&;) to
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denote the numerical flux which is directed out of the element K and is obtained from a
Riemann solver. To compute the numerical flux, we require the state the two states at
the face. In case of GLL nodes, these states are directly available since GLL nodes are
located at the boundaries of cells. In case GL nodes, we have evaluate the solution at the
face by summing over the basis functions. For example at (+1,&;)

k

n(+1,&) ZZ“W (+1)¢ ZZuKe (+1)dsj = Y _ ufSte(+1)

r=0

and we only need to compute a 1-D sum! which can be implemented as a dot product.
Need figure

Putting it together By combining the three approximation derived above, we obtain
the semi-discrete nodal DG scheme as

K

du
dtj det Jx (&, fj)wzwj Wi Z fp]gl ép)wp + wi Z gzqgl gq)

p=0 q=0

d
+ HK<—1,@)&(—1);;(—1,@)%

+HK(+1,gj)ei(+1)fh‘j(+1,gj)w]

+ Hi (&, +1)4;(+ ) (&, +1)w; =0

dg

The boundary terms in the above equation have been written in terms of the local coordi-
nate system in element K. The sums can be evaluated as dot products or as matrix-vector
products. Define the stiffness matrix

S =li(&wj,  0<4,j<k

then the sums can be computed via matrix-vector products as follows

k k
Zf G&wp = [SF 5l Y Gigli(Ea)wq = [5G

IThis is true even in 3-D which saves a lot of zero calculations !!!



Chapter 17

DG on Cartesian grids

In these chapter we give a comprehensive description of discontinuous Galerkin method
for 2-d Euler equations on Cartesian grids. TVB limiter and positivity limiter are also
discussed.

17.1 Introduction

Consider the system of hyperbolic conservation laws
2 I
0xq

where u € U,q C R™ are the conserved variables and f, : Uyq — R™, a=1,...,d are
the Cartesian components of the flux. For the Euler equations in 2-d we have m = 4 and
the physically admissible set of states is given by

2 2
Mad:{u6R4:w1>0, w4_u12—|—u13>0}

2’LU1
where
w1 P
I D 1
u = w3 — pv ) E_771+2p(u +U)
w4 E
and the flux is given by
pu pU
| p+p? _ | puv
fi= o ; fo= p+ pv?
(E+p)u (E +p)v

17.2 Basis functions and solution representation

Let 7; be a triangulation of the domain €2 into disjoint rectangular cells. Let Py denote
the space of polynomials on [—1,+1] x [-1, +1] of degree at most k. We will form a basis
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for this space using scaled Legendre polynomials P, as follows (see appendix (17.11))

Po()Po(n), PuOP(n), ..., Pe1(©Po(n), Pu(€P(n)
Po(&)Pi(n), PUOPi(n), ..., P1(§Pi(n)
{o;(& P =

where

N(k) = %(k: 1)k +2)

Consider cell K € Tj, whose size is Az, Ayx and center (xx, yx); the i’th component of
the solution u is represented inside K as

N(k)
T=(r,y) € K: wi(z,y,t) = Y wt)éf (z,y)
j=1
where
K o _ Tk _ Y~ YK
(b] (xay) - ¢](€’n)7 f %Al’[( ) n %AyK

The basis functions gi)]K are also orthogonal

/ OF o1t dif = | K65 = Awg Ay dj
K

where dZ = dady is the 2-d measure. We will sometimes also write the solution in terms
of the scaled variables

N(k)
(ry) €K wil&nt) =) wt)e;(& n)

=1

Note that since ¢1(£,n) = Py(€)Py(n) = 1 then wi{(l is the cell average value of w; on cell

K
1 S
= i f e

17.3 DG formulation

To derive the DG scheme on cell K we multiply the ¢’th conservation law by the basis

function gblK
ow; afa,i K 1=
/[; ( 8t + - 8(L‘a ) ¢l dr =0

Integrate by parts on the flux divergence term

d K — aéf — K _
a sz¢l dx_za:/l(fa,zazadx'i‘/al(za:fa,znaqsl ds=0
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Since the solution is discontinuous across 0K, we introduce a numerical flux function
f(u™,u™,n) for the interface flux leading to the semi-discrete DG scheme

d K 3= 097" . F K
3 ), wioldz §aj/l(f,axadx+/m(f¢, ds =0 (17.1)

