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Navier-Stokes-Boussinesq model

Non-isothermal flow

<aat+v V'U)+VpV~T(v)pgey

Density variations assumed to be small; important only in the gravity term

(aatJrv V'v>+VpVoT(v)pgey

Density depends on temperature
p(T) = po[l — B(T — Tp)], B = coefficient of thermal expansion

e Momentum eqn

ov 1
5 TU Vet V(p/po+ gy) = %V -7(v) + g(T — To)e,



Navier-Stokes-Boussinesq model

e Energy equation

T
poC, (6 T VT) = kAT + f, & = coef. of thermal diffusion

ot
e Non-dimensionalize
T v P T —1Ty
- — - = - — 0=
T YTy P oo T =T,
1Cp

3 2 _
Re = : r = Aot D) opp o i
1




Navier-Stokes-Boussinesq model
¢ Non-dimensional form

ov 1 Gr
a-ﬁ-’wVv—i—Vp = ﬁv-r(v)—i—@%y
00 1
E—FU-VQ = RePrAG-Ff
Vv = 0

where 1
7(v) = 2¢(v), e(v) = i[Vv +Vo']

e The heat source function is given by!
f = Tsin(2mz) cos(2my)

We use the parameters

2
Re =100, Pr=07, Gr= };—89 ~11111.1

IWeiwei Hu, PhD Thesis, 2012



Stationary problem

Iy
r Boundary conditions
3% v = 0
Fin, 1
0 —anrﬂT(v)n =0
T, 8 =0
T, 1 00 — 9
T, RePron
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Solution space
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Stationary problem

Find (v,0,p) € Vi x Wy x @ such that V (e, x,¥) € Vo x Wy x Q

(0 V0.0) = (1.V - ) + o (o)) — 5 (Peyip) = 0
(090,00 + 0 (V0,90 — (1) = 0
(V'Uﬂﬂ) =0

e Solving steady Navier-Stokes at Re = 100 is numerically unstable

e Solve the steady Navier-Stokes on a sequence of Reynolds numbers:
50 = 60 — 70 — 80 — 85 — 90 — 95 — 100

using solution from previous Re as initial guess in the Newton method



Sample FEM mesh: 20 x 20




Stationary solution: P, — P, — P;, 50 x 50 mesh

$ python steady.py

Velocity vectors Temperature

u Magr
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Stability of stationary state

Add a small perturbation to stationary state: Initial condition

o=l ]

Solve non-linear Boussinesq model; measure the energy in the perturbations

1 2 1 2
2/9\1; vs2dz, 2/@(9 0,)%de

Evolution of perturbation energy

Velocity ——
Temperature -------
Total -

RLARRRARARRRRRR ARER

0.0001
0

t

The system settles down into a periodic state.



Boundary controls

Fw
r'UJ
F'IU
Fin
Q
Fn
Ly
F’U}
Iy Ty, Iy
ve = ura(y), Oc = uz8(y),
) ( 0.0001
a(y) =exp | —
(07— )(0.9 — y)P2

1
—pn + —7(v)n

Re
0
0
1o
RePr on
Lo
RePr on

.fc = “37(56‘)’

y(z) = 0.4exp (

0.00001

on ['puly,

on an
on I,

on an

on Iy

on I,

on Fh

(uy,uz2,us): control variables

) . Bly) =0.2exp (

(04— 2)(0.6 — )2

0.00001 )

T [0.7 =) (0.9 -y

)
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Boundary controls

o o o
0.35] o018 0.35
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(a) by(y) = e [OT-9)(09-u)2 (b) b, (y) = 0.2¢” OOV (c) by, (x) = 0.4de [O-4=0)0-6-2)F
(From Hu)



Model of Hu

1
stress tensor: o(v,p) = —pl + —7(v)
Re
Ly, v=0 on TLUT,
r (,Yﬂ')’('l%p)n + 51'1) = 81 (7)(:7 0) on an
w 1
L ot por(e)n =0 on T,
e
T.
o (&%) 00 p
———— + (320 = 350, Tin
@ RePr on + P2 P2 ou
b =0 on T
r
w 1 89
z r,
P RePr on on
1 00
I, I, T, 9 _ 4 r
} RePr On /. on-Ln

