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Navier-Stokes-Boussinesq model

• Non-isothermal flow

ρ

(
∂v

∂t
+ v · ∇v

)
+∇p = ∇ · τ(v)− ρgey

• Density variations assumed to be small; important only in the gravity term

ρ0

(
∂v

∂t
+ v · ∇v

)
+∇p = ∇ · τ(v)− ρgey

• Density depends on temperature

ρ(T ) = ρ0[1− β(T − T0)], β = coefficient of thermal expansion

• Momentum eqn

∂v

∂t
+ v · ∇v +∇(p/ρ0 + gy) =

1

ρ0
∇ · τ(v) + g(T − T0)ey
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Navier-Stokes-Boussinesq model

• Energy equation

ρ0Cp

(
∂T

∂t
+ v · ∇T

)
= κ∆T + f, κ = coef. of thermal diffusion

• Non-dimensionalize

x→ x

L
, v → v

U
, p→ p

ρ0U2
, θ =

T − T0

T1 − T0

Re =
ρ0UL

µ
, Gr =

βL3ρ2
0g(T1 − T0)

µ2
, Pr =

µCp
κ
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Navier-Stokes-Boussinesq model
• Non-dimensional form

∂v

∂t
+ v · ∇v +∇p =

1

Re
∇ · τ(v) +

Gr

Re2 θey

∂θ

∂t
+ v · ∇θ =

1

RePr
∆θ + f

∇ · v = 0

where

τ(v) = 2ε(v), ε(v) =
1

2
[∇v +∇v>]

• The heat source function is given by1

f = 7 sin(2πx) cos(2πy)

We use the parameters

Re = 100, Pr = 0.7, Gr =
Re2

0.9
≈ 11111.1

1Weiwei Hu, PhD Thesis, 2012
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Stationary problem

Γin

Γw

Γw

Γo

Γw

Γw

Γw

Γw Γh Γw

Ω

Boundary conditions

v = 0 on Γin ∪ Γh ∪ Γw

−pn +
1

Re
τ(v)n = 0 on Γo

θ = 0 on Γin ∪ Γw
1

RePr

∂θ

∂n
= 0 on Γh ∪ Γo

Solution space

V0 = {v ∈H1(Ω) : v|Γin∪Γh∪Γw = 0}
W0 = {θ ∈ H1(Ω) : θ|Γin∪Γw = 0}
Q = L2(Ω)
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Stationary problem

Find (v, θ, p) ∈ V0 ×W0 ×Q such that ∀ (ϕ, χ, ψ) ∈ V0 ×W0 ×Q

(v · ∇v,ϕ)− (p,∇ ·ϕ) +
2

Re
(ε(v), ε(ϕ))− Gr

Re2 (θey,ϕ) = 0

(v · ∇θ, χ) +
1

RePr
(∇θ,∇χ)− (f, χ) = 0

(∇ · v, ψ) = 0

• Solving steady Navier-Stokes at Re = 100 is numerically unstable

• Solve the steady Navier-Stokes on a sequence of Reynolds numbers:

50→ 60→ 70→ 80→ 85→ 90→ 95→ 100

using solution from previous Re as initial guess in the Newton method
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Sample FEM mesh: 20× 20
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Stationary solution: P2 − P2 − P1, 50× 50 mesh
$ python steady . py

Velocity vectors Temperature
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Stability of stationary state
Add a small perturbation to stationary state: Initial condition

[
v
θ

]
=

[
vs
θs

]
+ 0.1

[
ve
θe

]

Solve non-linear Boussinesq model; measure the energy in the perturbations

1

2

∫

Ω

|v − vs|2dx,
1

2

∫

Ω

(θ − θs)2dx
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Evolution of perturbation energy

Velocity
Temperature

Total

The system settles down into a periodic state.
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Boundary controls

Γin

Γw

Γw

Γo

Γw

Γw

Γw

Γw Γh Γw

Ω

v = 0 on Γh ∪ Γw

v = (vc, 0) on Γin

−pn +
1

Re
τ(v)n = 0 on Γo

θ = θc on Γin

θ = 0 on Γw
1

RePr

∂θ

∂n
= 0 on Γo

1

RePr

∂θ

∂n
= fc on Γh

vc = u1α(y), θc = u2β(y), fc = u3γ(x), (u1, u2, u3): control variables

α(y) = exp

(
− 0.0001

[(0.7− y)(0.9− y)]2
)
, β(y) = 0.2 exp

(
− 0.00001

[(0.7− y)(0.9− y)]2
)

γ(x) = 0.4 exp

(
− 0.00001

[(0.4− x)(0.6− x)]2
)
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Boundary controls

Weiwei Hu Chapter 5. Numerical Results 83

control, i.e.

uv(y, t) = (bv|�I
)(y)uw(t) =

⇥
e
� 0.0001

[(0.7�y)(0.9�y)]2 , 0
⇤T

uw(t).