In order to derive equations more suitable for numerical implementation, we substitute
the solution representation in terms of basis functions to get

irj K K= T ;K
oK oz — /fa,idm/ fiokds =0
jz; de /K 7 za: k" Ora o

Finally, using the orthogonality of the basis functions

/faz il dz +/ fioKds =0

To approximate the integrals we transform the cell and edge to the reference domains of
[—1,+1]% and [—1, +1] respectively. For example,

KA (2 99\ (1 -
/Kfl,zaxldx = /[17+1}2f1,z <A$K3§ ZAeTKAyde
1 Py
_ A / 20
5 MUK o f1, o€ 3

The cell integrals are approximated by tensor product of Gauss quadrature rule with k41
points! while the edge integral is approximated with a Gauss rule of k + 1 points (see
Fig. 17.1), leading to

5 Oy

35

- *AyKqu (&g 1)) Ap (&g )kt

.9
— —AxKme u(&y,t) (/51(&]) o
k+1
ZIeIZf@ W =0, i=1,...,4, I=1,...,N(k)
eE(’)K q=1

Define the vector of degrees of freedom associated to cell K by

K _ K K K K
W = [Wr, S W Ny WAL - W N (k)

-
Then we have an ODE of the form

dw’®
q (W) =0

which will be solved by a Runge-Kutta method.

Yi.e., we have a total of My = (k + 1)? quadrature nodes denoted by 51 = 7;“ = (eFFl e ¢ =

., My, see appendix (17.12)
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Figure 17.1: Gauss quadrature points for degree k = 2

Remarks

1. For [ =1, we have ¢1 = 1 and we obtain the equation for the cell average value

k+1
K 53 el @ nen (et =0
eeaK qg=1

2. If the cell face lies on the boundary of the domain, then the numerical flux f' must
account for the boundary condition.

3. There are a large number of numerical flux functions that can be used. For the
Lax-Friedrich’s flux, see appendix (17.13).

4. To perform the quadature, we need to evaluate the solution w at the quadrature
points §; = (&, 1), see appendix (17.12)

éqa Z wZ,] QZ)J

The set of numbers

do not depend on the element K; hence they can be computed and stored in a
common location that can be used by all elements.

5. Each basis function ¢; is of the form

—

&1(€) = P(&)Py(n) for some m,n € {0,1,...,k}

and hence

— —

faﬁz( = P (&) Pn(n), 877@( ) = P (&) P, (n)

23

The set of numbers

~—

0

86<z51(§) a—nél(éz), I=1,...,N(k), q=1,..., M

do not depend on the element and can be computed and stored once.
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Sk

Figure 17.2: Definition of neighbours for TVD limiter

17.4 Limiting

High order schemes can generate oscillations in the solutions which are physically incorrect.
Limiting tries to eliminate such oscillations. Let u be the solution obtained after applying
the RK scheme. The ¢’th component of solution inside cell K is of the form

(x,y) € K : w; = wi{l + wi,Kgqﬁg + wi{(gqﬁé{ ~+higher order terms
linear terms

The quantities wiKQ, wiK3 are proportional to the derivatives along x and y directions

respectively. Let Fx, Wk, Nk, Sk denote the cells to the east, west, north and south of
cell K, see Fig. 17.2. We first compute the limited derivatives using minmod function?

- 1 . W, E
wi{g = —minmod (\/ng{g, B(wfl - wi71K), B(wiiI< — wfl))

V3

N 1 . s N
wi{(g = —minmod (\/gw{g, B(wl{(l - wif), B(wif - wz{(l))

V3
where 8 € [1/2,1] and

) smin(|al, [b],|c|]) s = sign(a) = sign(b) = sign(c)
minmod (a,b, ¢) = {O otherwise

If 1111{{2 = wl{g and 71){{3 = w{,{s then the limited solution is same as the original solution
Allp (w;) = wy;
else the limited solution is an affine solution of the form
ATy (w;) = wi{(l + wi,2¢§ + wi,3¢§(

Note that if the limiter modifies the solution, then it preserves the cell average value. What
we have described above is sometimes refered to as the component-wise limiter since we
limit each component w;, ¢ = 1,...,4 individually.

