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Chapter 1

Conservation law

Let us consider a system of coupled equations of the form
aU+§djaF-(U)—o (1.1)
ot = 81‘j J - '

where U is called the set of conserved variables and F; are the flux vectors

Uy Fy;
Us Fy;

U= € Uyg C RP, Fj=1] .| €R?, 1<5<d
U, F,;

Here U,y is the set of physically admissible states and depends on the particular problem we are
dealing with.

For any spatial domain D C R? with outward unit normal vector n = (n1,...,nq) to 0D
d d
— | Ud F;(U)n;dS =0
a /o x +jz::1 /a O i (U)n;

The above equations tell us that the total amount of U inside any domain D changes only due to the
fluxes across the domain boundary. Due to this property, we say that we have a system of conservation
laws.

Define the flux jacobian

0

L) =F) = |7 Fe)| e

1<i,k<p

Definition 1.1 (Hyperbolicity). The system of conservation laws (1.1) is said to be hyperbolic if for

every U € Uyq and for every w = (w1, ...,wq) € RY, the matriz
d
AUw) =Y A;(U)w;
j=1

1. has p real eigenvalues A\ (U,w) < Xa(U,w) < ... < A\p(U,w)
2. and p linearly independent eigenvectors ri(U,w),...,rp(U,w), i.e.,

AU, w)rj(U,w) = X\ (U,w)r;(U,w) 1<j5<p

Moreover, if the eigenvalues are all distinct, then it is said to be strictly hyperbolic. In this case,
condition (2) is automatically satisfied.
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Definition 1.2 (Cauchy problem or Initial Value Problem (IVP)). Find a function U : (x,t) €
Re x [0,00) — U(z,t) € Uyq which is a solution of (1.1) and satisfies the initial condition

U(x,0) = Up(x) z € R?
Example 1.3 (Riemann problem (1-D)). This corresponds to the IVP with initial condition

U x<0

U(x,0) =Up(z) = {U o0

1.1 Notion of weak solution

The solution of hyperbolic PDE can develop discontinuities even when the initial condition and other
data are very smooth. We would like to allow discontinuous solutions since they are observed in many
physical phenomena. The classical notion of solution which requires all derivatives appearing in the
PDE to exist is not valid in this case. Instead, let us multiply the conservation law by a smooth test
function with compact support in space and time

/ / (OU +,Fy(U)) - ddadt =0, B € C(RY x R*;RP)
R+ JRA
and do integration by parts to transfer derivatives onto the test function
/ / (U-0:®+ F;(U) - 0;®)dzdt + / U(z,0)®(x,0)dz = 0, Vo € CLRY x RY; RP)
R+ JRA Rd

This equation makes sense even if the function U is not smooth, as long as the integrals exist. If a
weak solution is smooth, then it is also a classical solution.

1.2 Jump conditions

Consider a discontinuity in the solution across the surface
x=X(t)

The solution on either side of the discontinuity surface cannot be arbitrary but must satisfy the
Rankine-Hugoniot jump conditions
[Fjn;] = S U]

where '
S = Xjn]’

is normal speed of the discontinuity surface. This can be proved starting from the definition of
weak solution. Moreover, a piecewise smooth solution which satisfies the jump condition at points of
discontinuity is a weak solution.

1.3 Entropy condition

The price we pay for adopting the notion of weak solutions is that we lose uniqueness. There can be
multiple or an infinite number of solutions that satisfy the definition of weak solution. In order to
select a unique solution among the set of all weak solutions, we need an additional principle, which
is usually called an entropy condition. For physical problems, the laws of thermodynamics must hold
and the second law says that the entropy of an isolated system cannot decrease with time. This notion
can be introduced for a general system of conservation laws in the following way.

Assume that we have a strictly convex function Q = Q(U) called the entropy function and associ-
ated entropy flures Gj such that

QU)FU)=Gy(U), 1<j<d
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The set of functions (Q(U), G,;(U)) is called an entropy pair. Multiply the conservation law by Q'(U)
Q'U)OU + QU F;(U) = 0
Q(U) + QU)Fj(U)o;U = 0
Q)+ 0;G;(U) = 0
Hence smooth solutions of the conservation law satisfy the additional entropy conservation law. How-
ever, we cannot expect that the entropy equation holds for discontinuous solutions, since the entropy
jump conditions may not be consistent with the jump conditions of conservation law.

Usually, it happens that hyperbolic equation is a simplification of a more realistic model where
certain terms of small order have been dropped. An important realistic model involves parabolic terms

8tU+8ij(U):eAU, e>0

Because € < 1 in many physical situations, we might have dropped this term from our model. However,
we lose some important information, the entropy condition, when we throw away the Laplacian term.
Multiplying throughout by Q' (U)

Q'U)U + Q(UFj(U);U = Q' (U)d:U
= i[Q'(U)9;U] — e[0;U]" Q" (U)o;U

>0

As Q(U) is strictly convex, the hessian Q”(U) is symmetric, positive definite, and we obtain the
inequality

0Q(U) + 0;G;(U) < €0;[Q'(U)9;U]
In the limit of € — 0, we obtain the entropy inequality
0:Q(U) + 0;G;(U) <0

We will demand that this inequality must be satisfied in the weak sense. Across a discontinuity moving
with speed S,
[Gjn;] < S[Q]

must be satisfied.

1.4 Euler equations

The Euler equations model the flow of ideal gas in which there is no frictional effects. In such a fluid,
the stress field is isotropic and given by a scalar pressure field p. The equations are mathematical
statements of conservation laws of mass, momentum and energy. We can derive these equations by
considering a fixed control volume V' and writing down the conservation law. Let

P mass density, i.e., mass per unit volume, Kg/ m?
v = (v1,v2,v3) velocity vector, m/s
D pressure, N/m?

The quantities (p, v, p) completely specify the state of the system at any particular time.

Mass conservation The mass inside V changes due to flow of fluid across the boundary of V', which
we denote by dV. Net mass flow out of 0V happens only due to the normal component of velocity.

Hence
d

— [ pdx = —7{ p(v-n)ds = —/ V- (pv)dz
dt Jv ov 1%
where we used Gauss divergence theorem. Since this must hold for every control volume, we deduce

the condition
dp

E—FV-(pv):O

or in index notation
Op+ 0;(pv;) =0
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Momentum equation This is just Newton’s law applied to fluids. Let f be some external force
field per unit volume, e.g., gravity, electromagnetic force, etc. Then Newton’s law is

d
— pvda::—ja{ (pv)(v-n)ds—&—j{ pnds+/ pfdx:—/(pv®v+pf)da:+/ pfdx
dt Jy v v 1% 1% 1%

and hence we obtain the equation

)
5#m0+v-@v®v+pﬂ=pf

or in index notation

at(p’l)i) + 8j(pvivj —i—péij) = pfi, 1=1,2,3

Remark 1.4. If gravity is acting in the negative x3 direction, then f = (0,0, —g) where g = 9.81 m?/s
1s the acceleration due to gravity.

Energy conservation The first law of thermodynamics says that the total energy of an isolated
system is conserved. For a system that interacts with its environment, the total energy changes due
to flow of energy into/out of V' and the work done on the system. In an ideal fluid, energy flows only
due to convection by the flow, i.e., we ignore effects like conduction of heat. Let

E = total energy per unit volume, J/ m?

Then the energy conservation law is

d
/de:— E(v~n)d$—7{ p(v-n)ds—l—/pf-vdx
at Jy ov ov v

Using divergence theorem, we obtain

OFE
E—FV-(Ev%-pv):pf-v

or in index notation
WE + 0;[(E + p)vj] = pfjv;

The total energy is made up of internal energy, kinetic energy, gravitational energy, etc. Let us assume
that only internal and kinetic energy are relevant in our problem. Then
1
E = pe+ §P’U|2

where e = e(p, p) is the internal energy per unit mass. For a calorically perfect gas

e =c,T, ¢, = constant
combined with ideal gas law
p = pRT
yields
R . P
CpHy —= —— e =
Cor-1 (v=1p
where
4
y=—2>1
&)

is the ratio of specific heats at constant pressure and constant volume, respectively. For air which is
mostly composed of nitrogen, v = 1.4. The total energy is given by

p 1 2 1 2
E=—"_ 4= — p=(-1|E--
7_1+2p!v! p=0 ){ 5Pl
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Summary of equations All of the conservation laws we have derived have a common structure

— (some density) + V - (corresponding flux) = source term

ot

We can hence write the Euler equations as

a,U + 0,F;(U) = S(U)

where
p pU1 pL2 pU3
pU1 P+ pv% pU2V1 pU3VL
U= |pv2|, Fi=1| pova |, Fo=| p+pv3 |, Fy=| pvsvg
pU3 pUIU3 pU2U3 p+ pv3
E (E+p)n (E +p)va (E +p)vs
0
pfi 1
S = pf2 ., p=(-1) [E - 20@!1
pf3

p(fivr + fave + f3v3)

This is a hyperbolic system for which the matrix A(U,w) has real eigenvalues

vw—a, V-w, VW, VW vV-w-ta

AT
a = -
P

is the speed of sound. Though there are repeated eigenvalues, we can find a full set of eigenvectors.

where

State space Physically admissible states must have strictly positive values of density and pressure,
ie.,
1

p>0, p>0 = Uad:{U€R5:U1>O,U5—2U
1

(U§+U§+Uf)>0}

This is a convex subset of R. It is very important that the numerical scheme should yield positive
solutions, since otherwise, the computations will break down.

1.4.1 Non-conservative form

It is some times useful to write the Euler equations in non-conservative form. They are given by

gi)-l-v-Vp%—pV-v =0
v 1
E-FU-VU—F;Vp =0

dp

E-HwVp—vaV-v =0

1.4.2 Entropy equation

The thermodynamic entropy can be taken as

and using the Euler equations, we can derive the entropy equation

0s
a—i—%VS—O
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This implies that entropy of a fluid element is constant. Using the continuity equation we can rewrite
this in conservation form

2 (p)+ V- (psv) =0

In fact a more general equation holds. Define

Q = pH(s), Gj = pv;H(s)

Then

0:Q + 3jGj =0
holds for smooth solutions. Moreover, if H'(s) < 0 then Q(U) is a strictly convex function'. For Navier-
Stokes equations with Fourier law of heat conduction, the correct entropy function is H(s) = — In(s)
so that

Q= —plns, Gj = —pvjlns

1.5 Isothermal/isentropic gas

If the gas system behaves in such a way that

p=p(p)

then the energy equation is not required and we have just mass and momentum equation

ap B
E—FV‘(pv) =0
0
Eaiv)+v-(ﬂv®v+p(p)1) =0

If the gas temperature is constant, then ideal gas assumption implies that

p=Cp = Isothermal Euler equations
If the gas has constant entropy, then
p=Cp’ = Isentropic Euler equations

for some v > 1. In both cases, we have a hyperbolic system of equations. For these models, the total
energy F plays the role of a convex entropy function.

1.6 p-system

Model for one-dimensional isentropic gas dynamics in Lagrangian coordinates

o o _
ot or

ou 0

E‘i‘a*p(v) =0

v = specific volume = %
u = velocity

p = pressure = Cv™7, v > 1 “Conserved” variables and flux vector

v —U 2
U= , F= , Upg ={(v,u) eR*:v >0
Flux jacobian

4=FU)= L?’?v) _01

Eigenvalues are real and distinct provided p'(v) < 0

AL =—v—p(v), A2 =/ —p'(v)

1See Bouchut
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1.7 Linearized Euler equations

In some problems, the flow may be constant with only small perturbations around a constant state
(po,v0,po)- In this case, the flow may be treated as isentropic

p=p(p;s) =C(s)p”
and we can ignore the energy equation. Then
p=po+p, v=w+v,  p=plpo)+p =po+(vpo/po)p’

where
'] < po, V'] < Jvo

Ignoring terms quadratic in the perturbations, the mass and momentum equations take the form

a/
X b VoV w0 = 0
o’ P ago
§+vo-Vv +U-V”0+povp = 0, ao=+po/po

This is a hyperbolic system.
We can also take the linearized pressure equation

a/
afi+U0'Vp,+7p0V'U/:0

instead of the density equation.

Sound waves Let us consider the background state to be stationary, vg = 0. Then

o 1 op
— 4+ —Vp' =0, = V- =0
ot +p0 D ot +poV v

Differentiating pressure equation wrt time
Oup +vpoV -0 =0 =  Oup = a%Ap’

The pressure perturbations are governed by the wave equations and the perturbations propagate with
speed ag which is the sound speed.

1.8 Shallow water equations

1.9 Maxwell’s equations



Chapter 2

FVM in 1-D

The finite volume method is based on the integral form of the conservation laws and gives an approx-
imation to the weak solution. Consider a 1-D conservation law system

U+ FU),=0
with some initial condition

U(z,0) = Up(x)
We partition the domain into disjoint cells

Ly =lojpeeyl, Be=g5 -,

Integrate the conservation law over one cell

d

e U(:U,t)dx—i—F(ijr%,t)—F(:r. 1,t) =0
J

+3
Define the cell average value

1
its

We have to make some approximation to estimate the fluxes. Suppose we have some method to do
this

Flag1,t) & Fy () = F(., Up(t), U (1), )

Tj+ls

and Fj +1 is called a numerical fluz function. We obtain the semi-discrete finite volume scheme

av;

A
T

+Fj+%_F' =0

1
J=3

2.1 Basic scheme

The numerical solution is defined by the cell averages, which give a piecewise constant approximation.