Furthermore, we apply one control for the inflow temperature on the inlet �I and the radiant
heating strip �H, respectively, of the forms

u✓I(y, t) = (b✓I |�I
)(y)uTI

(t) = (0.2e
�0.00001

[(0.7�y)(0.9�y)]2 )uTI
(t),

and

u✓H(x, t) = (b✓H |�H
)(x)uTH

(t) = (0.4e
�0.00001

[(0.4�x)(0.6�x)]2 )uTH
(t).

These shape functions were selected to reflect the expected parabolic profile of an inlet flow
and a smooth approximation of a uniform temperature profile as shown in Figure 5.3. We
also verified that

hbv, Re 1,w1i�I
6= 0, hb✓I , Re 1,T i�I

6= 0, hb✓H , Re�1,T i�H
6= 0,

and

hbv, Im 1,w1i�I
6= 0, hb✓I , Im 1,T i�I

6= 0, hb✓H , Im�1,T i�H
6= 0.

Therefore, rank(Wj) = 1, for j = 1, 2 and hence the linearized system is stabilizable by the
selected functions.
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Figure 5.3: Control input functions

Observe that in this simple example we have three control inputs, i.e. U = R3, and with
these three control inputs (Ah

" ,B
h) is exactly controllable. Correspondingly, the feedback

operator has nine functional gains

uh
w(t) = �

Z

⌦

kh
w1

(⇠)wh
1 (t)d⇠ �

Z

⌦

kh
w2

(⇠)wh
2 (t)d⇠ �

Z

⌦

kh
wT (⇠)T h(t)d⇠,

uh
TI

(t) = �
Z

⌦

kh
TI1

(⇠)wh
1 (t)d⇠ �

Z

⌦

kh
TI2

(⇠)wh
2 (t)d⇠ �

Z

⌦

kh
TIT

(⇠)T h(t)d⇠,

uh
TH

(t) = �
Z

⌦

kh
TH1

(⇠)wh
1 (t)d⇠ �

Z

⌦

kh
TH2

(⇠)wh
2 (t)d⇠ �

Z

⌦

kh
THT (⇠)T h(t)d⇠.

(From Hu)
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Model of Hu

stress tensor: σ(v, p) = −pI +
1

Re
τ(v)

Γin

Γw

Γw

Γo

Γw

Γw

Γw

Γw Γh Γw

Ω

v = 0 on Γh ∪ Γw

α1σ(v, p)n + β1v = β1(vc, 0) on Γin

−pn +
1

Re
τ(v)n = 0 on Γo

α2

RePr

∂θ

∂n
+ β2θ = β2θc on Γin

θ = 0 on Γw

1

RePr

∂θ

∂n
= 0 on Γo

1

RePr

∂θ

∂n
= fc on Γh

Divergence constraint via penalty approach: (∇ · v, ψ) = ε(p, ψ), ∀ψ ∈ Q
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Fin. dim. feedback control approach

• Stationary state is unstable
I small perturbations take the state away

• Aim: apply control to drive state towards stationary state

• Model perturbation (z) by linearization around stationary state

E
dz

dt
= Az +Bu, z =



v
θ
p


 , u =



u1

u2

u3




• Determine control by feedback law: u = −Kz to achieve

‖z(t)‖ → 0, as t→∞

I Minimal norm control: A−BK is stable (real(λ) < 0)
I LQR

minimize J =
1

2

∫ ∞
0

‖Cz(t)‖2 dt+
1

2

∫ ∞
0

‖Ru(t)‖2 dt
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Control strategies

E
dz

dt
= Az +Bu, E = E> > 0, u = −Kz

• (A,B) stabilizable (Hautus): For each eigenvalue λ, real(λ) > 0

A>v = λE>v, B>v 6= 0

• Minimal norm control: K = R−1B>ΠE

(GABE) : A>ΠE + EΠA− EΠBR−1B>ΠE = 0

• (A,C) is detectable if ∃L such that A− LC is stable
(A,C) is detectable iff (A>, C>) is stabilizable.