Remark 17.1. The parameter  controls the amount of limiting; p = % leads to a TVD
scheme for a scalar problem but is more dissipative. A wvalue of B = 1 leads to a less
restrictive limiter which may give more accurate solutions.

2The factors involving /3 are necessary because we use scaled Legendre polynomials, see ap-
pendix (17.11).
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Characteristic limiter

Define K K X
w11 w1 2 w}%?)

_K _ |Wa K _ |W22 K _ |Wa3

u = K | Uy = K | Uz = K

w3 1 w?&z w?;%s

Wy 1 Wy o Wy 3

Compute the right eigenvector matrices RX, RK and left eigenvector matrices £, [,K of
the corresponding flux Jacobian based on the cell average value u, see appendix (17. 14)
Define

el = cEuk, cé(:/lffué(
Compute limited quantities by applying minmod function component-wise

1
el = \/gminmod (\/gcé(,ﬁ[,f(ﬁl( —aV&), gLl (atx — ﬂK)>

1
el = \@minmod (\/gcé(,ﬁﬁff(ﬁK — ﬁSK),BE{f('&NK - '&K))
If &I = clf and éf = clf then

Allp(u) =u

else
al = REEK, ay =R el ATl (u) = @ + al ¢y + al b3

TVB version

The minmod limiter is too strict and leads to clipping of smooth extrema which are
identified as shocks by the limiter. In order to avoid such effects, we can use a less strict
limiter which involves replacing the minmod function with the following function

a if |a| < Mh?
minmod (a,b,c) otherwise

minmodB (a, b, ¢) = {

The parameter M is related to the second derivative of the solution at smooth extrema.
This is usually not known and a proper choice of the parameter M has to be done for each
problem.

17.5 Positivity limiter

We assume that the first order finite volume scheme is positivity preserving under the
time step restriction

AL < <|u?<| + ke, vk +c}2)‘1
K= AJ)K AyK

where (ug,vg) is the velocity and ck is the sound speed corresponding to the cell average
value @€, For example, this property holds true if we use the Lax-Friedrichs flux. The
positivity preserving DG scheme with degree k solution polynomials is built as follows.

Choose the smallest integer m such that 2m —3 > k. Let £ < - < £m e [—1,41] be
the Gauss-Lobatto-Legendre (GLL) points®. Note that £" = —1 and £m = +1. Consider
the two sets of points

Sy ={(EM N 1<r<m, 1<s<k+1}

S

3These are the roots of (1 — &2)P,_1(€)
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k| 1/2k+1) | m | Jo7
1 1/3 2 | 1/2
2 1/5 31 1/6
3 /7 31 1/6
4 1/9 4 | 1/12

Sy={(E*éM:1<r<k+1, 1<s<m}

Note that S;, Sy are tensor products of Gauss points in one direction and Lobatto points
in another direction. The next two steps are applied in each cell K. Choose a small
number € = 1073, usually of the order of machine precision.

Step 1: Let pp(&,n) be the density inside K. Compute the minimum value of density at
the points S, U S,

K .
= min ,
Pmin (€.)€S2US, Ph(§ 77)
and define
v {‘ s 1}
07 =minq | ——F—|,
P = phin

Let {w{fj :1 < j < N(k)} be the dofs corresponding to density. If 6 < 1 the density is
negative (< €) in cell K. In this case we modify the density without changing its average
value

wi; + 0f wl;, j=2,...,N(k)

At this stage the density is positive (> €) at all points in S, U S,,.
Step 2: Let py(&, 1) = p(up (€, n)) be the pressure. At each point (£,7) € S;US, compute