Suppose

F.

i1 = FU;Ujta)

where the numerical flux is constant in the sense that
F(U,U)=FU) VYU € Uy
We partition the time axis into intervals At; we will compute the numerical solution at the time levels

t, = nAt, n=20,1,2,...

11
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and denote the cell average by
Ui = U(x,tn) xEIj+%

The superscript denotes the time level and is not a power. The time derivative can be approximated
by a forward difference formula in time, also called forward Euler scheme

LT A
e " At
Then the fully discrete scheme is

n+1 n
U™ —Uj

J +FTH—F;‘

A
AL ity -3

=0
Since the solution is known at time level n, we put all these quantities on the right hand side to obtain
the finite volume update equation

At
l:fn-‘rl —Ur— n _n
i T AJ;[FH% Fj—%

Given the initial condition

1
0 _ . 0 _
Uj = UO(:I:]) or Uj = Aaj/[ Uo(ﬂ?)da}
J

-4
we repeatedly apply the update equation to generate the solution at future times.

Remark 2.1. How to compute the numerical flux ? This is the key question in the finite volume
method. The natural thing to try is to perform some interpolation, for example
1
Fip1 = S+ Fj

but this leads to a central difference scheme

av; 1
AZUT; + 5 (Fje1 = Fjo1) =0

which is unstable for non-linear hyperbolic problems. In the remaining chapters, we will see better ways
to approximate the flux. The piece-wise constant solution representation creates a Riemann problem
at each cell face. We can solve the Riemann problem exactly or approximately to compute the fluz.

2.2 Local truncation error

The local truncation error is useful to make some conclusions on the order of accuracy that can be
expected from the scheme. Let us assume that we have a consistent numerical flux function and
also that it is a smooth function of its two arguments. The local truncation error is obtained by
substituting a smooth exact solution into the numerical scheme

Uz, t + At) —U(x,t)  FU(x,t),U(z+ Ax,t)) — F(U(x — Az, t),U(z,t))
At + Ax

Ty =

We perform Taylor expansion around (z,t). The first term is

Uz, t+ At) —U(z,t)

- = 9,U(x,1) + O (A1)

Define shorthand notation
U=U(z,t), 0,U = 0,U(x,t)
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Let us call the two arguments of F'(+,-) are X, Y respectively. Then, differentiating the flux consistency
condition, we get

) ) )
S FUU) + 5o F(UU) = 2= F(U)

Now
F(U(z,t),U(z + Az,t)) = F(U,U+ Azd,U + O (Az?))
= F(U,U)+ AxiF(U, U)-0,U + O (Az?)

Y
= F(U) —I—Ama%F(U,U) - 0,U + O (Az?)
and similarly
FU(z — Ax,t),U(z,t)) = F(U) — Am‘;)(F(U, U)-0,U + O (Az?)

The flux difference term becomes

F{U(x,t),U(x 4+ Ax,t)) — F(U(x — Ax,t),U(x,t))

Az
0 0

)
= S F(U)-0.U+0(Aw)
= 0,F + 0O (Ax)

Hence the truncation error is
Th = 0 U 4+ 0, F + O (At) + O (Az) = O (At) + O (Ax)

We get first order accuracy just from a smooth, consistent flux.

2.3 Implementation of scheme

Let us write the scheme in residual form

au;

A:U—dt +R; =0, R; __Fj+%*ij%
The update equation is
At
(T”+1 Unr R™
AN

Note that the flux Fj +1 appears in R; as shown above and also in ;1

Rj+1 :Fj+% —FjJr%

but with opposite sign. Since the flux computation can be expensive, we will compute each flux only
once and add/subtract it from the two residuals. This requires that we should loop over the faces.
The algorithm is given in (1). To implement this method, we need arrays to store the solution and
the residual. Here is a Fortran-type pseudo-code. It uses Neumann boundary conditions at both ends
of the domain.
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Algorithm 1: First order finite volume scheme

Allocate memory for all variables;

Set initial condition;

Set time counter t = 0;

while t < T do

Compute time step At;

Set residual to zero;

for each face do
Compute flux;
Add flux to left residual;
Subtract flux from right residual;

end
Update solution to next time level;
t=1t+ At;
end
Listing 2.1: First order FVM
integer :: nvar=3, nx=100, j
real :: U(nvar ,nx), R(nvar,nx), flux(mvar), t, dt, T=1.0, &
cf1=0.9
call set_initial_condition(U) ! Set initial condition in U
t = 0.0

do while(t < T)
dt = compute_dt(cfl, U) ! Compute time step using CFL condition
R=0
do j=0,nx
if(j = 0)then ! first face
call num_flux(U(:,1), U(:,1), flux)
R(:,1) = R(:,1) — flux ! subtract from right cell
else if(j = nx)then ! last face
call num_flux(U(:,nx), U(:,nx), flux)
R(:,nx) = R(:,nx) + flux ! add to left cell
else | interior faces
call num_flux(U(:,j), U(:,j+1), flux)
R(:,j ) =R(:,j )+ flux ! add to left cell
R(:,j+1) = R(:,j+1) — flux ! subtract from right cell
endif
enddo
U=0U-—-dt * R
enddo




Chapter 3

Linear hyperbolic system in 1-D

Let us consider a system of m conservation laws
U+ FU),=0

where the flux is linear
F(U) = AU, A € R™™ constant

We are interested in the IVP
Ui+ AU, =0,  U(z,0)=U%z)
The system U; + AU, = 0 is said to be hyperbolic provided

e A has m real eigenvalues
AM<XA<...< A\

e The eigenvectors form a basis for R™.

It is not necessary that the eigenvalues should be distinct. But we need linearly independent eigen-
vectors.

3.1 Where are the waves 7
By definition of eigenvalues and eigenvectors
Ary = A1k, r, € R™
We can stack the equations side by side
Alriy.ooorm] = [, ..oy r]diag( A, Az, oo o Am)
Define the matrices
R=1r1,ro,...,7m] € R™*™, A = diag(A1, A, ..., Apy) € RTX™

we get
AR = RA, A= RAR™!

The inverse of R exists since its columns are linearly independent and so it has full rank. Now we can
modify the conservation law as

oU oU oU ou
el A 1YY _ -1 A e —
6t+RRax 0 = R8t+Rax 0
Define the characteristic variables by
ow ow
W=R1'U — +A—=0
— ot * ox

15
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These equations become decoupled
oW ow;
(2 + AZ (2
ot Ox
We get m linear advection equations !!! This also shows the importance of eigenvalues; they represent
the wave speeds !!!

=0, 1=1,2,...,m

3.2 General solution

The initial condition for W is

W(z,0) = W°z) = R'Ux)
and the solution is given by
Wiz, t) = Wz — \t) = [RTIU(z — \it)]s
Transforming, we get the solution U

U(z,t) = RW(x,t)

m
= Z Wi(z, t)r; (linear combination of eigenvectors)
i=1

= Z VVZO(ZL' - /\it)rz-
=1

m
- Z[RilUO(x — )\Z‘t)]fﬂ“i
i=1
Geometrical interpretation We have m characteristic curves ‘é—f = \;. Through any point (z,t)

draw all the m characteristic curves until they hit the line £ = 0 on which we know the initial condition.
The characteristic with slope A; hits the initial line at z; = x — A\t and we take the value W;(z;,0)
from this point. Then we know the p values

Wi(z,t) = Wi(x1,0), ... ,Wp(z,t) = Wy(xp,0)

and we now convert back to conserved variables by multiplying with R.

3.3 Riemann problem

Consider initial condition

U x<0
UO(m)Z{U x>0

Initial condition for W

R™U, 0 4% 0
R~U, >0 W, x>0

Solution for W;, i =1,2,....,m

VVM ZL'/t < >\z

Wiz, t) = W (z — A\it) =
Wr,i .’L‘/t > N\

Solution U
Uz,t) = Y W(x—At)r;

= Z Wiiri + Z Wir;

s /t<N; s /t>N;
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Since we ordered the eigenvalues, there is an n = n(z/t) such that
x
)\n < z < An+1

and the above solution can also be written as

n(x/t) m
U(.%', t) = Z Wr,iri + Z ‘/Vl’ﬂ’i
i=1 i=n(x/t)+1

We see that the solution of the Riemann problem is self-similar in the sense that it depends only on

the ratio z/t, i.e.,
Uz, t) = Ur(z/t)

Example 3.1. System of 3 equations (m = 3)

U, :E/t<)\1
Uf A< Jj/t < Ao

U(z,t) =

(1) Us A <zx/t<As3
U, a:/t>)\3
t

*
3 =Ur

B

The intermediate states are given by

Ul = Wpari + Wiare + Wisrs

Uy = Wpari+ Wiearo + Wiyars
Remark 3.2. Show that the the jump in the intermediate states satisfies

Ui*_ Z‘*_l = (Wr7i—w/l7i)'l"i, Z: 1,2,...,m

with the convention that Uy = U; and U}, = U,. Hence the initial discontinuity breaks into m
discontinuity waves which propagate at speeds A\;, © = 1,...,m. The i’th wave will appear in the

solution if the corresponding amplitude |W,.; — Wi;| > 0. Moreover, across each wave, the jump

condition

FU) - F(U~y) = AU - Uj,4) = (Wm‘ - I/Vl,i)ATi = (Wr,i - Wl,z‘)Airi = \i(U; = Uj,)

)

1$ satisfied.
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Solution on z/t = 0: For future use in finite volume method, we compute the solution along x/t = 0.
It is given by

Ur(0) = Z Wiiri + Z Whir

i:A; >0 :A;<0
and the corresponding flux is
F(UR<O)) = AUR(O) = Z )\Z“/Vl’ﬂ’i + Z /\in'Ti
:A; >0 i:A; <0
This can be re-written as
F(UR(0)) = Y MWy + > A Wyr

where we have defined

1
AT = max(0,)\) = 5(/\4- IAl) >0

1
AT = min(0,0) = 50— ]A) <0

Define diagonal matrix
AT = diag(\E, ... A)
The above flux can also be written as
F(Ug(0)) = RATW;+RA™W,

= RAYR™'U + RA"R7'U,

= ATU+ AU,
where

AT = RA*R™!

Another formula is obtained using the second definition of \*;

F(UR0) = Y N Wiri+> A\ Wi

1 1
= Z 5()\1‘ + [N )Wiiri + Z 5()\1‘ — N ) Wi

7

1 1
= JE+E) -3 D N (Whi = W)

1

1 1
= i(ﬂ +Fr) - iR’A’(Wr - I/Vl)

1 1
= S(Fi+F)—5A(U 1),  |Al=RAIR™

Flux difference form Let s be such that

As <0 < Agp1
Then solution on x = 0 is given by
S m
Up(0) =U; = U+ ) (U —U ) =Ur = ) (U = Ujy)
i=1 i=s+1

so that the flux on z = 0 is

S m

F(Ugr(0)) = AUR(0) = F(U;) + Z)‘i(Ui* -U,) =F(U,) - Z Ni(UF = Uisy)
i=1 i=s+1
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This can also be written as

m m

F(Ugr(0)) = F(U) + Z)‘;(Ui* -U,) =FU,) - Z)‘;’_(Ui* -Ui)
i=1 i=1

(AF)— (AF)t

The flux difference

m
AF=kh-R= Z)‘i(Ui* —Ujy) = (AF)” + (AF)"
i=1
is split into two parts, (AF)™ due to left moving waves and (AF)™ due to right moving waves.

3.4 Upwind scheme

The system of conservation laws can be transformed to a set of decoupled linear advection equations

ALY

Wi
ot " Oz

=0, 1<1<n

which represent waves moving with velocity A;. We can try to build a scheme for the system of con-
servation laws by applying the upwind scheme to the above advection equations. For the grid point j
we have

n+1
Wii = Wi Wi = Wi Wi =Wis 0 e
At ' Az ¢ Ax ’ T
or using matrix-vector notation,
n+1 n
WPt oW W W
At Ax Ax

Multiplying by R from the left, we transform back to the conserved variables U, the above scheme

becomes

n+l . _
Upt Uy LU UR U U

At Azx Az

CIR splitting: We could have obtained this scheme using the CIR splitting technique; separating
the Jacobian A into positive and negative parts
ou ou ou

A=At + 4~ AT = RATR! AT AT =0
T4 ’ ot + o + or

and using backward and forward differencing for the AT and A~ terms respectively,

yrtt _pyn ur —yn gr, . —ynr
J I o4oAt+d Uit e ks J _
At o h !

we obtain exactly the upwind scheme.