Divergence constraint via penalty approach: (V- v,9) =e(p,¢), Vi € Q
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Fin. dim. feedback control approach

e Stationary state is unstable
» small perturbations take the state away

e Aim: apply control to drive state towards stationary state

e Model perturbation (z) by linearization around stationary state

dz v "
E&:AerBu, z= 0], U= |usg
p us3
e Determine control by feedback law: ©w = —Kz to achieve
lz(t)|| — O, as t — 00

» Minimal norm control: A — BK is stable (real(\) < 0)

» LQR

minimize J — 1/ IC=(t)|12 dt + l/ | Ru(t)|? dt
2 Jo 2 /o
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Control strategies

d
Ed—'_::Az—kBu, E=E">0, u=-Kz

e (A, B) stabilizable (Hautus): For each eigenvalue A, real(\) > 0
ATv =\ETv, BTv#0

Minimal norm control: K = R-!BTIIE

(GABE) : ATTIE 4 ETIA — EIBR™'B'IIE = 0

(A, C) is detectable if 3L such that A — LC is stable
(A,C) is detectable iff (AT, CT) is stabilizable.

LQR control: K = R-1BTIIE

(GARE) : ATIIE + ETIA - EIBR'B'IE+Q =0, Q=C"

Eigenvalues reflected about the imaginary axis

C
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Linearized problem

Let (vs,0s,ps) = stationary solution
Perturbations (v, 6, p) around this state is governed by

ov

1 G
— +vs-Vo+v-Vos+Vp = —V.7(v)+ -

ot Re ReZ
ol 1
aﬂ;s.veﬂ;.ves = RePrAe
Vv = 0

Find (v(t),0(¢),p(t)) € V x W x @ such that V(p, x, %) € Vo x Wy x Q

d
g (0 P) + (v Vot v-Vo,0) = (0, V- )
2 Gr
+§ (e(v),e(p)) — R (fey, ) =
d 1
&(&X)‘*‘(UsVe‘f'vVes,X)+m(V9>vX>_(fC7X)Fh -

_(Vvﬂl)) =

16
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Linearized problem

or

-Avv (’U, ‘P) + A’Ua (97 (P> + Avp(p, ‘P)

Aev(va X) + AOG(Q; X) + Aﬁh(fca X)
Ap'u(v7 w)
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Finite element method

as

az

<51 ay
Pressure Velocity and temperature
Define
I? = velocity dof on I';, (x component only)
I? = unknown (free) velocity dof
I = temperature dof on I';,
Ifc = unknown (free) temperature dof
I = pressure dof

Vh = Z v+ Z Ve, jPj,  On = Z 0ix; + Z OciXj, DPn= Z P

EI” JEID, J€]9 jer? jelr

in
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Finite element method

Define the vector of unknown dof

v = (Ui)a

iely, 0=(0;), ielf, p=(p), i€’

By construction, vy and 8, satisfy the homogeneous Dirichlet b, i.e.,

FE Galerkin method

d
a (vha <P’L)
d

dt(haX)
0

v, = 0, on I'yuly
vy - ey = O7 on Fan
0, = 0, on Iy

Avv(vhv(pi)+Av0(9hv(pi)+A’Up(phasoi)7 1€ I},

Ago (v, Xi) + Aso(On, xi) + Aon(fer xi), 1€ 1]
Apv(vhaqzbi)a 1€ 1P
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Finite element method

Consider the velocity equation.

d dv; dve; .
7(vha¢i) = E ! (¢Ja¢l)+ E J (Sojagoi)7 ZGI}’
dt , dt ; det

Jely JEI},

in

dvc

We will ignore the term involving —5*.