(€)= 1 ifpp(€m) > €
’ 7. such that p((1 — 7)a” + moup(€,n)) = €

Then define
0X =  min  7(€,
(§m)ESLUSy (&m)

If 2 < 1, then the pressure is negative so that we modify the entire solution without
changing the average value

wl 05w, 1<i<4, 2<j<N(k)

Time step: Let w7, ..., W] be the GLL quadrature weights that satisfy
m
Wy = 2 since our interval is [—1, +1]
qg=1

The the DG update preserves positivity of density and pressure in the cell average values

if
1, . |+ o]+ e\t
AL < = Am K K K K
K= 2(1glgnqu ) < Axg + Ay

Remark 17.2. (1) The computation of T, in step 2 requires solution of a quadratic equa-
tion which must be performed carefully so that we obtain one root which is strictly in the
interval [0,1]. Mathematically this root ewists if p(u’*) > € but roundoff errors can make
things difficult. (2) The positivity limiter is local to each cell and does not require any
information from neighbouring cells.



98 CHAPTER 17. DG ON CARTESIAN GRIDS

17.6 Time integration

After discretizing in space using the DG scheme, we end with a system of coupled ODEs

of the the form q
w
— 4+ R(w) =0
3 T Ew)
We will solve them using the 3'rd order SSP Runge-Kutta scheme which is made of three

stages:

w® = W
w® = w® — A" Rw®)
3 1
@ — 20"+ = |w® — AR
w i + 1 [w At"R(w )]
1 2
B — Zw"+ 2 |w® - APR(w®
w W + 3 [w At"R(w )]
wttt = w(3)

The time step is computed based on a CFL condition. For each cell K, compute the local
time step

-1

g L (Rl okl +ck
KB ok +1 Arg Ayk

where (ug,vg) is the velocity and cgk is the sound speed corresponding to the cell average

value @, If we use the positivity limiter also, then the local time step is given by

. -1
A {1 P (ke e bk
K 2k +17 2 Axg Ayg

The global time step is

At" = CFL - min At 0<CFL<1
KeTy,

where a CFL number slightly less than unity may be used.

17.7 Setting the initial condition

Given the initial condition for the ¢’th component of the solution
wW; = g; at t=20
we approximate the initial condition on cell K by an L2-projection

min /(wz —g,')zd:f
K

{wf};

1 / K = ]./ -
= [ 9i¢; dT = - giprd§
K| 7! 4 Jis14p

The integral is approximated by a tensor product Gauss quadrature of My = (k + 1)?
points

which leads to

K
Wi

5

gi(fq)gbl(gl)a)(’;—i_la l= 15257N(k)
1

K _
Wi =

=

q

where the real location of quadrature nodes Eq = (&, ms) is given by

o 1 1
Tg = <2§f+1A$K + rK, §§§+1AZJK + yK>
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Figure 17.3: Example of Gauss quadrature points for degree &k = 2 on adapted grids

17.8 Summary of algorithm
1. Compute projection matrices, quadrature data, etc.
2. Set initial condition by L?-projection, t = 0
3. Apply TVD limiter (if needed)
4. Apply positivity limiter (if needed)
5. Whilet <T

(a) Compute time step
(b) For r =1,2,3
i. Compute rhs
ii. Update solution to next RK stage
iii. Apply TVD limiter
iv. Apply positivity limiter
(c) t=t+ At

17.9 Adaptive grids

The DG scheme can be easily applied on adapted grids. It is usual practice to keep the level
difference between any two neighbouring cells to be at most one. When two neighbouring
cells are at different level of refinement, then the face quadrature is performed on the
smaller faces, see Fig. 17.3.
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C D