Flux splitting scheme: Another way to arrive at this scheme is to start with flux splitting. The
eigenvalue splitting leads to the flux splitting

F=ATU+A U=F"+F"
so that conservation law can be written as

8£+8F++8F_ —0
ot ox or
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Since

OF+ OF~
ou 20, ou =0

we use backward and forward differencing for the F'* and F~ terms respectively.

n+1 + + - -
A A it S XS S B

At h h

We can write this as a finite volume scheme
n+1 + — + _
Ui =0 U A ) — (B + F)
At h

with the numerical flux

F

) . 1 |
e = F A Fy = AU + AU = 5(Fy + Fy) = 5lAIUjn = U;)

N

We can compare this flux to the upwind flux for linear advection equation; the factor |a| has been
replaced by the matrix |A|.

Upwind property This scheme upwind property in the following sense: If all eigenvalues are
positive, i.e., all the waves are moving to the right, then

Fr=F F

j Js j41 =0 - n

The flux is entirely determined from the left state U; which is physically meaningful. Conversely if all
eigenvalues are negative, then

Fr=0, F,=Fin = Fiyr=Fin

the flux is now entirely determined from the right state Uj1.



Chapter 4

Euler equations in 1-D

The Euler equations in 1-D are given by

Ui+ FU),=0
where
P pU
U=|pu |, FU)=| p+pu?
F (E+p)u
Here

p = density, wu = velocity, p = pressure

1
FE = total energy per unit volume = pe + §pu2

pe = internal energy per unit volume
e = internal energy per unit mass

The pressure p is related to the internal energy e by the caloric equation of state p = p(p,e); for a
calorically ideal gas, p = (v — 1)pe, so that

p=(y—1) [E - ;qu]

4.1 Flux Jacobian

The flux jacobian A € R3*3 is defined as

_or
- oU

The jacobian can be computed by first expressing the flux vector in terms of the conserved variables.

A(U) == F'(U)

The pressure is given by

p=0-1[E- 28] o fon - 22
Then the flux can be written as
Us U
FU) = | p0)+U3/U | = | 3B-7 + (- 1Us
(Us +p(U))Ua/Us VG — Ly - 1)
The jacobian components are then given by
Aij:gg;’ 1<i4,7<3

21
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and for the Euler equations we obtain
0 1 0
A(U) = —3(3-7) (%)2 B-ng -1
U (-1 (%) 2E-30-0(B) B

Defining the total specific enthalpy H

1
H:(E—i—p)/p:fycil—i-iuQ, a= 7—;D:sound speed
the jacobian matrix can be written as
0 1 0
A(U) = 3(y = 3)u? B-vu -1

4.2 Hyperbolicity
The flux Jacobian A has eigenvalues
Al =u—a, Ao = u, A3=u-+a

The corresponding right eigenvectors are

1 1 1
m=|lu—a |, mMm=|u |, 3= uta
H —ua %uQ H 4+ ua

which are linearly independent. Thus the time dependent Euler equations are hyperbolic. The flux
Jacobian can be expressed in terms of the eigenvalues and eigenvectors by the following diagonal

decomposition
A(U) = R(WAU)RY(U)

where the matrix R has the eigenvectors on its columns
R =[ry,re, 73] and A = diag(A1, A2, A3)

The rows of R™! are the left eigenvectors of A; the left and right eigenvectors are mutually orthogonal.
In fact, since

I L—luﬁ_Fg _y=lw 1 n=1
1 1 4 a 13 2 a2 2a 2a21
- _ v=1u u -
RE= |l =|1-T55 (-1z &
I3 1w wo _y—lw o 1 -l
4 a? 2a 2 a2 2a 2a?

we have lﬁ'j = 51]

4.3 Homogeneity property
If the equation of state p = p(p, e) satisfies

plap,e) = ap(p,e) for every a >0
then it is easy to check! that the flux vector satisfies?

F(aU) =aF(U) forevery «o>0

1See [?]
2We say that F' is homogeneous of degree one.
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Differentiating wrt «

d d
2 Flall) = [aF(U)
F’(aU)%(aU) —F(U)

A(aU)U =F(U)

and setting a = 1 we get
FU)=F(U)U = AU)U

which is called the homogeneity property. It can also be directly checked by computing the
product A(U)U. This special property of the Euler equations is used in the Steger-Warming flux
splitting scheme and in the Beam-Warming scheme.

4.4 Primitive form

The primitive variables are

V=1[p, u, p|"
The transformation between U and V is given by
U1 =p p = U1
U2 = pu u = UQ/Ul

Us =p/(y—1)+pu?/2 | p= (v - 1)(Us — U3/ (2U1))
Defining the jacobian M := U’(V), the Euler equations can be transformed to the primitive form

oUu oV OF oU oV

ol Tavavor -
ov ov
M= + AM=— =
ar M o,
1% -V ~
— +A— = A=M"1TAM
ar T on 0,

The Jacobian of the transformation is

»

1 0 0
M=\ u »p 0
5o g

This matrix is invertible since det(M) = p/(y — 1) > 0. The matrix A can be computed as

u p 0
A — 1
A=10 u -
0 pa® wu

whose eigenvalues are again u—a, u and u+a. This is obvious since A and A are related by a similarity
transformation. It is easier to compute the eigenvalues/vectors of A since it has a simpler structure.
The eigenvectors of A can be obtained as follows.

AF = M
M~YAMF P
AMF) = MNMF)

Hence r = M7 is the eigenvector of A corresponding to eigenvalue \.
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The primitive form can also be derived by manipulating the conservation form in the following

way. The continuity equation gives

ap ap ou
o " ox tPox 0

which is in the primitive form. The momentum equation can be written as

ou op 90p ou Op
Par Vo T g T s T oy Y

Using the continuity equation to eliminate the time derivative of p we have

ou ou 10p

Similarly, from the energy equation and eliminating p; and u;, we obtain

Op 28u Op
— =0
ot """ o e
Writing the three equations as a system, we have
o |? u op (1) g |?
— 0 w =|—=— =0
ar [“] T , | oz |"
p 0 pa* wu D

which immediately gives us the matrix A.

4.5 Entropy equation

Consider the quantity s = p/p”. Using the primitive form of the Euler equations, we can show that

L (2 )

ot ot "ot

_ L (op 2 0p

= s (ax “ o

"

- Yo

which gives us an additional equation, atleast for smooth solutions

% + u§ =0
ot or

This equation tells us that the quantity s which is the entropy, is convected along with the fluid; the
entropy of a fluid element remains constant. For smooth solutions, the entropy equation implies that
p = const.p” along a particle path. If the initial condition has constant entropy and if the inflow has

same entropy, then the entropy is constant everywhere inside the domain at future times also.

This is however not always true, e.g. when shocks are present. Using the continuity equation this

can also be written in conservation form

0 0
5 (Ps) + 5 (psu) =0

As discussed before, we can only demand an inequality in general

8( ps) + o-(=psu) <0

ot ox
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4.6 Characteristic form

We can put the Euler equations in the form

99  \9¢ _
8t+)\8x_0

which leads to the characteristic equation

do dx
- = 1 — =\
T 0 along &

The entropy equation is already in this form, i.e.,

d d
& 0 along *

dt a

Combining the primitive form of the momentum and pressure equations, we have

<ap+u8p+pa23u> —i—a(p%—i-puau—km)) =0

ot oz ox ot or ' Ox
o 0 0 0 0
D /4 U wl
9 +(u+a)ax + pa {& —I—(u—i-a)ax] =0
which implies that
1 @ du

0 along ¥ _yy
il — =0 along —=u-+a
padt  dt &

Integrating this equation we have

d d
/<p+du>:C along —xzu—i-a
pa dt

If we assume that the entropy is constant in the whole domain, then p,a can be written as functions
of pressure so that the first integral can be evaluated to

a n U ‘ | dz n
— =const., along — =u+a
~—1 2 ’ &
Similarly we get
a u ‘ | dx
— — =const., along —=u-—a
y—1 2 &

We see that the quantities that are constant along the characteristics are the following Riemann
invariants

d
R = al—g along d—f:u—a
v —
R'=s along d—xzu
dt
d
RJF:’yil—i—g along d—f:u—i—a

4.7 Jump conditions
Let us consider a shock which is perpendicular to the xz-axis. The Euler equations have the form



CHAPTER 4. EULER EQUATIONS IN 1-D 26

where
p pu
pu p+ pu P 1
U= |pv]|, F= pUV , E=—"—+ —pu®+v*+w?
pw puw y-1 2
E (E+pu

The eigenvalues of the flux jacobian are
Al =u—a, Ao = A3 = A4 = u, As =u—+a
The characteristic fields associated to A1, A5 are genuinely non-linear
N (U)ry #0, Xe(U)rs # 0, VU €Uy
while those associated to A9, A3, A4 are linearly degenerate
Xi(U)r; = 0, 1=2,3,4, VU €Uy

Define the jump operator
[1=C)r=Ch
Across a discontinuity moving with speed S, the jump condition

[F] = S[U]

must be satisfied.

4.7.1 Contact/shear wave

This is associated with the eigenvalue u and the eigenvectors are linearly degenerate. The eigenvalue
is a Riemann invariant and has same value across the wave, u; = u, = u. The contact wave moves
with speed u. Fluid particles do not cross a contact wave. Now we write down the jump conditions.

pru—pu = ulpr—p) v
(pr + pru®) = (0 + o) = ulpyu—pu) = pp=p
pruvy — pruvy = u(proy — proy) v
pruw, — pruw, = u(prwy — ppwy) V'
(Er +pr)u— (B +plu = U(Er E) v

If p; # p, then it is a material wave or contact wave. If vy # v, and/or w; # w, then it is called a shear
wave. Any two states with same values of u, p are admissible for a contact/shear wave. (FIGURE)

4.7.2 Shock wave

This is associated with the eigenvalue u — a and/or u + a, which are genuinely non-linear. Let us
perform a change of coordinate system in which the shock is stationary. Then the jump conditions
become F,. = Fj, i.e.,

Prur = pPLUL
prtpup = pit oo
PrlUrVy = PIUWU]
PrUrWy = Prujwy

(Er +pr)ur = (El+pl)ul



CHAPTER 4. EULER EQUATIONS IN 1-D 27

Note that u; # 0, u, # 0 and the y, z momentum jumps show that v; = v, and w, = w;. Thus the
tangential velocity components are continuous across a shock and only the normal component has a
jump. The conditions can be reduced to

Pruy = PLU
pr+pui = p+puf
H, = H

Then we can derive relations between the right and left states

1)M? 2
pr_w __(v+1) L P B e
pr w24 (v —1)M; DI 7+1

where M is the mach number, M = u/a.

Entropy condition I Now we consider the entropy condition. Let us assume that u; > 0 (and
hence u, > 0); then flow is from left to right and [ is the pre-shock state and r is the post-shock state.
An examination of the entropy condition shows that

(—prursy) — (—prugs) <0 = s> g & M; >1

i.e., the pre-shock flow must be supersonic relative to the shock. Under this condition we can deduce
that

Pr > Pl up < U, Pr > D

The density and pressure of a fluid element increases as it crosses a shock wave, and the velocity
decreases. (FIGURE)

Entropy condition IT An alternate way to check the entropy condition is by using Lax character-
ization; the characteristics must enter the shock curve. For the stationary 1-shock, the Lax condition
is
up—a; > 0> u, —a,
This gives two inequalities
u; > a; > 0, Up < Gy

The pre-shock state is supersonic and post-shock state is subsonic. From the first inequality and using
mass jump condition
pLug > plap = Prly > prag

Combining this with second Lax inequality yields

PrPr
PP

We know the ratio of density and pressure in terms of M; and this tells us that M; > 1 which again
implies that p,. > p;, u, < w; and p, > p;.

p1a; < Priy < PrQy = >1

4.8 Riemann problem (Shock tube problem)

The gas on the two sides of the diaphragm are at different states; when the diaphragm is ruptured, a
pattern of waves is set up in the tube which may travel along the length of the tube.

Diaphragm

P, Uy, Pi Pry U, Pr
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We have seen that for a linear system of m hyperbolic PDEs, the Riemann problem consists of m
discontinuity waves propagating with speeds given by the eigenvalues. A non-linear system also gives
rise to m waves. For the 1-D Euler equations, the Riemann problem has in general three waves known
as shock, contact and expansion wave. What type of waves are actually present in the solution will
depend on the initial conditions of the Riemann problem.

/7
U, U / U Tail
Shock Contact

Head

e A shock is a discontinuity across which all the flow variables density, velocity, pressure, are dis-
continuous. A shock is associated with the characteristic fields corresponding to the eigenvalues
A =u —a and A3 = u + a. The characteristics on either side of the shock intersect into the
shock. Fluid particles can cross the shock; when this happens, their velocity decreases, and,
density and pressure increase.

e A contact is a discontinuity across which density is discontinuous but pressure and velocity are
continuous. It is associated with the characteristic field corresponding to the eigenvalue Ay = u.
The characteristics on either side of the contact are parallel to the contact line. Fluid particles
do not cross a contact discontinuity.

e A rarefaction or expansion wave is a continuous wave which consists of a head and a tail; all
the flow quantities vary continuously through the wave and the entropy is constant. This wave
is associated with the characteristic fields corresponding to the eigenvalues A\; = u — a and
A3 = u + a. The density of a fluid particle decreases as it crosses this wave, and hence the name
rarefaction wave.