d dv .. »
a (vn, {pi}) = Mv&v M, ={(pj, i)} i,j €1y
Next
Avv ('vha ‘Pz) = Z UjAvv(ony 901) + Z (Uc,jAvv (‘Pja ‘Pz)
JeIy JEI?,
= Z vjAvv(Sojv(Pi) + Uy Z O//in)'U(ij7<pi)7 1 S I}}
JEIY JEI,

In matrix form
Avv(vha {4)01}) - Avvv + Bm;ul
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Finite element method
Similarly
Ao (On, {pi}) = Avel + Bygua
Auvp(Prs {pi}) = Avpp
Velocity equation

dv

M,—
dt

Avvv + Av99 + Avpp + BU’U,, Bv = [Bmu Bv@» 0]

In this way, the linear system can be written as

M, 0 O a1 Avy Ave Aup| |V B,
0 My O a 0 = | Ag, Ago 0 0| + |Bg| u
0 0 O D A;rp 0 0 P B,

We now have a state space representation of our system

d
Ed—i:Az—f—Bu



Eigenvalues from FEM

Ve

DPe
$ python linear.py

6 T
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real(\)



Eigenvalues from FEM

No. 50 x 50 100 x 100
1 0.0758 - 0.6948i 0.0803 - 0.6945i
2 0.0758 + 0.6948i 0.0803 + 0.6945i
3| -0.5672 - 0.3259i | -0.5664 - 0.3283i
4 | -0.5672 + 0.32591i | -0.5664 + 0.3283i
5] -0.9699 - 1.5131i | -0.9716 - 1.5145i
6 | -0.9699 + 1.5131i | -0.9716 + 1.5145i
7] -1.0229 + 0.0000i | -1.0162 + 0.0000i
8 | -1.0971 - 2.6590i | -1.0971 - 2.6592i
9| -1.0971 + 2.65901i | -1.0971 + 2.6592i

10 | -1.9657 - 0.3050i | -1.9708 - 0.3032i
11 | -1.9657 + 0.3050i | -1.9708 + 0.3032i
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Velocity eigenvectors v,

S
=
R
o

N

o
T

o
L

Real part imaginary part
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Temperature eigenvectors 6,

Real part imaginary part
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Pressure eigenvectors p.

Real part imaginary part
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State-space model

Let us rewrite the linearized system

dz

EE:A,Z—FBu

into the differential and algebraic parts®

d
Endi; =Any + App+ Biu
0=Aly — Bou

v M, 0 N P .
Yy= |:9:| ) Ell — |: 0 M9:| ) All - |:A9v A99:|

_ Avp _ B,y 0 0 _
A12—[0}, Bl—[o Boo Beh}’ By =—[Bp, 0 0

where

2L. Thevenet, PhD Thesis, 2009



Discrete Leray projector

Denote by P the oblique projector defined as

P = I, — Ain(ALER Ap) T ALER
I, — Avp(AijglAvp)*lAvaMgl 0
0 Ing

We look for solution to (1) of the form
Y=+ Y2, y =Py, y2=(I—P)ly
From their definitions we have

Auyl PTy2 =0



Discrete Leray projector

Equation satisfied by y; = Py
The couple (y1,y2) satisfies

d
PE11% = PAny + PBau, y1(0) = PTyo
Y2 = E1_11A12 (AEEl_llAlz)_lBgu

where
By =B + A11E1_11A12(A1|—2E1_11A12)_132

Moreover, the pressure p is given by the expression

_ _ du _
b= (A1TzE111A12> ! 325 - A1T2E111(A11y + Byu)

()
)




Discrete Leray projector

Using
PEy; = E11PT, PTyl =W
The term y; = P Ty, where y is solution to (1) obeys the equation

d
E11% = PA1n1y1 + PBiau, PTy1(0) = PTyo(0) (5)
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Riccati equation
We will find the control u(t) which solves the following LQR problem