• LQR control: K = R−1B>ΠE

(GARE) : A>ΠE + EΠA− EΠBR−1B>ΠE +Q = 0, Q = C>C

• Eigenvalues reflected about the imaginary axis
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Linearized problem

Let (vs, θs, ps) = stationary solution
Perturbations (v, θ, p) around this state is governed by

∂v

∂t
+ vs · ∇v + v · ∇vs +∇p =

1

Re
∇ · τ(v) +

Gr

Re2 θey

∂θ

∂t
+ vs · ∇θ + v · ∇θs =

1

RePr
∆θ

∇ · v = 0

Find (v(t), θ(t), p(t)) ∈ V ×W ×Q such that ∀(ϕ, χ, ψ) ∈ V0 ×W0 ×Q

d

dt
(v,ϕ) + (vs · ∇v + v · ∇vs,ϕ)− (p,∇ ·ϕ)

+
2

Re
(ε(v), ε(ϕ))− Gr

Re2 (θey,ϕ) = 0

d

dt
(θ, χ) + (vs · ∇θ + v · ∇θs, χ) +

1

RePr
(∇θ,∇χ)− (fc, χ)Γh

= 0

− (∇ · v, ψ) = 0
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Linearized problem

or

d

dt
(v,ϕ) = Avv(v,ϕ) +Avθ(θ,ϕ) +Avp(p,ϕ)

d

dt
(θ, χ) = Aθv(v, χ) +Aθθ(θ, χ) +Aθh(fc, χ)

0 = Apv(v, ψ)
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Finite element method

a1

a2

a3

a1

a2

a3

a12

a23

a13

Pressure Velocity and temperature

Define

Ivin = velocity dof on Γin (x component only)

Ivf = unknown (free) velocity dof

Iθin = temperature dof on Γin

Iθf = unknown (free) temperature dof

Ip = pressure dof

vh =
∑

j∈Ivf

vjϕj +
∑

j∈Ivin

vc,jϕj , θh =
∑

j∈Iθf

θjχj +
∑

j∈Iθin

θc,jχj , ph =
∑

j∈Ip
pjψj
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Finite element method

Define the vector of unknown dof

v = (vi), i ∈ Ivf , θ = (θi), i ∈ Iθf , p = (pi), i ∈ Ip

By construction, vh and θh satisfy the homogeneous Dirichlet bc, i.e.,

vh = 0, on Γh ∪ Γw

vh · ey = 0, on Γin

θh = 0, on Γw

FE Galerkin method

d

dt
(vh,ϕi) = Avv(vh,ϕi) +Avθ(θh,ϕi) +Avp(ph,ϕi), i ∈ Ivf

d

dt
(θh, χi) = Aθv(vh, χi) +Aθθ(θh, χi) +Aθh(fc, χi), i ∈ Iθf

0 = Apv(vh, ψi), i ∈ Ip
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Finite element method
Consider the velocity equation.

d

dt
(vh,ϕi) =

∑

j∈Ivf

dvj
dt

(ϕj ,ϕi) +
∑

j∈Ivin

dvc,j
dt

(ϕj ,ϕi) , i ∈ Ivf

We will ignore the term involving
dvc,j

dt .

d

dt
(vh, {ϕi}) = Mv

dv

dt
, Mv = {(ϕj ,ϕi)} i, j ∈ Ivf

Next

Avv(vh,ϕi) =
∑

j∈Ivf

vjAvv(ϕj ,ϕi) +
∑

j∈Ivin

vc,jAvv(ϕj ,ϕi)

=
∑

j∈Ivf

vjAvv(ϕj ,ϕi) + u1

∑

j∈Ivin

αjAvv(ϕj ,ϕi), i ∈ Ivf

In matrix form
Avv(vh, {ϕi}) = Avvv +Bvvu1
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Finite element method

Similarly
Avθ(θh, {ϕi}) = Avθθ +Bvθu2

Avp(ph, {ϕi}) = Avpp

Velocity equation

Mv
dv

dt
= Avvv +Avθθ +Avpp+Bvu, Bv = [Bvv, Bvθ, 0]

In this way, the linear system can be written as



Mv 0 0
0 Mθ 0
0 0 0


 d

dt



v
θ
p


 =



Avv Avθ Avp
Aθv Aθθ 0
A>vp 0 0





v
θ
p


+



Bv
Bθ
Bp


u

We now have a state space representation of our system

E
dz

dt
= Az +Bu
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Eigenvalues from FEM

Aze = λEze, ze =



ve
θe
pe




$ python linear . py

−7 −6 −5 −4 −3 −2 −1 0 1
−6

−4

−2

0

2

4

6

real(λ)

im
ag

(λ
)

 

 

50x50
100x100
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Eigenvalues from FEM