A B

Figure 17.4: Refinement of cell K into four cells

Refinement

When a cell K is divided into four smaller cells, say A, B,C, D, see Fig. 17.4, then the
solution from the parent cell K has to be projected onto the child cells. We have the ¢’th
component of the solution

reK: wZ-K:E wquﬁjK
J

and we want to compute

reA: wf:waj%A
J
We determine {w;f}j,j =1,...,N(k)} by performing an L?-projection, i.e.,

min / (wZK - wZA)Zdi"
A

{w;}j }i

which leads to

(k)
1 1
A K A= K K A=
= - de = — o > d l=1,...,N(k
w'L,l ’A‘/sz ¢l £ ‘A| j;wz,j/A¢] ¢l €, ) ) ( )
This can be written as a matrix vector product
1 -
sz = lezK? (Pl)jl = |A‘/A¢3K¢f1d$

By transforming the integral on A to the reference cell [—1,41] x [-1+ 1], we can rewrite
P as

1 +1 +1
Poa=1 [ [ e+ 020+ D/ alsmicn
which is independent of the element K, A; the above integrals can be computed exactly
using a Gauss quadrature of (k + 1)? points. Similarly, the computation of wZB, wic, wiD
can be expressed in terms of matrices P», P3, Py respectively, which are independent of the
elements.
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C D

A B

Figure 17.5: Coarsening of cells A, B, C, D into cell K

Coarsening

Consider the case when cells A, B,C, D are merged into one cell K, see Fig. 17.5. We
determine the solution on K by performing an L?-projection of the solutions on A, B, C, D,
i.e., we solve the following minimization problem,

min/(wiK—wiA)Qdf—f—/(wiK—wZB)Qdf—l—/(wiK—wic)Qdf—l—/ (wZ-K—wiD)zd:E'
{w}; JA B c D

which leads to
1
wﬁ::</ﬂwf¢fdfﬁ—/nwf¢fdf+i/1wf¢fdfﬁ—/1w?¢fdf), I=1,...,N(k)
’ |K| \Ja B c D

The above equations can be expressed as a matrix-vector product

1
wf = = (Pl + Plwf + Pluf + Pl wP)

where the matrices P, P>, P3, Py are same as those described in the previous section.

Moreover we have used the property that |A| = |B| = |C| = |D| = |K]|.

17.10 Angular momentum conservation
Define the angular momentum
L =zpv — ypu = xws — yws

Because the momentum flux tensor

|:f1,2 f2,2} _ [IH'PUQ puv
fis fo3 puv  p+ pv?

is symmetric, we obtain the conservation law for angular momentum

oL 0

0
o1 T g, @fis —yfi2) + gy(xfz?) —Yf22) =0

Integrating this over element K, we get

% /K LdZx + /8K[5U(f1,3n1 + fz,gnz) — y(fl,gnl + f2,2n2)]d8 =0 (17.2)
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The DG scheme is linear in the test functions. Provided the degree k£ > 1 we can take the
test function to be ¢ = y in the xz-momentum equation and ¢ = x in the y-momentum
equation.

d R

woydd — / fg,gd.f + foyds =0
dt Ji K oK
d - - P
— | wsxd@ — / f1,3dZ + / faxds =0
dt Ji K oK

Subtracting the above two equations and noting that f13 = f22 = puv we get the equation
for angular momentum under the DG scheme to be

d . .
— / Ldz + / (fsx — foy)ds =0
dt Jk oK

This is consistent with the exact equation (17.2) and thus the DG scheme conserves angular
momentum. However the limiting process can modify angular momentum. If the limiter
is inactive in smooth regions then the angular momentum will be conserved.

Experimental section

Let us compute the angular momentum relative to cell center (zx, yx)
Lg = / ((z —zx)ws — (¥ — yx)w2)dT
K

1 1
= AxK/ Ewsdd — AyK/ nw2da
2 K 2 K

1 1
= —Azg|K|lwzs — ——
o5 B2 = 5
If the TVB limiter does not change the solution inside K then the angular momentum is
conserved in the cell K. But if the TVB limiter modifies the solution, then there is no
guarantee that Ly is preserved. We will modify the limited values w2 3, w32 to W23, W32
by solving the following problem