1 [~ 1 [
inf {I(yl, u) = 5/ yl Epypdt + 5/ uw' Rudt | (y1,u) solves (5)}
0 0

If the system (5) is stabilizable and detectable then the LQR problem has a unique
optimal control law given by

uw=—Kuy, K=R'BLP™II
where II is the unique positive semi-definite matrix solution of the GARE

ALPTEFMI+ HE ' PAy, —IE ' PB1aR "B, P Ej' I+ Eyy =0 (6)

® Computing P is difficult since it is a full matrix

® Solving for II is difficult since we have a large Riccati equation

Project equation (5) onto the unstable subspace associated to (PA11, PE11).
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Projection onto the unstable subspace
o Need eigenvalues/vectors of (PAy1, PE11)

e P is expensive to compute

(A,E) and (PAH,PEH)

A is a finite eigenvalue associated to the eigenvector z = [y,p] " for the matrix
pencil (A, E) if and only if A is a finite eigenvalue associated to the eigenvector y
for the matrix pencil (PA;1, PE11).

e We will assume that there are n, complex unstable eigenvalues.
A, = diag(Ais ..\ A, )

e Let us denote by

Vy c (Cnyxnu’ Zy € Cy*nu

the matrix of complex eigenvectors of (PA1;, PE1;) and of (PA],, PE]))
respectively, i.e., we have

PA,LV, = PE,WV,A,,  PAl,Z,=PE] Z,A, (7

32/64



Projection onto the unstable subspace

e Similarly we denote by
V c (C(ny—i-np)X'rLu’ Z c (c(ny—&—np)xnu
the matrices that satisfy
AV = EVA,, ATZ =ETZA,

e Thanks to previous Lemma we have

where V,, Z, satisfy equation (7).

e Thus using (A4, E) we can determine the unstable eigenspace of
(PAi1, PEq1) without computing P.

33/64



Projection onto the unstable subspace

In order to obtain a real subspace, we consider the matrix

_ 1 — g Ty XMy
S_\/EL —i]’ U = diag(S,...,5) eC

U is a unitary matrix consisting of %nu diagonal blocks. Define
V= VU* c R(ny+np)><nu’ 7 = ZUT c R(ny"l‘np)xnu,

and
Vy=V,U" eRW ™, Z,=Z,U" € RWw*"

Similarly to the complex case, these matrices obey the relations

voll 2ol
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Projector () on the unstable subspace

Vy = [ela e )enu] € R'n/yxnu, Zy = [515 cee 7€nu] € Rnanu
U
Qu=" (v.ex)ex
k=1

The projector @ is given by the relation

Q = VyZ;—Ell
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Equation satisfied by Qv

Let us consider y; solution to (5). Then Qy; satisfies the equation

dy
ZTE]_l dt Z»;—Ally aF Z;—Blgu (8)
T dyl T T
Z, EBn—— T =7, PAny + Z, PBisu
Using
PTZy = Zy7 Z;—Ell = ZJE11Q7 Z;—PAll = Z;AIIQ
we obtain

d
ZJEMQ% = Z, AnQui + Z, Biau
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Riccati equation

Find w minimizing the cost functional

1/ (le)TEu(le)dt-i-%/ u' Rudt

2 0 0

I(lea ’U) =
Using the expression of )
Qui =V, Z Eyiy1 € R™ Define 2z = Z;—Euyl € R™
which solves
dz
dt

and the control problem is equivalent to the new one (Qy; = V,,2)

= Z, AuVyz + Z, Biau (9)

1 [ 1 [
J(z,u) = 5/ zTVyTEHVyzdt + 5/ u' Rudt
0 0

where (z, u) is solution to (9)
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Riccati equation

If the system (9) is stabilizable and detectable then the LQR problem has a unique

optimal control law given by
u=-Kz, K=R'B,Zn
where 7 is the unique positive semi-definite matrix solution of the ARE