Case (c) Case (d)

Fig. 4.2. Possible wave patterns in the solution of the Riemann problem: (a) left
rarefaction, contact, right shock (b) left shock, contact, right rarefaction (c) left
rarefaction, contact, right rarefaction (d) left shock, contact, right shock
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Test PL UL, PL PR UR PR
1 1.0 0.0 1.0 0.125 0.0 0.1
2 1.0 -2.0 0.4 1.0 2.0 0.4
3 1.0 0.0 1000.0 1.0 0.0 0.01
4 1.0 0.0 0.01 1.0 0.0 100.0
5 5.99924 | 19.5975 | 460.894 | 5.99242 | -6.19633 | 46.0950

Table 4.1. Data for five Riemann problem tests
I 1 ‘L
E 0.5+ ] % 0.5 -
A >
0 0 - :
1 1
Position Position
1 1
5 0.5 E
= 3
0
1 |
Position Position

Fig. 4.7. Test 1: Exact solution for density, velocity, pressure and specific internal

energy at time t = 0.25 units

29
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05

-2

Density
[an] —
Velocity
o )

Position Position

Pressure
Internal Energy
=)
n —_

Position Position

Fig. 4.8. Test 2: Exact solution for density, velocity, pressure and specific internal
energy at time t = 0.15 units

25

12,5

Density
w @)
—
Velocity
<

0 L
1 1
Position Position
1000 2600
o
£o
(]
4 500 ¢ = 1300 + 1
& £
A~ L }
) L
0 = 0
1 1
Position Position

Fig. 4.9. Test 3: Exact solution for density, velocity, pressure and specific internal
energy at time t = 0.012 units
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Pressure

Fig. 4.10. Test 4: Exact solution for density, velocity, pressure and specific internal

3 ‘ h
1
Position
100 ¢
50 t
10 l
1
Position

energy at time t = 0.035 units

Density

Pressure

Fig. 4.11. Test 5: Exact solution for density, velocity, pressure and specific internal

40

20 ¢

L

2000

0§ r

il

Position

—

Position

energy at time t = 0.035 units

Velocity

Internal Encrgy

Velocity

Internal Energy

S35 7

Position

260

230 ¢

25 ¢

12.5 ¢

400

200

Position

—

Position

—

L

Position

31
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Lax-Friedrich flux

Let us consider a 1-D system of conservation laws
U+ F{U),=0

The central difference scheme

+1
U BB
At 2Ax

is unstable for hyperbolic problems. A stable version can be obtained by a small modification

.

11
uptt = 50+ URy) N Pl —F
At Azx
which can be written in finite volume form with numerical flux
1 1 Ax
Fi1=5E + Fin) = 51 Ui = Uj)

This has the usual structure

1 1 Azx
= §(Fj+Fj+1)—§)\(Uj+1—Uj), A= — :speed

F.
At

7+

N[

Since the time step must satisfy a CFL condition (show this by Fourier analysis)

Az
At = CFL CFL<1
max; o(F'(U7))’ -

where o is the spectral radius. We see that

A~ maxo(F'(U}"))
j

The parameter A is related to the maximum wave speed in the whole computational domain. For
this reason, this scheme is also sometimes called global Lax-Friedrich scheme. It is very simple in the
sense that we do not need to know anything about the eigenvectors but only need to know the largest
eigenvalue. It is a very robust scheme and seldom fails to give an answer, but the results will be very
diffusive.

5.1 Rusanov or local Lax-Friedrich scheme

A simple way to improve the scheme is to use a local estimate of A\ so that the flux has the form

1 1
FjJr% = i(FJ + Fj+1) — §>‘j+%(Uj+1 — Uj)

32
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where A i+l is an estimate of the maximum wave speed arising in the Riemann problem at the face
2

Jj+ % For convex fluxes, a simple choice is

)‘j—i-% = max{a(F’(UJn)), o(F'( )}

This scheme was proposed by Rusanov [4] and is also called local Lax-Friedrich scheme. For the Euler
equations
Ajpr = max{lug| + aj, [uja| + aji1}

is a good choice.

5.2 Positivity property

n+1 __

Theorem 5.1. If U € Uyq and X > |u| + a then

1
Ut =U+ ~F(U) € Uy

A
Proof. The first component is
1 1
p=E XPU = XP()\ + u)
1
> y(ul£+u+a)
1
> 3¢ since |u| £ u >0
> 0

The pressure component is
2
1 1 1 )
2 p:I:Xpu E:I:X(Eer)u — pu:l:x(p+pu)

O]

Theorem 5.2. The FV scheme with Rusanov flux and /\j+; as defined above is positive under the
2

condition

At
2Ax (Ajfé



Chapter 6

Flux Vector Splitting schemes

The main idea is to split the flux F' into two parts
FU)=FtU)+F (U)
such that

Ft = due to waves moving to right, positive speed

F~ = due to waves moving to left, negative speed

Since eigenvalues determine the wave speeds, we should ensure that

OFt ... . OF~
——— has positive eigenvalues, v

has negative eigenvalues
oU g g

Then the numerical flux function is given by
Fip1y2 = F(Ui,Uip1) = FY(Ui) + F~ (Uit1)
This is a consistent flux; if U; = U1 = U

F

1 = F(U,U) = FY(U) + F~(U) = F(U)

N

6.1 Steger-Warming scheme

The Steger-Warming flux [6] is based on the homogeneity property of the Euler flux

_OF

F(U) = AU, A(U) =55

Split the flux jacobian matrix using eigenvalue splitting
A(U)=AT(U)+ A~ (U), ATU)=RU)ATU)R™(U)
Then the flux can be split based on eigenvalue splitting
FU)=AY WU +A(U)U=F"U)+F (U = FXU)=AUU
The Steger-Warming flux is given by

Fip1j0 = FT(Ui) + F~(Uip1) = AT (U)U; + A~ (Ui11)Uipa

34
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Some properties The flux has the upwind property; e.g., if both U;, U;41 are supersonic to the
right, then

A+(Uz> = A(UZ), Ai(Ui_H) =0 - F(UZ', Ui+1) = A(UZ>UZ = F(UZ)

Moreover, if v € [1,5/3]
+ —
LF >0, LF <0
ou — ou —
It is found to add excessive numerical dissipation and leads to poor resolution of contact waves.
Moreover, F* are not differentiable at sonic and stagnation points. Laney recommends smoothing

the eigenvalues
~ 1
AF = 3 (Aii \/)\?+52> , i=1,2,3

Implementation A direct implementation can be costly since it involves many matrix-matrix prod-
ucts. First express the conserved vector U in terms of the eigenvectors of A

-1
U = a1r1 + agre + agrs, o =03 = ﬁ, g = PL
2y g
or
U = Ra, a = [aly a2, a3]T

The split fluxes are given by
Ft = A*U = RAiR_l(Roz) = RA*a = al)\fﬁ + 042)\%7“2 + ozg)\3ir3

Remark 6.1. A variant of this flur was proposed by Vijayasundaram [9]

_ 1
Fii12= A+(Ui+%)Uz’ + A7 (U )Ui, Uy = §(Ui + Uiy1)

6.2 van Leer splitting

e The Mach number: M = % tells us about sign of eigenvalues.
o If M > 1: all eigenvalues are positive
M>1 == u—a>0, u>0, u+a>0

and if M < —1, all eigenvalues are negative. We can use the Mach number to determine the
upwind direction.

e Euler flux: polynomials in M
palMl
2 c
Fo| (M4
pad M <%MZ + %1)
e Each component flux of the form
F = G(p,a)H(M)
Split the flux as
F=F"+F, F*=G(p,a)H*(M)

e Split polynomial H (M) such that we have upwinding and smoothness

1
2.
3.
4
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6.2.1 van Leer: Mass flux

H(M)=M=M"(M)+ M (M)

e To satisfy all conditions, M* must be quadratic polynomial in M

0 M< -1
Mt = (T“)2 —1<M<1

M M>1

M M< -1
M~ = (M2 1<cm<t

0 M>1

6.2.2 van Leer: momentum flux
Split yM? + 1 using cubic polynomials in M

(YM? +1) = (yM? + )" + (vM? + 1)

0 M< -1
(M2 +1)" = (M) [(y - )M +2] —1 < M < +1

yM? +1 M>1

yM? 41 M< -1
M2+ 1) = - (ML) [(y - )M —2] —1< M < +1

0 M>1

6.2.3 van Leer: Energy flux

Split energy flux using quartic polynomials in M

0 M < -1
+ _ ) [o=Dut24?F
Fy =4 Semen- <M <1
\F3 M >1
Fy M < -1
- _ ) [0-Du—2a°F
By =4 eme-n- <M<l
0 M>1
6.2.4 van Leer flux
e Final flux formulae
1
1 _
FE = £-pa(M £ 1)2 | =22
4 [(y—1)ux2a]?
2(v+1)(v-1)
e Has upwind property of split flux jacobians
+ —
LF >0, LF <0
ou — ou —

e Adds excessive dissipation for contact discontinuity
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6.3 Liou and Steffen (1993)

Separate flux into convective and pressure parts

pu pu 0

pa 0
F = p—i—pu2 = pu2 + |p| =M|pua |+ |p| =MF.+F,
pHu pHu 0 pHa 0
Flux splitting
0
F*=M*F.+Fy, FF=|p*
0
M* is same as in van Leer scheme. Pressure p = p™ + p~
0 M< -1 1 M < -1
pr=plil+M) -1<M<1l, p =piil-M) -1<M<l1
1 M>1 0 M>1
Remark: See the papers on AUSM family of schemes.
6.4 Zha-Bilgen flux vector splitting (1993)
ou pu 0 p 0
F=|p+tpud® | = |pu®| + |p|=ulpu|l + |p
(E+p)u Eu pu E pu
Flux vector splitting
0 1
Fr=w*U+ | p* |, ut=(uzxlu)
+ 2
(pu)
pT is same as in Liou-Steffen scheme.
0 M< -1 u M < -1
(pu)t =p %(u—i—a) -1<M«<1, (pu)” =p %(u—a) 1<M<1
U M>1 0

M>1

37
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Chapter 7

Godunov scheme

e At any time t", F'V solution is constant in each cell
Uz, t") =U", zi_12 <x < Tip1/9
e Riemann problem at every cell interface

e Godunov’s idea

1. Solve Riemann problem for U™ at every cell interface exactly
2. Evolve the Riemann solution upto next time level "1 =" + At

3. Average the solution at t"*! to get cell average values U"*!

e Solution of Riemann problem at x; /o

T — Lit1/2
Uit1/2 <t—t"/>

waves moving to left and right

e Waves from successive Riemann problems must not intersect

h
At < -
= 29n

e S = maximum wave speed of all Riemann problems
e Average solution at new time level

2 ¢ ’ ¢
[ v (5) e+ [ vin(5) d§]

1
2

UTL+1 _

1
T

e Difficult to implement numerically when expansion waves are present
e CFL condition is more restrictive

e Exact solution of Riemann problem

~ Xr — X;
U(x,t>=Uz-+1/z<t_l,f§/2)a v <w<ag, "<t <t

e Satisfies integral conservation law

Tit1/2 Tiy1/2 _ At ~
/ Uz, t"Hde = / U(x,t")dx—i—/ FU(x;_1/2,t)]dt
x x 0

i—1/2 i—1/2

At
—/0 FlU(241/9,1)]dt

40
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But
At

At
; FW(%H/zJ)}dt = /0 FlUiy1/2(0)]dt = F[Uj41/2(0)]At

etc., so that we finally have

Ut = U7 = S [FU1(0) ~ FU112(0))]

e Godunov flux
Fiy12 = F(Ui,Uiy1) = F(Ui;1/2(0))

e right moving waves from U;_ /5 should not reach ;5 and vice versa: CFL condition

h
At < —
Sn

e Accurate but expensive - not used for practical computations
e Recall: Linear system of equations F' = AU, A constant matrix
F(UZ+1/2(O)) = A+Uz + AiUH_l

Here, Godunov scheme is identical to upwind scheme

41



Chapter 8

Roe scheme

The exact solution of Riemann problem is a costly process and in some systems we may not have an
exact solution available. Since we are anyway computing an approximate solution to the PDE, there is
not much advantage in solving the Riemann problem exactly. P. L. Roe decided to solve the Riemann
problem approximately. His approach was to linearize the non-linear problem

ou oU ou  _oU

— +AU)—=0 = —+A—=0

ot ) Ox ot Ox
and then solve Riemann problem exactly for the linear problem. The matrix A = A(U;,U,) in the
linear problem must satisfy certain consistency conditions.