Ayi|K|wa 3

min (a3 — Wa3)® + (W32 — W32)?
wW2,3,W3,2

subject to Awa&Q — AyK’UA)Q’g = lK = Awa&g — Ay[(wgg

To solve this explicity, eliminate w32 to get

lg + Aygiaz )2
— = —W3p

min (g3 — W 3)% + ( Avx

w2, 3
whose solution is o - -
Azfe3 — (Ix — Aw gz ) Ayk

2 2

Wo 3 =

17.11 Legendre polynomials

Legendre polynomials are obtained as the solution of Legendre’s differential equation

d . ad n(n — n—
i [(1 g)ngn(f)]Jr (n+1)P,(¢) =0, 0,1,2,...
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legendre polynomials

1 [
0.5
Z ot -
oS
0.5 Po(x) .
P1(x)
P2(x)
P3(x)
Pa(x)
-1 | | | Ps(x) B
-1 0.5 0 0.5 1

Figure 17.6: A few legendre polynomials

A few of them are listed below, also see Fig. 17.6

Py() =1 P& =¢
Py(€) = 5(36° — 1) P3(&) = 5(56° - 3¢)
Py(&) = $(35¢* — 3062 +3)  P5(€) = £(636° — 70€3 + 15¢)

A good way to compute them is by the following recursion relation
(n+ D) Pari(§) = (20 + DEP(E) = nPas(8),  n=1.2,...

We notice that P, is a polynomial of degree n. The Legendre polynomials have the

orthogonality property
/HPj@)Pk(f)df:{OQ oz
-1 55T it j =k
Another useful property is
P,(1)=1, P,(-1)=(-1), n=0,1,2,...
The derivatives of P, can be computed from

£-1
n

Fy(§) =0, Po(§) =nPp(§) — Pooa1(§), €€ (=1,+1)

Let us also define the scaled functions

Py(&) =V2n+1P,(£), n=0,1,2,...

s _Jo ifj#k
| Bon©w- {2 A

for which we have
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17.12 Gauss quadrature
To integrate a function f : [-1,+1] — R, the Gauss rule of N points is

+1 N

fl)de =Y FE)wY

-1 r=1

where {¢V},. C (—1,+1) are the Gauss quadrature nodes and {wX }, are the corresponding
weights. The N point Gauss quadrature is exact for polynomials of degree 2IN — 1.

To integrate a 2-d function f : [-1,+1]> — R we use the tensor product of the N
Gauss points

+1 41
NN D W
r=1 s=1

From a programming point of view, one may want to arrange the Gauss points in a 1-d
array indexed by a single integer g; there is a unique mapping from ¢ — (r,s). Then we
can write the quadrature rule as

1+
/ @ y)dedy fowd)

where
N N ¢N ~N N, N
gq = (&), Wy = Wp Wy

17.13 Lax-Friedrich’s flux

Figure 17.7: Computation of numerical flux

L
q 9

uqR are the two trace values at the ¢’th quadrature point and w”, @ are the cell average

values. The Lax-Friedrich’s flux at the ¢’th quadrature point on this face is given by

Consider the face between cells L and R as shown in Fig. 17.7. The quantities u
R

- 1 1
fo = 5lfilug) + filu)] = SAcug — ug)

where

Ak = max{\ (a®), A (a®)}, A(w) = |u(w)| + c(u)
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17.14 Left and right eigenvectors of Euler flux Jacobian

The right eigenvector matrices of the flux Jacobians %, % are respectively
1 0 1 1 1 0 1 1
v 0 u+c u-—c w1 U U
Ra = v —1 v v ’ Ry = v 0 v+ec wv—c
k —v h4+cu h—cu k u h4+cvo h—cv
The left eigenvector matrices are
[ 1-5% Mz % -5
o= v 0 —1 0
C Bl —cu) Ble—mu) —Briv Bmn
[B(¢+cu) —Blc+yu) —Bnv Bnl
[1-% Vg & —2]
- —u 1 0 0
Y B@—cv) —Bnu Ble—mv)  Bm
[B(¢+cv) —Bmnu —B(c+mv) Bn]

where

"}/1:’}/—1, kzi(u +U)7 ¢:71k7 /8:@7 h =
These eigenvectors are orthonormal

Rele=1=TRy,L,
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Chapter 18

Nodal DG on triangles

The automatic generation of triangular grids in 2-D is a very well developed technology.
Hence they form an important choice for numerical solution of PDEs. We can formulate
DG scheme on triangles directly in physical space or in mapped space using modal or nodal
basis. The first two approaches require quadrature which adds to the cost of DG schemes.
On linear triangles, the use nodal basis can lead to a quadrature-free scheme which can
be efficiently implemented by matrix-vector operations. The construction of nodal basis
has been explained in Chapter (XXX). The solution in each triangle is a polynomial Py, of
the form