VAL Zyr +nZ, AuV, —7Z, BiaR'B1,Z,n +V, E11V, =0

(10)

e Leray projector P is not involved

o 7 € R™X"u is of small size

Let us write this in the standard notation
AZﬂ' +7TA, — WBUR_lBJﬂ' +Q,=0

where
Ay =Z,AnV,, Bu=Z,Bn, Q.=V, EnV,

8 /64



Riccati equation

In Matlab we can solve for m = Pu using the care function
Pu = care(Au, Bu, Qu, R);

We have
z=Z,Bnwy =2, Bny, Z,B.=2'B

Hence feedback law becomes

u=-Ky, K=RY(B'Z)r(Z]Ewn)

(11)
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Summary of computing feedback law

Form the matrices Ally Alg, Elly Bl, BQ, A, B. E
Compute Blg = B]_ + AllEilAlg(AIQEilAlg)_lBg

E11 Alg X . 0 _
[ P R AR

e Compute unstable eigenvalues/vectors of (A4, F), (AT, ET).
Form real matrices V,,, Z,, Z.

Solve small Riccati equation, size n, X n,
Alm+7A, —7B,R'Bl 1+ Q. =0

where
Ay =Z)AnV,, By=Z,B, Q.=V,/EnV,

Feedback operator

K =R Y (B"Z)r(Z, En)

64



Enlarging the stabilized subspace

Order eigenvalues based on real part
AL > Ao > ...,)\nu >0>>\nu+1 > >

Add a shift s € R to the eigenvalues

Mts>d+s> ., +s> A 41 +5>... 20, +5>0> A1 >

Enlarge stabilized subspace

Vy=1le1,. . €n s €nytl,---,€nls Zy=[e1,. 1 EnysEnutl,---En
Au = Z;—AnVy + sl € R®*"

Solve Riccati equation of size n x n to get K
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Solving the Boussinesq equations
After spatial discretization

dy
E-Z — N(§: i
i (7 u), ]

Second time step onwards: BDF2

§~n72~n71+1~n72
E2y yAt 2Y = N(g";u"), n=2,3,...
Control
* _ . n—1 *_2n—1_ n—2 n__k ®
Yy =y or y* =2y Yy, ut =Ky - ys)

Non-linear systems solved using Newton method and UMFPACK (LU solver).



Intro to FEniCS

—Au = 1, in Q=][0,1] x [0,1]
u = 0, on 909

Q = [0,1] x[0,1] from dolfin import x*
mesh = UnitSquareMesh(50,50)

Vi = {on € C(Q) s vnlx €Pr} V = FunctionSpace(mesh, 'CG', 1)
up, € Vi (Trial function) u = TrialFunction(V)
. = TestFunction (V)
Test fi i
vn € Vi (Test function) a = inner(grad(u),grad(v))=*dx
a = /Vuh-VUhdx b = ek
Q bc= DirichletBC(V,0,'on_boundary')
u = Function(V)
L = /Uhdw solve(a=—L,u, bc)
Q

plot(u,interactive=True)

Find us, € Vi, N H(Q) s.t

L File demo.py
a(uh,vh) = L(’Uh),VUh e Vi,NH, (Q)

Run the code
$ python demo.py
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Boussinesq model

Finite element spaces

self .V = VectorFunctionSpace(mesh, "CG", self.udeg)
self .W = FunctionSpace(mesh, "CG", self.tdeg)

self .Q = FunctionSpace(mesh, "CG", self.pdeg)

self .X = MixedFunctionSpace ([self.V, self.W, self.Q])

Trial and test functions
u,T,p = TrialFunctions(self.X)
v,S8,q9 = TestFunctions(self.X)

Assemble the full mass matrix (includes all dof)
Ma = assemble(inner(u,v)#*dx + T*Sxdx)

Convert to sparse storage format

rows, cols, values = Ma.data()

import scipy.sparse as sps

Ma = sps.csc_matrix((values, cols, rows))

# velocity

# temp
# pressure

44
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Boussinesq model

Indices of degrees of freedom
# Returns dof indices which are free

# freeinds = free indices of velocity , temperature, pressure
# pinds = free indices of pressure
def get_indices(self):

# Collect all dirichlet boundary dof indices
bcinds = []

for b in self.bc:
bcdict = b.get_boundary_values|()
bcinds.extend(bcdict.keys())