1. Consistency: A(U,U) = A(U)

2. Hyperbolicity: A has all real eigenvalues and linearly independent eigenvectors.

3. Conservation: F(U,) — F(U;) = A(U;, U,)(U, — U))
This is known as a Roe-type linearization of the non-linear hyperbolic PDE. The main task is to
construct such a matrix and this was achieved by Roe for the Euler equations in his famous paper [3].
Let us introduce the parameter vector

Z1 1
Z=|Z| =+p|u
Zs H

Define the straight line path connecting Z; and Z,
Z)=Zi+a(Zy - Z1), Z(0)=2, Z(1)=2Z,
Now U and F' are homogeneous functions of degree two in the parameter vector Z. Then
D(z)=U"(z), C(Z)=F'(2)
are linear in Z. We can express the jump in U as

AU = U, -
Z(1)) =U(Z(0))

U(
a

= /OdaU(Z(oz))da
1o

- D(Z(a))da| (Z, — 7))
0 h/—’

~ D(2)AZ, Z:%<zl+zr)

42
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Similarly, we can show for the flux difference
AF =C(Z2)AZ
The matrices C, D are given by
271 0 0 Zo A 0
D(Z)=|2 Z 0|, C2)= |z Pz g
1 -1 1
,YZS ~ Z2 A/Zl 0 Z3 ZQ
Hence we have R B B
AF = AAU, A=C(Z)D"Y(2)
An explicit computation gives
0 1 0
.2 _
i=| 52 (2) B-1% -1
{3 o _ _ _
-1(Z Z2Zs  Z Z Z
(%) -5 &-0-v(%) %
Define Roe averages
ﬂ:é:“l\mﬁ'“?“\/ﬁr H:§:Hl\/ﬁz+HT\/ﬁr
Z1 Vo e, 21 Vot Vp,
In terms of these average quantities, the matrix Ais
0 1 0
B-mu -1
YU

u— a, u,

Hence if we take A = A, all three conditions satisfied. The eigenvalues of A are given by
u+a

o= flo-n[m - 3e]

where
Let Ug(x/t) be the solution of the Riemann problem for the Roe-linearized equation. The flux is given

by F(Ur(0)) and we know from linear systems
1 1 -
FUR(0) = 5(Fi+ F) — S| AL UDI(T; ~ U)

Moreover, this flux has the upwind property.
Remark 8.1. Show that if the two states Uy, U, are positive, then the Roe average sound speed @ is

well defined.
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8.1 Roe scheme: entropy violation

e Roe scheme — derived from linearized problem — has only contact discontinuities — no expansion
wave

e sonic expansion wave — Roe scheme can give rise to entropy violating shocks
e Eigenvalue of A becomes zero — loss of numerical dissipation

M =uU—a, M =4, X3 =1U+a
e Entropy fix — do not allow eigenvalue to become zero

’5\|: 4ea+€a if‘j\i’<26a
|\l otherwise

This fix is applied to A\ = u — a and A3 = u + a.

8.2 Roe scheme formulae

The Roe flux is given by
1 1, - _
F(ULU) = 5(Fi+ Fr) = SJAULU)I(U, = U1) - A= RIAIR™

The eigenvectors of A

1 1 1
m=|lu—a |, mMm=|u |, r3=|ut+a
H — ua 132 H + ua

A direct computation requires several for loops to compute the matrix-matrix and matrix-vector
products which is not an efficient way to write the code.
We note that
AU, UN|(U, — Up) = RIA| R U, — U))
(0%

Write jump in terms of eigenvectors

AU =U, — U, = air1 + asra + agrs = Ra, o € R?

or
o1 t+ag+ag = AUy
a(u—a)+autaz(ut+a) = AU
—2
a1(H —ua) + a2% +a3z(H +ua) = AU
The solution is
_oy=Llo= _
Qg = 22 [(H —Uu )AUl + uAUy — AUg]
1
o] = ﬁ[(ﬂ + d)AUl — AUy — dag]
a3 = AU —a1 —

Then the flux is
F(U,U,) = FH—F Z%M I
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8.3 Roe scheme for general system

For a general system of conservation laws
U OF _
ot or

assume that there exists an entropy-entropy flux pair (n, ), with n strictly convex such that

0, UFecR"

0'(U) =n'(U)F'(U)

Theorem 8.2 (Harten and Lax). If the hyperbolic system has an entropy-entropy flux pair, then it
admits a Roe-type linearization.

Proof. Define the entropy variables

and define the linear path
Q(Oé) - Ql + a(QT - Ql)7 a € [07 1]
Then

1 d 1
ar = [ 2 rQ@ia = [ Fla)aa) 50 - B(@10)50
and B is a symmetric matrix. Using the linear path
Ul@) = Uy +a(U, —U1), aclo]]
we get - .
20= [ stowanda = ([ Qwanaa) av - cwv)av

and C' is symmetric, positive definite matrix. If we take A = BC, then we see that

C:AC~3 = C2BC?

so that A is similar to a symmetric matrix and hence has real eigenvalues. O
1.6 T
L |
X h
= \ z -/ |
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Fig. 11.4. Godunov's method with Roe’s Riemann solver (no entropy fix) for Test
1, o = 0.3. Numerical (symbol) and exact (line) solutions compared at time 0.2
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Chapter 9

HLL and HLLC Riemann solvers

The Riemann solution for a system gives rise to as many waves as the number of independent variables
in the system. One way to simplify the solution of the Riemann problem is to use a simpler wave
model where only some waves are included. Clearly, we must include the slowest and fastest waves
since they define the extent of the Riemann solution. We use only simple waves in our model, i.e.,
shocks or contact discontinuities.

9.1 HLL Riemann solver

The simplest model is to include only the slowest and fastest waves in the solution [2]. Let us assume
that we have an estimate of these speeds denoted by S;, S, with S; < S, and let us consider the
subsonic case

S <0< S,

There is one intermediate state which we denote by U,. (FIGURE) To compute the intermediate
state, let us integrate the conservation law over the space-time region (S;At, S, At) x (0, At).

At pSrAL
/ / (U + Fp)dzdt =0
SjAt

Integrate in ¢ in the first term and z in the second term

SrAt SrAt At
/ Uz, At)dz — / U(z,0)dz + / (F(S,At, 1) — F(SAL 8)]dE = 0
SiAt S| At 0

SrAt 0 SrAt At
/ Ude — / Uydz — / Updz + / [F — Fjdt =
S| At S At 0 0

U (Sy — S))At — (0 — S AU — (S At — 0)U, + (Fr — F))At =0
Canceling At throughout and solving for U, yields

SrUr — SiU; — (Fr — E)

Un = S, — 5

What we require for the finite volume scheme is the flux across z = 0 line. Integrate the conservation
law over the space-time region (S;At,0) x (0, At)

At
/ / (Up + Fp)dzdt =0
S At

0 At
/ U.dz —/ Uldx+/ F. — Bldt =0
S At S| At 0

F, = E + SZ(U* - Ul)

47
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Alternately, we can integrate over the region (0,.S,At) x (0, At) to obtain
F* = Fr + ST(U* - UT)

However the two expressions for F} yield the same value as can be checked by substituting the expres-

sion for U,
o ST-FZ - SZFT + SZST(UT - Ul)

F, =
. Sy — 5
Note that F, # F(U,) since we have a non-linear conservation law.

Alternate derivation We can write the jump conditions across the two waves Sj, S,
F.—F=5(U, -1, F.—F,=5.(U, - U,)

Adding the two equations yields the formula for U, and eliminating U, from any one of the jump
conditions yields the formula for the flux. This shows that the HLL solver satisfies the jump conditions
across the two waves.

Numerical flux We have derived the flux for the subsonic case. If 0 < S; < S,., then the solution
along x = 0 is equal to the left state, and conversely if S; < S, < 0, then the solution along x = 0 is
equal to the right state. Hence, the numerical flux is given by

F, 0<§5 <8,
FU,U,)=XF, S<8.<0

F, otherwise

This is a consistent flux and has the upwind property.

9.1.1 Estimation of wave speeds, entropy condition

The only missing information is how to estimate the wave speeds 5, S,. We do not know the exact
values of these speeds Slt’"“e, Sirue since that would require exact solution of the Riemann problem.
Einfeldt et al. suggest the following estimate

S; = min{ A (U;), \(U)}, S, = max{\1(U,), \n(U)}
where U is the Roe-average state. For the Euler equations, these are given by
S; = min{u; — a;,u — a}, Sy = max{u, + a,,u + a}
Theorem 9.1. If the speed estimates satisfy
Sy < Sirue, S, > gtrue

i.e., the numerical Riemann fan completely encloses the true Riemann fan, then the entropy condition
1s satisfied by the numerical solution.

Remark 9.2. From the above description, we see that the HLL solver can be applied to any system of
conservation laws as long as we can estimate the wave speeds Sy, Sr. No knowledge of the eigenvectors
1s required in this solver.

Remark 9.3. If we choose
Sp=—A, Sr=A

where A > 0 is the mazximum absolute speed in the Riemann problem, then the HLL flux becomes
1 1
F, = §(F1l + Fr) - 5)\(Ur - Ul)

which is the Rusanov flux. Thus the Rusanov scheme can be interpreted as an approximate Riemann
solver of HLL-type with S, = —S; = \. However, this scheme is not upwind since the Riemann fan is
always subsonic.
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9.1.2 Positivity of intermediate state
9.2 HLLC Riemann solver

The HLL solver does not include the contact wave which is linearly degenerate. Such waves will be
dissipated by upwind schemes and they cannot steepen themselves unlike non-linear waves. Hence
including contact waves in the approximate Riemann solver will enhance the accuracy of solutions. The
HLLC solver [8] uses a wave model with three waves with speeds S; < S, < S, and two intermediate
states Uy.Usr. (FIGURE) The tangential velocity does not change across shocks so that

Vgl = Vg, Wy = Wy
Vg = U, Wy = Wy
The pressure and normal velocity are continuous across the contact wave
P+l = Pxr = Px, Us] = Usp = Usx

and the speed of the contact wave coincides with the intermediate velocity Sy = .
The jump conditions across the S, S, waves are

Fio — Fy = Sa(Usa — Uq), a=I,r

or
F*a - SaU*a = Fa - SozUa
or in full
PraUsx Pxa Palla Pa
D« + P*aﬁ PraUs Do + Paua Palla
PxaUsx Ve — Sa | Prala | = PallaVq — Sa | Pava
PraUsxWe PraWx PaollaWq PaWa
(E*a + p*)u* Eqo (Ea + pa)ua E,

The first jump condition yields

Sa —u
Pra = <H> Pa (9.1)
With this solution, the third and fourth conditions are satisfied. From the second jump condition
P« = Pat paua(ua - Sa) + p*au*(Sa — u*)
= Do+ patia(ta — Sa) + patsx(Sa — ) using (9.1)
= Do+ Pa(Sa — ta)(us — uq)

We get two estimates of pressure p, from the [, r states and equating the two
o+ (S — w)(us — w) = pr + pr(Sr — up) (us — uy)
gives us a formula for wu,

e = prur(sr - ur) - Plul(Sl - Ul) — (pr - pl)
pr( Sy — ur) — pi(S1 — wr)
Once uy is known, p, can be computed using either o = [ or a = r. Finally, from the last jump
condition we obtain

B 1
*Q_S’a—u*

This finishes the determination of all the intermediate states and the flux is given by

E [(Sa — ta)Eq + petisx — Patia]

F; 0<5;
F, Sr <0
Fa=F+SUaq—-U;) 5 <0< uy
Fo =F+5Uw—U) u,<0<S,

FU,U,) =
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Remark 9.4. To simplify some expressions, we can define
my :Pl(ul—sl)a my :pr(ur_sr)

Then
_mpuy — gy — (pr — ) _mepp — Py A mymey (U — )

Ux = 9 * T
my — 1y my —1my

50



Chapter 10

FVM in 1-D: high order schemes

The cell average value is the basic unknown in the finite volume method. If we assume that the
solution is given by piece-wise constant approximation based on cell-averages, then we obtain a first
order accurate scheme. To obtain higher order accuracy, we can use a more accurate representation
of the solution. Let us start with a piece-wise linear approximation in each cell

Uiw,) = Uit) + =@ —2)Si(t), €1,y

Az
where S; is an approximation to the derivative
1 oU
—Si(t) = ——(a;,t
Am Z( ) 81‘ (x“ )
Using this we can evaluate the state at each face
1 1
Ull;% - Uz + 55“ Uﬁ% - Ui+1 - 551'4_1
The semi-discrete finite volume scheme is given by
dU;

where

Fiii(t)= F(Uiﬁr%(t), Uﬁ%(t))

(3

We have a higher order approximation in space and we combine this with a high order time integration
scheme. This is known as method of lines approach.