N(k)—1

Up = Z uffg(faﬁ)

J=0

where N (k) = 1(k+ 1)(k +2) is the number of dofs in each cell and (r,s) are coordinates
in the reference cell

K={En):&n>-1,6+7<0}

We will consider a scalar conservation

Multiplying this by ¢;(£,7n) and integrating over one cell

Dun ok 0t } dxdy + H(uy, ,uh, n)l;ds =0

Ot —; lidady —/K[f(uh)aerg(uh)

Sk

Let us assume that we have a linear triangle which means that the Jacobian of the trans-
formation Fi : K — K is a constant matrix. The first integral transforms as

ouy,

Ouh
T dedy—JK edgdn—JKZ /M dédn

107
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To compute the elements of the mass matrix, we utilize the representation of the Lagrange
polynomial in terms of orthogonal polynomials

/Kfifjdﬁdn > circis /K Prpsdédn
= Er: ES: CirCjsOrs
= z”: c;cjr
= Z Vvt
= Z Vi V!

= (V7 TV
Ty—1
(VV 1)y

Hence the mass matrix is

My = Jg(VV 1)1

To apply time integration, we require M1 = iVVT which is easy to compute and there
is no need to compute a matrix inverse.

To compute the flux integral, we first interpolate the flux using the nodes where the
solution is stored, i.e.

flun) = fo = Fu)GE ), glun) = gn =Y g(uf);(&,m)
J J

ot _ 006 | 0t; oy
or  0¢0x  On oz



Appendix A

Quadrature rules

A.1 Quadrature in 1-D

The DG scheme involves integrals which must be approximated by quadrature. Let
f:-1,+1] =R

Choose n quadrature nodes {1, &2, ...,&,} C [—1,+1].

+1 n

1 FOAE =) " wef (&)
q=1

The accuracy of a quadrature rule is usually characterized in terms of the set of polynomials
which it can exactly integrate.

e Gauss-Legendre quadrature

— The nodes {¢;} are the n roots of Legendre polynomial P, (§)

— n-point rule is exact for any f € Pg,_1
e Gauss-Lobatto-Legendre quadrature

— The nodes include {—1, 41} and the n — 2 roots of P, (&),

— n-point rule is exact for any f € Po,_3

Since any quadrature rule must be exact atleast for the constant function, the weights
must sum to two, i.e.,

For a function defined on a general interval f : [a,b] — R, we first perform a change

of variable

v = 5 tat 5 ge

109
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and then apply the quadrature rule

b
[ t@ae = Jo-a [ re@)a
1
2

%

In many finite element integrals, the function being integrated is already given in terms
of the reference coordinate £ and in this case

b n
/ €z~ S Befa(y)
a g=1

A.2 Quadrature in 2-D

A two dimensional integral over the reference cell K = [—1,+1] x [—1,41] is computed
using a tensor product of one dimensional quadrature points. Hence

[ stemdgan = 33 i

i=1 j=1

If we have a general domaAin K, e.g., an isoparametric element, we will have to mapping
to the reference cell Fg : K — K so that (z,y) = Fx(§,n). Then

/ f(z,y)dady = / (&), y(€,m) det Jic (€, m)dgdn
K K

%

DO (6 65), y(6i &) det Jie (&, & Jwiw;

i=1 j=1

where Jx and det Jx are the Jacobian of the map and its determinant, and they are
explained in Section (12.4). In many finite element integrals, the function being integrated
is already known as a function of the reference coordinates (£,7) and in such a situation,
we can approximate the integral as