# total number of dofs
N = self.X.dim()

# indices of free nodes
freeinds = np.setdiffid(range(N),bcinds,h assume_unique=True) .+

astype(np.int32)

# pressure indices
pinds = self.X.sub(2).dofmap().dofs()

return freeinds, pinds
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Boussinesq model

Mass matrix (same as E in the slides)
M = Ma[freeinds ,:][: , freeinds]

Save in Matlab readable format

import scipy.io as sio

sio.savemat('linear.mat', mdict={'M':M, 'A':A, 'B':B},
oned_as='column')

Compute eigenvalues/vectors within python (using Scipy)
import scipy.sparse.linalg as 1la
vals, vecs = la.eigs(A, k=10, M=M, sigma=-—1.0, which='LR')
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Recall the eigenvalues

6 T T T T
° o 50x50
* 100x100
4 M ® ® i
®
o ® o
2+ @ ® .. 4
e
= - ] °
S ® °
2 of ©eeo o o § $ o o LI E
5 ® e °® °
L4 ®
-2t ® L) .' i
° o °
®
® ®
—4F D) i
°
_6 Il Il Il Il Il 1 1
-7 -6 -5 -4 -3 -2 -1 0 1
real(\)
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Case 1: y. = 0.7

Stabilizing the two unstable eigenvalues.

0.04 . !
0.035} —— Temperature
0.03- 1

0.025f

0.015f

Perturbation energy
o
o
N

I
o
[
T
.

0.005¢ 1

0 50 100 150 200
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Case 2: y. = 0.7

Add shift s = 1 to the two unstable eigenvalues

-2

10

Velocity
Temperature

Perturbation energy
=
o

=
o

0 50 100 150 200 250

49 /64



Best control location

e Freedom to choose location of control zone y,

e Norm of control
[ull® = 2(0) "7 (ye)2(0)

e Minimize control norm for all possible initial conditions

Ye,opt = argminmax o (m(y.))

{— Velocity
s . ( — Temperature

Perturbation energy
"
5

10°
01 02 03 04 05 06 07 08 09 0
A

Case 3: (a) Dependance of max o (7(y.)) wrt y.. The minimum is attained at
ye = 0.1, (b) Evolution of perturbation energy

50 100 150 200
t
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Case 4: y. = 0.7

Add shift s =1 to four leading eigenvalues.

2

10"

10°

10°

Perturbation energy

0 50 100 150 200 250
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Case b

Add shift s =1 to four leading eigenvalues.
120 10° i i i

— Velocity
110 4 _— T:moglerature

100 4 10

90

10|

max o(T)

10
80

Perturbation energy

70
107

60

58 . . . . . 107
.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0 50 100 150 200 250
Y, t

Case 5: (a) Dependance of max o(m(y.)) wrt y.; minimum is attained at
Yo = 0.65 (b) Evolution of perturbation energy with feedbackat y. = 0.65



Getting the code

All the code is available here to browse (click below)

https://code.google.com/p/cfdlab/source/browse/trunk/fenics/2d/
ns_control/

Use svn to get the code

svn co http://cfdlab.googlecode.com/svn/trunk/fenics/2d/«
ns_control
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Extended system

Parameterize the boundary control as

ve=wia(y),  Oe=wf(y),  fo=wsy(x)

FE solution

v(e,t) = 3 ups(@) +wi() Y asey()

jEI” JEI?,
Op(x,t) = ZH x) 4+ wa(t ZBJXJ

jEIe jeI?,
pu(z,t) = Y pi(t);(x)

jerr

We introduce models for wy, ws, ws

d'UJi
dt

:ri(wi—ui), 121,2,3

where (u1,us,ugz) are our new control variables.
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Momentum eqgn

(atvh; LPZ) + Avv(vha (Pl) + A’Up(phv <P’L) + A’Ue(ah, 901) = 03 V Z S I})
Avp(z/)i,vh) ZO, VielP