10.0.1 Second order SSPRK

Stage 1

v =pyn — %R(U")
Stage 2

gl @) %U" N % o % (o)

10.0.2 Third order SSPRK
Stage 1

v =pyn— %R(U")
Stage 2

@ _ 3ym % [U(n _ ZR(U(D)]

Stage 3
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10.1 Estimate of reconstruction slope

We have several choices for this based on finite difference formulae

St =U; — Uy, SH=Uin—U

)

The reconstructed function must not oscillate and to achieve this, we can choose the smallest of the
two estimates

S; = minmod (S, Szf)
where
smin(|al, |b]) s = sign(a) = sign(b)

minmod(a, b) = .
0 otherwise

The total variation of the piece-wise linear reconstruction will not be larger than that of the piece-wise
constant function. This leads to a very robust method, but it be can rather dissipative at shocks and
smooth extrema.

A small improvement can be made using the central difference estimate

1
57 = 5WUis1 = Ui1)
and
Si = minmod(S!, S5, 8S{),  Be1,2]
where

minmod(a, b, c) =

smin(lal, |b],|c]) s =sign(a) = sign(b) = sign(c)
otherwise

If B = 1 we obtain the previous scheme. A value of 8 = 2 is likely to pick the central difference
approximation and hence gives a more accurate reconstruction, though it might also generate some
small oscillations.

Remark 10.1. There is huge variety of other schemes to perform the solution reconstruction.

10.2 Local truncation error

Let us study the accuracy in space by substituting a smooth exact solution into the finite volume
scheme. If UL | U .Ifr . are obtained from reconstruction using cell averages of the exact solution and

it+3 i+3
define

L _ 7L
AUL, = Uleyy1) - U

R _ _ 7R
i+1 AU1‘+%_U(951‘+%) U1

Let us assume that the reconstruction is exact for degree k polynomials so that
AUL, =0 (Axk“) . AUR, =0 (Amk“)
3 3
Then
F(Uzﬁ%v Uﬁé) = F(U(z1) + AU@EF%, Uwgy1) + AUﬁ%)
9 L
= PG4 Ulwipy) + 55 F U ). Ul DAUE,

_l’_

0 R 2

— F(U(xH;)) + O <Axk:+1) L0 (Ax2k+2>
2
The flux integral term in the scheme has the error

Fi—i—%_Fi—%

— F(U(w,,1)) — F(U(z,_1)) + O (A;,;kﬂ)

=3



Chapter 11

2-D finite volume method

Consider a 2-D conservation law of the form
U+ FU),+GU), =0

To approximate this by a numerical scheme, we first partition the domain Q = [Zmin, Zmax] X [Ymin, Ymax]
by a Cartesian mesh with cells of size Ax, Ay along the x and y directions respectively. The finite
volume method is however more general and allows the use of non-uniform grids. Let us index the
cells by (7, 7) and the faces by (i + %,j), (1,7 + %), etc., and denote this cell by

Lij=lwi g g ] X 1004

and its cell center is (x;,;). Integrating the conservation law over one cell

d yj-‘r%Ay[ ( ) ( )]
el dedy+/ F(z;, 1,y) — F(z,_1,y)]dy
dt Lij yj—%Ay +3 1

IH»%AI

Define the cell average
1

and the average fluxes

1 [Yit3dy 1 [ritzAe
it = Ay /y-_lA Pl Guuy=g; [ Gl
i —3RY zi—5A%
The semi-discrete takes the form
dU; ;
ArAy dAt + [Fz‘+%,j - Fif%,j]Ay n [Gi,j+% - Gi,jfé]Ax =0

We have to still specify how to compute the fluxes which determines the order of accuracy of the
scheme.

11.1 First order scheme

Let us consider the solution to be piece-wise constant given by the cell average values. There is a 1-D
Riemann problem defined at each point of the vertical faces

Uz-"j T <1
Ui+ FU), =0, Uz,y,tn) =1, 2
Uty >0

93
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from which an approximation to the flux can be obtained.

1 [Yi+%
Firti=ay /y " F(Uig, Uip1,5)dy = F(Uig, Uity)

|
(S

Similarly, at any horizontal face, there is a 1-D Riemann problem
Ui; y<yi 1

Ut + G(U)y = O? U(.CE, yatn) = { ZJ a

Ulisr Y= Yjs

from which an approximation to the flux can be obtained

G,

iy = GWij Uiga)

We are using 1-D numerical fluxes along x and y directions. Using forward Euler scheme in time, we
get the first order finite volume method as

At
n+l _ 7 n
Ui,j =Uj i,J AxAyR J
where

CFL condition A Fourier stability analysis yields the CFL condition

At < 1

T Ay
where A;, A\, are maximum wave speeds along the z,y directions in the whole mesh
Ao =maxo(F'(Ui;), Ay =maxo(G'(Ui;)

1,) 4,7
where the maximum is over all the cells in the grid. If Az = Ay = h, A\, = A\y = A then

1h
g
At 5

and the time step is half the value in 1-D.

Remark 11.1. For Euler equations with velocity components (u,v) and sound speed a, the CFL
condition is given by
1

‘uZ]‘+a2] |vi,j[+ai,
+ Ay

At <

max; ;

11.2 Implementation of scheme

11.3 Second order scheme

A second order scheme must have a local truncation error which is O(h?). Another way to characterize
a second order scheme is if it is exact for a linear solution. Hence we have to use a piece-wise linear
approximation of the solution inside each cell. The cell average value is a second order approximation
to the cell-center value

Us.; — Ulxi,yj) = O(h?)

so we take it as the point value for the purpose of developing the second order scheme.
Let us approximate the flux integral by the mid-point rule which is exact for linear functions,

— L R _ L R
Fz‘+% F<U 150 UZ+27]) Gi,j—f—% - G<U,j+ U,ﬁ 1)
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where UZ,L 1 etc. are the trace values at the face mid-points obtained by some reconstruction process.
2
For example

1 1
L _ R _
Ui+%7j =U;; + §Ain,j> UH%J =Uit15 — §Ain+1,j

where A,U; ; is an estimate of the derivative of U at (x;,y;). The simplest choice is to take

1
AU j = i[Uz’H,j = Ui—1,4]

which is second order accurate for smooth functions. But this can lead to oscillations if we are near a
shock or steep solution variation. Then some form of non-linear limiter must be used to perform the
reconstruction. A simple choice is the minmod reconstruction given by

Ain,j = minmod [Ui’j — Uz’—l,ja Ui+1,j - Um’]

For scalar problems, this leads to a TVD scheme which eliminates oscillations but the solutions can be
rather diffused at shocks and smooth extrema since the method becomes first order in those regions.
A slightly better version of this scheme is the MC limiter of van Leer given by

. 1
AzUij = minmod | f(Ui; — Ui-15), 5 (Uis1,y = Vi), 8015 = Uiy) |, B € (1,2

A larger value of 3 gives more sharp resolution of shocks, though there may be small oscillations.
A similar procedure is used along the y direction. The overall method can be viewed as first
constructing a linear polynomial approximation

T — Y=y
Rij(,y) = Uij + ——Dalig + Ty]Ain,Jﬁ (x,y) € L

and using this to get the solution at face mid-points
L _ R _
Uiiry = Rig(@iy1.95), Uiy ;= Bivrj(zi, 1, 95)

L _p (. R  _ p. . '
Uijrs = Fig (@i Y4 1), Uij+l = Rij1(@i,y01)

The high order spatial scheme must be coupled with a high order time integration scheme. For the
second order scheme, a second or third order SSPRK scheme is a good choice.

Remark 11.2. For second order schemes, it is not necessary to reconstruct conserved variables and
we can use some other set of variables. For Fuler equations, the primitive variables are a good choice
as this ensures better control of oscillations. In particular, reconstructing pressure rather than total
energy can help to ensure positivity of pressure.

11.4 Higher order scheme

To achieve (k + 1)’th order accuracy, i.e., ||Uezact — Unuml|| = O (Amk+1), we must ensure three prop-
erties are satisfied.

1. Reconstruct the solution inside each cell to (k + 1)’th order accuracy. This is satisfied if the
reconstruction uses degree k polynomials.

2. Calculate the flux integral using a quadrature rule which is exact for degree k& polynomials.
3. Use a (k + 1)’th order accurate time integration scheme.

For second order accuracy (k = 1), we used linear reconstruction and mid-point quadrature, both of
which are exact for a linear solution.
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11.4.1 Solution reconstruction

Our solution is known in terms of cell averages using which we must reconstruct a polynomial inside
each cell.

U(l’,y) ~ RiJ(J;,y), («T,y) € Iz,]

We would like the polynomial R; ; to have the correct cell average value

1
i,5 (L5 = Ui 11.1
Koy, Fee ey =1, (11.1)

We need more equations to determine the polynomial. E.g., for third order accuracy, we need a
quadratic polynomial which has six coefficients. We use an interpolation or least-squares approach to
find the polynomial. For interpolation, we need as many equations as the number of unknowns. For
least-squares, we use more equations than unknowns. For example, if we use the 3 x 3 cells, we can
solve the following least-squares problem

1 2
minz [ /Rm-dxdy - UI] such that (11.1) is satisfied
where

S =A{Li—1j, Liv1j, Lij—1, Lijo1, Lic1 j—1, Liv1 j—1, Lig1 g1, Lim1 41}

where the constrained minimization is performed wrt the six coefficients in the quadratic polynomial.
Of course, we need to implement some form of limiter in case of discontinuous solutions !!!

11.4.2 Flux quadrature

Once the solution is reconstructed in all cells, we can compute the flux integral on cell faces using
suitable quadrature rule.

Fi+%,j = Z F(UL(yq), UR(yq))wq

where y, are the location of quadrature points on the face, w, are the quadrature weights, and U L Uk
denote some reconstructions from the left and right cells, respectively.

UL(yq) = Ri,j (xi+%7yq)a UR(yq) = Ri-i—l,j (xi+%ayq)

For third order accuracy, the quadrature must be exact for quadratic polynomials and we could use
Simpson rule which has three quadrature points. More efficient methods are based on Gauss-Legendre
quadrature; for third order accuracy, 2-point GL quadrature is enough. In generate, the N-point GL
quadrature is exact for polynomials of degree upto 2N — 1.
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ENO and WENO schemes

12.1 1-D grid
Given a grid in the domain [a, b]
a:x%<x%<...<:ﬁN_%<xN+%:b

define the cells, cell centers and cell sizes by

I; = [xi—%’xi—i-%]? Ti = 5(%—% + xi—&—é)’ Az, = Tipl =%

We denote the maximum cell size by

Az = max Axzx;
1<j<N

12.2 First order finite volume scheme

For a general conservation law

ou Of
A
ot + Ox
the semi-discrete finite volume scheme is given by
dui 1 .4 N
ar T Agliy il =0
where the numerical flux depends on X X
fi+% = f(wi, uit1)

The numerical solution is piecewise constant in each cell, with possible jump at cell interfaces.

12.3 Higher order finite volume scheme

e We know only cell averages, information has been lost in the averaging process.

e Reconstruct solution in each cell by a linear polynomial
pi(z) = u; + (x — x;)s;

This preserves cell average value

o7
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e How to determine the slope s; 7

U — Uj—1 + o Uil — Uy
S. :77 S = ——

! Ax ! Ax
Two candidate reconstructions corresponding to above two choices.

e Choose the one with smallest slope (to avoid discontinuities)

s; = minmod(s; , s;")

where

minmod(a, b) = otherwise

{smin(a\, |b) if s = sign(a) = sign(b)
0

e High order in space, semi-discrete scheme

dui 1 A

a E[f“r% B fi—%] =0
where
Az‘+% = f(u;_%,u::_%)
and
u;r% :pi(xiJr%)’ u:;% :piJrl(xH%)
e Forward Euler time discretization
apt =g S g

e Total variation
TV(uh) = Z \ul — Uj—1
i
e Total variation dimishing property

TV(up™) < TV (up)

12.4 ENO scheme

e Stencil for reconstruction is chosen adaptively, based on data smoothness
e Extend this idea to higher orders, beyond linear polynomial.
e We need a way to reconstruct solution from cell averages with a high degree polynomial

e This polynomial must be constructed using the smoothest data (stencil)

12.4.1 Polynomial reconstruction

For some smooth function v(x), we are given its cell average values

1 Tirl
v; / o v(x)dx

- ACE,

We want to find a polynomial p;(z) of degree at most k — 1 such that it is a k-th order accurate
approximation to v(z), i.e.,

pi(m):v(x)—k(’)(Axk), x €I, i=1,2,...,N
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We can evaluate this polynomial at the cell boundaries

)s U;% :pi(fcwé)

99

which are required to compute the flux in a finite volume method. We want these values to be also

k-th order accurate, i.e.,

vt :v(mi_%)+O<Amk>, v zv(xi+%)+O(Axk)

i—3

12.4.2 Primitive function

Define the primitive function

Vi) - [ Coede, o) = v

—o dx

The lower bound in the above integral can be arbitrarily chosen. Now we know the values of the

1 since

primitive function at the cell faces z;
2

V(:EH%) = Z /j+% v(§)d¢ = Z v;Ax;

j==o0

Using these known values of V(x), we can construct a polynomial approximation to V (z) of degree at

most k, which we denote by P;(x), i.e.,
Pi(z) = V(z) + O (Amk“) . zel

Then our desired polynomial p; is given by
d
i(r) = —F;
pilx) = = Pi(z)
12.4.3 Construction of P;(z)

To construct degree k polynomial, we need k + 1 data points. First note that
V(zi 1) = V(z,_1) = / v(z) = viAz;
x

and V.