/K fa(e mdady = 305 (€, &) det T (&, € Jwieo;

i=1 j=1



Appendix B

Evaluation of Lagrange
polynomials

Consider the reference cell to be [—1, 4+1] and let us choose n distinct points in the reference
cell
1< < <<€ <41

The Lagrange polynomials are

(€—&) - (E=&1)(E=&r1) - (E=En1)
(& —&0) - (& —&-1)(& — &ir1) - (§5 — En—1)

Each /; is a polynomial of degree n — 1 and has the delta property

(&) =

0i(&) =6, 0<ij<n-1

The polynomial of degree n — 1 given by

interpolates the function f :[—1,+1] — R at the n points in the sense that

p(&)=fi=f(¢), 0<j<n-1

Since a constant function must be exactly interpolated, the Lagrange polynomials form a
partition of unity

S =1, v

If we want to evaluate p(§) for any other value of £ then the direct evaluation requires
O(n2) floating point operations, which is very expensive.

B.1 Barycentric Lagrange form

Define
08 =(E—&)E—&) - (§— &)
Then it is easy to check that

463
(E =)&)

’U)j . 1

£(8) = s

= £(¢)

111



112 APPENDIX B. EVALUATION OF LAGRANGE POLYNOMIALS

The Lagrange interpolation can be written as

n—1
=06y Wi p

Summing all the Lagrange polynomials yields us unity

n—1 n—1
1=3 6O =03
§=0 §=0 J
so that )
E(é) = n—1 w]

zj:ﬂ §=¢;
Finally we get the Barycentric Lagrange interpolation formula [2]
n—1 wj
2j=0 &g /i
n—1 wj
Ezj:o IS3
This looks like a rational polynomial but in reality it is an ordinary polynomial because
of the particular values of the weights. The weights do not depend on the point £ and can
be precomputed and stored. Then the evaluation of p(&) requires only O(n) floating point

operations. It is also proved that this form is stable in terms of round-off errors.
Here is an implementation in C. We first compute the weights.

p(&) =

// Given n distinct points in x[n], compute weights for barycentric
// formula .
void compute_weights(int n, double x[n]|, double w[n])
{
for(int i=0; i<n; ++i) w[i] = 1.0;

for(int i=1; i<n; ++i)
for(int j=0; j<i; ++j)

{
t =x[i] — x[j];
wli] *= t;
W[J] *= _ta

}

for(i=0; i<n; ++i) w[i] /= 1.0;
}
Once the weights have been computed the evaluation can be accomplished by a function
like this.

double evaluate(int n, double x[n], double w[n], double f[n],
double y)
{

double num = 0, den = 0;
for(int i=0; i<n; ++i)

{
(fabs(y x[i]) < eps) return f[i];
wli]/(y — =x[i]);
num += t % f[i];
den += t;
}

return num/den;
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B.2 Computing derivatives

If we have constructed an interpolating polynomial, we can differentiate it to obtain ap-
proximations to derivatives.
n—1
= 41
§=0

Derivative at an arbitrary point The barycentric form can be written as

MOY e = Z fwiffjj

Re-arranging this gives the derivative formula

-1 w, p(©)-1,
HE) = 2.j=0 =5 £

n—1 w;j
ijo §=¢;

Derivatives at the nodes Since
45 (8) = L(§)

Differentiating both sides

ngjfj = (£=)4(8) = wit(E)
G+ (- GE) =wil'(§) = (8=
At any node &, i # j

/ OE) = 0(&) Wi — 0y w1 o,
?. i) = Wj J — i _
](5) fi—gj gi_fj wzgz fj 175]

Finally, by differentiating the partition of unity property

n—1
>4 =
1=0

we get

(&) = Z 0(&5)
1=0,i#7]
We can arrange the derivatives into a differentiation matrix

Dij = £3(&), 0<i,j<n-1
Then the derivatives at all the nodes can be obtain as a matrix vector product
P’ (o) fo
L =D
P (1) Jn—1
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