Substituting vy, 65, pr, we obtain

Z (‘Pj»‘Pz Z Avo( SajvSoz Z Avo( Xja‘Pz Z Avp "/}Jv‘PZ) j

jGI” jGI” j€[9 jeiIr
—rwr Y a;(pg,00) —wi Y ajAu(es e
Jely, Jely,
—wy Y BiAw(X; i)
JELE,
+ rug Z a; (@, i), Viely
JeI?

in

Z Avp 1/117803 — w1 Z Avp ¢Za901)ajy Viel?

jEI” JEI?,
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Momentum eqgn

Written in matrix-vector form
dv
dt
T
0=A,,v+ Apyw

M, Ay + Ayol + Apyw + Aypp + Byu
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Heat eqn

(940n, x:) + Aow(vn, Xi) + Aoo(On, xi) = (fes xi)p, =0,  Viel}

Substituting vy, 05, pr, we obtain

Z (X3, x:) 0 " Z Ao (5, Xi)v Z Aoo (X, x:)0

P jery 0
jerg j jerg
— w1 E A@v CP]a Xl — 2wz E XJ7 Xl
JELE, i€l
—wz2 Y Aoo(xs, Xi)Bs +2us Y (X5, xi) B
. ] 3 0
JEIin JEL,

+ ws (77 Xi)l"h

This can be written in matrix-vector form as

do

Mi
i

= Ay, + Apgl + Ay, w + Bou
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State-space model

M, 0 0 0 v Apo  Auvo
0 My 0 0] d |0 |Ag Ago
0 0 I3 O|dt|w| | O 0
0O 0 0 0 P A, 0

where

7‘10
Apw = {0 1
0 0

N
<

o O O

R STRESEEES NS



Discrete Leray projection

Decompose the velocity as
V=101 + U2

where
vy = P, vo=(I—-P) v

v

and
P, =1, - Avp(AIva_lAvp)_lAIva_l
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Discrete Leray projection

Pva% :PvAm;vl + PvAvea + P’UA’U’LUw + P,Byu
de -
Mag =Agyv1 + Agel + Agyw + Bou (13)
d
d_T: :Awww - Awwu

where

=1 T a5-1 |
Apw = Apw — Avav Avp (Avav Avp) pr
A =1 T =1 =1
Agw = Agw — AGUMU Avp(Avav Avp) Ap'w
The pressure is given by
T =1 _ T =1 T =1
App My~ Avpp = — Ay, My~ (Apyv + Aygl) — (A My~ Avw + Apw Aww)w

— (Agp M, By + Apw)u
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State-space model

Define
v M, 0 0 ) Ao Ao Ay
y= 10|, En1=|0 Mg 0|, Ai1=|Ap, Aps Aow
w 0 0 I,, 0 0 Apw
P, 0 0 B,
P=|0 I, 0], B= By
0 0 I, —Auw

Discrete Leray projection: y =y1 + 42, y1 =Py, yo= (I —P)Ty

d ~
PE11% ZPAllyl —|—PB’LL
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Projection to unstable subspace, feedback law

e Projector onto unstable subspace: @ = VyZyTEH
e (Qy satisfies the equation

dy ~
T _ 7T T
Zy Ella = Zy Ally + Zy Bu

e z =7, Eyy satisfies the equation

d ~
= = 2] AnV,z+ 2] Bu

e 7 solution of associated Bernoulli equation. Feedback law is given by
u=—-Kz= —BTZsz

or
u= —(BTZyﬂ'ZJEH)y = —Ky
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Numerical example

y(O) = ys + 0.01ye,

Ny = 2,
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Summary

e Applied the feedback stabilization approach to Boussinesq
» Dirichlet controls
» Proper handling of divergence constraint
» Feedback law computed efficiently
» Extended system approach

e Ongoing/future work

» Theoretical analysis of stabilizability

» More realistic model/boundary conditions
» Stabilization using partial information

> Better numerics
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