Hence in the construction of P;(x) we must make use of the values V, i

(2

N

1
2

data at the following k + 1 points

T with r+s+1==%k

PR IR o 1
1—r—3 z+s+2

. Let us take the

The polynomial which interpolates this data can be obtained by Lagrange interpolation

k _
=T pp-1

k
Pi(2) = V(@i pim-1) :

m=0 1=0,im Ti—r+m—% ~ Vi—r4i—3

12.4.4 Newton form of reconstruction

Define the 0-th divided difference
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Then the j-th divided difference, for j > 1 are defined recursively by

j terms j terms
V[l‘i+1,. . "xi—i-j—l] _V[xi—l""’xi+j—§]
Viz, 1 x 1] = 2 2 2 2
1—57"-’ i+jf§ . T .1 —x 1
+j—3 i—3
j+1 terms
In particular, first divided difference is
V(l“m%) - V(f’?if%)
V[‘ri—%vxi-i—%} = - " =
L1 — .1
i+3 =3

Let us also define the divided differences of the cell average values by

V[Tig1, . Tigg] — v[wg, . @iy

vlz;] = v, vl ... ,xiﬂ'] = Titi — T
1+J 7

The polynomial P; interpolating the primitive function V' can be written in terms of the Newton
divided differences of V'

k j—1
Pi(z) = Z V[:CFP%, e ,xifrﬂ;%] H (x — xiﬂ%mi%)
7=0 m=0
Then we obtain p;(z) = P/(z) as
j=1 j-1
pi(z) :ZV[:L'Z-_T_%,...,:UZ._T+]-_%] (x—:);’i_TH_%)
j=1 m=01=0,l#m

Note that only first and higher degree divided differences of V appear in the above expression. These
can be written in terms of the divided differences of the cell averages.

12.4.5 Smoothness indicator

How to choose the left shift » and right shift s which determines the stencil for recon-
structing the polynomial ? Since we have the freedom to choose the stencil, we would like to
choose it so that the data used in the reconstruction is as smooth as possible. In particular, we would
like to avoid choosing data across a shock.

To measure the smoothness of the data, we make use of Newton divided differences. The j-th
divided difference has the property that

v(j)(g)
4!

V[l’i_%,...,xi_i_j_%]: s x._%<£<x-

7 H—j—%

provided the function V(z) is smooth in this stencil. If V(z) is discontinuous at some point inside the
stencil, then it is easy to verify that

1
V[[Ei_%, e ,LU,H_j_%} =0 <A$-7)

Thus the divided difference is a measurement of the smoothness of the function inside the stencil.

12.5 ENO reconstruction

Our job is to find a stencil of k£ + 1 consecutive points, which must include x; 1 and x such that
2

i+30
V(z) is the smoothest in this stencil, compared with other possible stencils.
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First choose the two point stencil

5‘2(1) = {mi_%,mi+%}
The linear interpolation on this stencil is
PlMz) = V]x,

1
T3

]+ V[“’F%v $z+%]($ T

1)

1

2

Next, we have two choices to increase the stencil. If we add the left value z;_s, then we get
2

2

P z) = PH(z) + Viz,_s,2, 1 zi1)(z =z 1)@ —2y1)

—2 ] — =
(3 2 3 3 3

but if we add the right value z,, 3 we get
2

)

27
P (x) = le(x) + V[xi_%,xi_i_%, %+%](x - xz_%)(x - xH—%)

Among these two quadratic polynomials, we choose the one which has the smallest divided difference.
Hence we enhance the stencil as follows

Sg(i _ ‘5:2(1) U {xz’—g}v ’V[xi—%vxi—%vxi—f—%” < |V[xi_%,xi+%,xi+%]|
Sa(i) U {xi+%}, otherwise

This procedure is repeated until the stencil contains k£ + 1 points. Using §k+1(z’) we obtain the
polynomial p;(x) = P/(x) which is used to compute

+ o — - =
CA! —pz(xi_%), Vil —pz(:cH%)
Finally the flux can be obtained as g, 1 = g(v;rl ) U;:_l) which can be used in a finite volume scheme.
2 2 2

Remark 12.1. Corresponding to each stencil S(i) for primitive function V we have stencil S(i) for
conserved variable v. It is enough to build the stencil S(i) to obtain the reconstruction polynomial

pi(x).

Remark 12.2. For a uniform grid, it is enough to take undivided differences, which may be useful to
avoid roundoff errors.

12.6 TVB property of ENO reconstruction

For a piecewise smooth function V(z), ENO reconstruction starting with the two point stencil Sy (i) =
{z,_ 1,1 } has following properties:

e The accuracy condition
Pi(z) = V(2)+ 0 (Aa"1),  zel;

is valid for any cell I; that does not contain a discontinuity. Hence we recover high order accuracy
right upto the discontinuity.

e The reconstruction is total variation bounded. That is, there exists a function z(z) satisfying
z(z) = Pi(z) + O (AwkH) , x €l

for any cell I; such that

TV (2) < TV(V)
This implies that
TV(p:) < TV (0) + O <A$k)
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12.7 Sign property of ENO scheme

Theorem 12.3 (Fjordholm, Mishra, Tadmor). The ENO reconstruction p;(z) which is a polynomial
of degree at most k — 1 satisfies the following sign property

if vig1—v; >0 then v, —v", >0

i+l ity —
; L < o0, <
if vip1—v; <0 then UH_% 'UH_% <0

In particular, if v; = viy1 then the ENO reconstruction is continuous, i.e., G vl .

12.8 WENO scheme
ENO scheme has some deficiencies.

e The stencil might change due to roundoff errors since we are making a comparison of divided
differences and choosing the one with the smallest absolute value. The scheme would be non-
smooth due to randomly changing stencil from one cell to its neighbour, especially in regions
where the solution is very smooth or nearly constant.

e Obtaining steady state solutions can be difficult.

e In the stencil selection process, k candidate stencils are considered, covering 2k — 1 cells, but
only one of the stencils is actually used.

e If all the 2k — 1 cells in the potential stencils are used, one could get (2k — 1)-th order accuracy
in smooth regions.

12.8.1 Third order approximation for Uz‘jjrl: k=2
2

The candidate stencils are Sy = {i,i + 1} and S; = {i — 1,i}. (FIGURE) Using Sy, find linear
polynomial py such that

/ po(x)der = v;Ax, / po(x)dr = vip1Ax
i Iips
If we take pg of the form

po(x) = v; + (x — xi)s0

then the first condition is already satisfied and we determine sg from second condition leading to

) Vil — U; (0)

po(r) =vi+ (x —x; Ar

1
= p0($i+%) = 5(% + Ui+1) = ’U(IL‘H_%) + O (A:E2)

Similarly using S1, find p; such that

/ p1(z)de = v;Ax, / pi(z)de = v, Az
I; I

Ui T Ve 3 1
ngjll’ Ui(i)% = p1($i+%) =35V — V-1 = U(.’EiJr%) + 0 (Ang)

pi(x) = v + (z — x;) 5 3

Using the stencil {i — 1,4,7 4+ 1} which is union of stencils Sy, Si, construct a quadratic polynomial

p(z) such that

1 1 1
Az /I“p(x) T =01 s /[ip(x) =0 s /[Mp(ﬂf) T = Vit
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which yields

. )m+1 — Vi1 n [(x - xi)z _ Aa:? vi_1 — 20; + Va1

2Ax 12 2A 2
and ) . )
Vg1 = p(xH%) = —gvi,l + Evi + g’l}i+1 = v(xH%) + 0O (Aaj3)

We now try to write the quadratic approximation as a linear combination of the two linear approxi-
mations

dopo (xpr%) +dipy ($z+%) = p(l‘iJr%)

dq do + 3dq do 1 5 1
Tl T Ui i = i + gV + g+l
which has the unique solution
=2 g1
0 3, 1 3

12.8.2 Fifth order approximation for UiL+l: k=3
2

Let us take the candidate stencils as Sy = {7,i+1,i+2}, S1 ={i—1,4,i+1} and So = {i —2,i— 1,3}
and construct the quadratic polynomial using each stencil. (FIGURE) We evaluate these polynomials

at Tiy 1 to obtain
0 1 5 1
vEJr)% = 3 + gUi+ ~ gUi+2 = v(a:H%) + 0O (Aaz3)
1 1 5 1
vlgr)% = —gv¢_1 + Ui + §Ui+1 = v(xH%) + 0O (Aaz3)
@2 1 7 11 _ 3
Viyr = glic2 T glioit Ui = v(@ 1) +0 (Az?)

Now construct a degree 4 polynomial using {i — 2,7 — 1,4, + 1,7 + 2} = Sp U S; U S2 and evaluate it
at Tyl
1 13 n 47 n 9 1
V1= —Uj_90— —Vj_1+ —V; + —Vir] — —;
+3 30 2760 160 " 20 TP 0 M2
We want to choose dg, dq, d> so that

’UiJr% = dovgi)l + dlvi(Jlr)l + dgvgr)l
2 2 2
do Tdo + dy 2dg + 5dq + 11ds 2dy + 5dy do
- 2, 2rel Vs Vi — Do
3 1—2 6 i—1 6 7 6 i+1 6 i+2
The coefficients of v;+o give
3 1
do = — doy = —
"7 100 710
We can find d; from any other coefficient, say v;—1
Tds + dy 13 3
6 60 75

We can verify that the above solution matches the coefficients of v; and v; 1 also. Thus we have a
unique solution.
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12.8.3 Non-linear blending

We have seen that each of the small stencils with k cells give an approximation with error O (Axk))
(r _ _ Ak
V. 1= pr(xldr%) = U(:L‘Pr%) +0 ), pr € Pry
while the union of all the stencils with 2k — 1 cells gives an approximation of O (Al‘2k71)
_ (r _ 2%k—1
UH%—zr:drvi+é—v(xi+é)+(9(Ax )
The coefficients d,. are called linear weights; they are positive and they sum to unity

Zd,:1

We would like to use the high order approximation if the solution in smooth in the larger stencil. But
if there is a shock somewhere in the large stencil, this approximation would not be optimal. In that
case, it is better to use one of the smaller stencils which does not contain the shock. To achieve this
let us modify the linear weights and write

_ (r) _
UH%— E wrvi_i_%, g wr =1
T T

If the solution is smooth in all the stencils then we want w, ~ d, so that we get (2k — 1) accuracy.
What should be the condition on w;, to achieve this 7

(r) ) _ (r)
Z:wrv’“ré - Z:dwiJré = Z(wr - dr)vi:% — Z(wr - dr)v(xH%)

s T

= Y@ —d) (s — vy 1))

1
3 2
= > -d)o <Axk) -0 (Ax%—l)
A sufficient condition for the above to hold is
wr =d, +0 (Amk*1>

If there is a shock in the r’th stencil, then we want w, ~ 0. Due to this requirement, the weights w,
must depend on the function v which makes the approximation to be non-linear; due to this reason
the w, are usually called non-linear weights.

12.8.4 WENO-JS scheme

To measure the smoothness of the polynomials, Jiang and Shu [?] proposed to use a Sobolev norm

defined as - )
_ — [Tith 21—1 8lPr($)
ﬂr - Z/ Ax (8$l dz
1=1"%_

1
2
and the [, are called smoothness indicators. For third order scheme, the smoothness indicators are
given by

Bo = (vig1 — ;)% B1 = (vi —vi_1)?
while for the fifth order scheme
13 1
fo = 5(vi—2vip + vit2)® + 730 = 4vi1 + Viy2)?
13 1
B = ﬁ(vi—l — 2u; +v41)? + Z(Ui—l —wi1)?

13 1
B2 = ﬁ(vz‘—z — 21 +v;)2 + Z(vi—Q — dv;_1 + 30;)?
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For smooth solution,
Olp, ()
Ox!

while for discontinuous solution

=0(1) = Br =0 (A2?) + O (Az®) +... = O (Az?)

812;896) =0 <A$_1> = Br=01)+0(1)+...=0(1)

Jiang and Shu define the non-linear weights as

Qy d,
= =, Uy = ————, 0<ex1
ZS Qs ' (6 + BT)Q
The € avoids division by zero. Let us consider the fifth order scheme. A Taylor expansion around
x = x; shows that for smooth solutions

Bs = [v/(x:)Az]? + O (Az?)

wy

Solution smooth in all stencils In this case

Bo= /(&) ALP[1 4 O (A?)] = =

.’I}2
2~ s OB

and since Y ds =1

_ %— 71 ,7;_2 1 = ’U/ xT; .1'4 l'2
gas—gﬁg—[v,(%)AagP—l—O(A ) = S o [V (z;)Az]*[1 + O (Az?)]

Hence

dr 2 > ’U,J?' ZC4 ZCQ _ xz
wr = e Al + O (Aa%)] X [ (@) Al L+ O (Aa®)] = d,[1+ O (80

which is sufficient for fifth order accuracy.

Shock in r’th stencil Suppose there is shock in stencil Sy between cell ¢+ 1 and i + 2, so that case
Bo = O (1). Since solution is smooth in Sy, Sz, then

S0, =0 +0(Ar Y +0(arY) = Z:% = 0 (A2") [0 (1) + O (Ax?)] = O (Ax?)
wozﬁ—gxm:O(l)xO(Aa:):(’)(Aa:)%o
There is no shock in stencil Sy so that
By = 0O (Az?), wgzggxo(m‘l):ou)

and similarly, omega; = O (1). Hence the WENO gives
Vg1 = wopo(@y 1) +wipr(z;y 1) +wapa (e, 1) = wipr (1) + wapa(2;, 1)
and we get third order accuracy.

Remark 12.4. We can now summarize the WENO algorithm as follows. The third order WENO
reconstruction is given by

+
while the fifth order WENQO reconstruction is given by

viL L= WENO3(vi—1,v;,Vit+1)

UiL—i-% = WENO5(’UZ‘_2, Vi—1, Uiy Vi41, UH_Q)

Note that the stencil is biased to the left of x; 1 in the sense that we have more points on the left of
2

41 than to its right. To compute the values on the right of the face, we can use the same method as

2

above but pass the correct values; e.g., the fifth order approximation is

Ly

R
vi—f—l = WENO5('UZ'+3, Vi+2, Vi+1, Vg, Ui—l)
2
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12.8.5 Characteristic variable reconstruction

For systems of equations, it is beneficial to apply the reconstruction on characteristic variables rather
than conserved variables. Locally, characteristic variables are propagated by waves and hence obey
some maximum principle, which is not true for conserved variables. For linear systems, a TVD
property can be proved if the limiting is applied to characteristic variables. Let U denote the vector
of conserved variables. Compute an average state at the face i + %, e.g.,

U,

1
i+l = §(Uz’ + Uit1)

=

Compute the matrix of right (R, 1) and left (L, 1 = R;ll) eigenvectors of the flux Jacobian at the
2 2 5

average state and they satisfy

1 =1

Rz’+§ Li+§

Let us explain how to compute U Zi , using the fifth order WENO scheme.
2

1. Convert conserved to characteristic variables

i+1 . . . .. . .
Wj:W;z 2>:Li+%Uj, jefi—2i—1,4,i+1,i+2,i+3}

2. Compute WENO reconstruction of each of the characteristic variables'

Wii% = WENO5W,—2, W1, Wi, Wit1, Wiy2)

Wiy = WENO5(Wigs, Wits, Wisr, Wi, Wioa)

3. Convert to conserved variables
i+3 ity it
12.9 Example: error convergence

ug +uy =0, x € (—1,+41)

u(z,0) = sin(nz)

Accuracy on ut + ug = 0 with uo(x) = sin(rx).

Method N | Ly error | Lo order | Ly error | L; order
10 2.98e-2 - 1.60e-2 -
20 1.45e-3 4.36 7.41e-4 4.43
WENO-5 40 4.58e-5 4.99 2.22e-5 5.06
80 1.48e-6 4.95 6.91e-7 5.01
160 | 4.41e-8 5.07 2.17e-8 4.99
320 | 1.35e-9 5.03 6.79e-10 5.00

N = number of cells, error measured at time ¢t = 1

'We do not show the superscript.
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12.10 Example: Periodic advection of isentropic vortex
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F1G. 1.1. Vortex evolution. Cut at x = 5. Density p. 802 uniform mesh. t = 10 (after one time period). Solid: ezact

solution; circles: computed solution. Left: second order TVD scheme; right: fifth order WENO scheme.
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solution; circles: computed solution. Left: second order TVD scheme; right: fifth order WENO scheme.
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12.11 Finite volume WENO in 2-D

12.12 Finite difference WENO scheme

In the finite volume scheme, we reconstruct the solution at the cell face using the cell averages and use
any numerical flux function. In the finite difference approach, we assume that we have the solution
at the grid points and we aim to approximate the derivative of the flux at the grid points. This is
achieved by reconstructing the flux rather than the solution. The semi-discrete form of the finite
difference scheme is

dv; 1
@ Tty iyl =0

The scheme has order of accuracy p if

0
MWz~ fiy) = @y o)

h
If we had a function F'(z) such that
1 x+h/2
fo=5 [ F©
xz—h/2
Then F )R )
T 1 T, 1
g(xz) _ +2 2
ox h

and we can take

The point value of the flux is

1 (%]
fi= f(z:) = 7 F(£)d¢
$i7%
is the cell average value of the unknown function F'(x) on the i’th cell and this value is known to us.
We can apply the WENO idea to construct an approximation to F'(x, 41 ). However, to obtain a stable
2
scheme, we must ensure some form of upwinding or correct domain of dependence of the stencil. For

this purpose let us split the flux into two parts

f=1+f

where o7 o+

— <0 — >0

ou ou
The simplest splitting is given by Lax-Friedrich splitting

_ 1 1
fo=gl ) =, T =Sl (w) + A

where

A= max | f'(u)

with the maximum being taken over the range of values of w in our grid or locally at each face. The
split fluxes flfr , are computed using a WENO scheme. Since f* represents waves moving with positive

speed, we will use a stencil which is biased towards the left of z; 1 to compute this flux, and similarly,
2
for fi:_ ; we use a stencil which is biased towards the right of z; 1. Then the flux will be computed as
B3 2
_ ¢t -
Using the fifth order WENO scheme, we can compute the split fluxes as
T = WENOS(fily, fil0. fi7 [ fik)

fi:r% = WENO5(fiys: five fiyrs [ fim)
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12.12.1 Analysis of WENO-JS scheme

69

In this section, we drop the superscript £. Recall that we have three approximations f;i ; coming
2

from quadratic polynomials which are third order accurate
Z’i% = F(mli%) + A, Az + O (Az?)

Their combination with linear weights is fifth order accurate

Zde;:é :F(l‘ii%)+BA$5+O(AgL’6)

WENO scheme combines these three values in a non-linear way
1:‘: 1= Z Wr z:l: 1

A Taylor expansion of the smoothness indicators yields

bo = (a4 (LU= Saar) acte (T - 3 ) a4 0 (Aa)
b= (et (U SRE) Adt 40 (a)
52 — (fil)2A$2+ (12( i//)2_§fi/ i”/> Ax4— <163 i// 2'///_%fi/ 2'////> Ax5+O(Ax6)

Add and subtract the linear weights
fi:l:% - Zd :I:l "'Z —dr) z:l:%
= [F( 1)+ BAz2® + O (Az°) } Z —dr) ],

since the linear weights are chosen to give fifth order accuracy. The second term is

SwE—d)fy = Y —d) (Fla) + A:80° + 0 (Act) )

T s

= F(xij:%) Z(wri —dy) +Aa? ZAT(W} —dp) + Z(w} —dy)O (A

r

=0

The first term is zero since the weights sum to unity. The finite difference approximation is

fi_t,_% - fl_% F({Il‘i_,’_;) —F Zz; 1) Zr(w;r - dT)f;_% - Zr(w; - dr)flr_

z?)

1
2

(z;_1
_ 2 2 5
Az - Az —|—(’)(Aac)—|—

= fl(z)+0O (Aaz5) + Az? ZAr(w;" —w,)

+> (W = d)O (AL®) =D (wy —dp)O (Az?)

T

Az

In case of smooth function, the WENO-JS weights satisfy
wi =d, + O (Az?)
then the last two terms are of O (Aa:S).Using Taylor expansions we can show that

Az? ZAT(UJ,JT —w;, ) =0 (Az”)

and hence we get fifth order accuracy
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12.12.2 WENO-Z scheme

The discussion of the WENO-JS scheme shows that the conclusions are not valid if v'(z;) = 0, i.e., we
have a local extremum at x = z;. Let us assume this is the case but also that f! # 0. Then

fo=Ba = UAPPI+OAD), B = /AR +0 (A%

This leads to
wo =do + O (Ax), wy =dy + O (Ax)

so that
Ax? ZAT(w;f —w.) = Az? ZAT(w;f —dy +dy —w, ) = A2?O (Az) = O (Az?)

and we get only third order accuracy.
A modification of the non-linear weights was proposed in [1] to take care of such extrema. Define

T = |Bo — o]

If solution is smooth in all stencils then
_ E 1" A 5 O (A 6
T=73 | f7 1Az + ( x )

Define smoothness indicators as

Bz_ /87‘“‘6

=) I<ex1
" ﬂr"’T‘{'E

Then the nonlinear weights are given by

& s _ g <1+ u )
Wr = 5 Qs = — = Usg
Zsas 5§ BS+€

The WENO-Z scheme yields fifth order accuracy even at smooth extrema.

12.13 Central WENO (CWENO) schemes



Appendix A

Euler test cases

A.1 1-D: linear advection

If the initial velocity and pressure are constant, then they remain constant for future times. The
density is advected at the constant velocity. So an initial condition

p(IE,O) = f(:E), u(x,O) = uo, p(x,O) = Po

has exact solution
p(z,t) = f(x — uot), u(z,t) = uo, p(x,t) = po

Take f(x) to be a periodic function and use periodic boundary conditions. E.g.
1
flz)=1+ 5 sin(27x), x € [0,1]

with ug =pp =1 and v = 1.4.

A.2 1-D: Sod test

This is a Riemann problem [5] given in Table (A.1) which develops a left rarefaction, a contact wave
and a right shock. Solve this on a domain [0, 1] with initial jump at z = 0.5, v = 1.4 and upto time
t = 0.2 using Neumann boundary conditions.

A.3 1-D: Sod test with sonic rarefaction

This is a modification of Sod test case where the flow reaches sonic state inside the expansion fan and
is a good test to check entropy condition satisfaction. The domain is [0, 1] and initial conditions are
given in Table (A.2). The solution is computed up to time ¢t = 0.2 with v = 1.4.

A.4 1-D: Shu-Osher test case

An initial jump separates a constant state on the left with a smooth density profile on the right. The
solution involves interaction of a shock with a smooth profile and hence is challenging to get accurate
solutions. Solve this on a domain [—5, +5] with initial jump at z = —4 upto time t = 1.8. Use y =14
and Neumann boundary conditions. The initial condition is given in Table (A.3).

p_ | u | p
z<05| 1.0 [0.0]1.0
z>05]0125 0.0 | 0.1

Table A.1: Initial conditions for Sod test case
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p u | p
£<03]| 1.0 | 075 1.0
z>03]0125 00 | 0.1

Table A.2: Initial conditions for modified Sod test case with sonic rarefaction

p u p
r<—4 3.857143 2.699369 | 10.33333
z>—4 ] 1.0+02sin(5z) | 0.0 1.0

Table A.3: Initial conditions for Shu-Osher test case

A.5 1-D: 123 problem
The initial condition is given by [7]
(1.0, —2.0, 0.4) z <05
(b, u,p) =
(1.0, +2.0, 0.4) z>0.5

The computational domain is [0, 1] and the final time is ¢ = 0.15. The density becomes very small in
the middle of the domain and can be challenging test in terms of maintaining positive density.

A.6 1-D: Interaction of blast waves

The problems involves interaction of two shock waves and the initial condition is given by [10]

(1.0, 0.0, 1000.0) =z < 0.1
(p,u,p) = { (1.0, 0.0, 0.01) 0.1 <z < 0.9
(1.0, 0.0, 100.0) z>0.9

The domain can be taken as [0, 1] and the computations performed upto the time ¢ = 0.038. Solid
wall boundary conditions are used on both end points of the domain.

A.7 2-D: Isentropic vortex

The flow consists of a vortex that moves with a constant speed [11]. The initial condition is given by

(y — 1)/@2 ) 1/(v—1)

p = |1-— S exp(l — %)

u = Mcosa— %exp(%(l - TQ))(?J — %)

v = Msina+ QE exp(5(1 —r?))(z — o)
T

p = r
where
r? = (z —20)” + (y — y0)*
Here (zg, o) is the center of the vortex. The vortex moves at an angle « to the = axis at a constant
speed of M. The flow has constant entropy everywhere and for all times.

Take a domain of [—5,+5] x [=5, +5] with these parameters

(zo,0) = (0,0), B=5M=05 a=n/4

Use periodic boundary conditions and run up to a time of t = 10v/2/M; the vortex would have come
back to its initial position. Note that for high order methods, it is better to use a larger domain since
the exponential functions may not have decayed at the boundary.
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A.8 2-D: Shock reflection

This problem consist of a shock which hits the bottom wall and gets reflected and the flow eventually
reaches a steady state. The domain is [0,4] x [0, 1] and the initial condition can be taken as

p=1, (u,v) = (2.9,0.0), p=1/v

with v = 1.4. The flow enters the domain from the left and top sides. The conditions at the left side
are same as the above initial conditions while the conditions on the top are

p=169997,  (u,v)=(2.61934, —0.50632),  p=1.52819

The botton side is a solid wall and we can use Neumann conditions on the right side.
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