No. 50× 50 100× 100
1 0.0758 - 0.6948i 0.0803 - 0.6945i

2 0.0758 + 0.6948i 0.0803 + 0.6945i

3 -0.5672 - 0.3259i -0.5664 - 0.3283i

4 -0.5672 + 0.3259i -0.5664 + 0.3283i

5 -0.9699 - 1.5131i -0.9716 - 1.5145i

6 -0.9699 + 1.5131i -0.9716 + 1.5145i

7 -1.0229 + 0.0000i -1.0162 + 0.0000i

8 -1.0971 - 2.6590i -1.0971 - 2.6592i

9 -1.0971 + 2.6590i -1.0971 + 2.6592i

10 -1.9657 - 0.3050i -1.9708 - 0.3032i

11 -1.9657 + 0.3050i -1.9708 + 0.3032i
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Velocity eigenvectors ve

Real part imaginary part
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Temperature eigenvectors θe

Real part imaginary part
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Pressure eigenvectors pe

Real part imaginary part
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State-space model

Let us rewrite the linearized system

E
dz

dt
= Az +Bu

into the differential and algebraic parts2

E11
dy

dt
=A11y +A12p+B1u

0 =A>12y −B2u
(1)

where

y =

[
v
θ

]
, E11 =

[
Mv 0
0 Mθ

]
, A11 =

[
Avv Avθ
Aθv Aθθ

]

A12 =

[
Avp

0

]
, B1 =

[
Bvv 0 0

0 Bθθ Bθh

]
, B2 = −

[
Bpv 0 0

]

2L. Thevenet, PhD Thesis, 2009
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Discrete Leray projector

Denote by P the oblique projector defined as

P = Iny −A12(A>12E
−1
11 A12)−1A>12E

−1
11

=

[
Inv −Avp(A>vpM−1

v Avp)
−1A>vpM

−1
v 0

0 Inθ

]

We look for solution to (1) of the form

y = y1 + y2, y1 = P>y, y2 = (I − P )>y

From their definitions we have

A>12y1 = 0, P>y2 = 0
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Discrete Leray projector

Equation satisfied by y1 = P>y

The couple (y1, y2) satisfies

PE11
dy1

dt
= PA11y1 + PB12u, y1(0) = P>y0 (2)

y2 = E−1
11 A12(A>12E

−1
11 A12)−1B2u (3)

where
B12 = B1 +A11E

−1
11 A12(A>12E

−1
11 A12)−1B2

Moreover, the pressure p is given by the expression

p = (A>12E
−1
11 A12)−1

[
B2

du

dt
−A>12E

−1
11 (A11y +B1u)

]
(4)
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Discrete Leray projector

Using

PE11 = E11P
>, P>y1 = y1

The term y1 = P>y, where y is solution to (1) obeys the equation

E11
dy1

dt
= PA11y1 + PB12u, P>y1(0) = P>y0(0) (5)
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Riccati equation
We will find the control u(t) which solves the following LQR problem

inf

{
I(y1, u) =

1

2

∫ ∞

0

y>1 E11y1dt+
1

2

∫ ∞

0

u>Rudt | (y1, u) solves (5)

}

If the system (5) is stabilizable and detectable then the LQR problem has a unique
optimal control law given by

u = −Ky1, K = R−1B>12P
>Π

where Π is the unique positive semi-definite matrix solution of the GARE

A>11P
>E−1

11 Π + ΠE−1
11 PA11 −ΠE−1

11 PB12R
−1B>12P

>E−1
11 Π + E11 = 0 (6)

1 Computing P is difficult since it is a full matrix

2 Solving for Π is difficult since we have a large Riccati equation

Project equation (5) onto the unstable subspace associated to (PA11, PE11).
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Projection onto the unstable subspace

• Need eigenvalues/vectors of (PA11, PE11)

• P is expensive to compute

(A,E) and (PA11, PE11)

λ is a finite eigenvalue associated to the eigenvector z = [y, p]> for the matrix
pencil (A,E) if and only if λ is a finite eigenvalue associated to the eigenvector y
for the matrix pencil (PA11, PE11).

• We will assume that there are nu complex unstable eigenvalues.

Λu = diag(λ1, . . . , λnu)

• Let us denote by
Ṽy ∈ Cny×nu , Z̃y ∈ Cny×nu

the matrix of complex eigenvectors of (PA11, PE11) and of (PA>11, PE
>
11)

respectively, i.e., we have

PA11Ṽy = PE11ṼyΛu, PA>11Z̃y = PE>11Z̃yΛu (7)
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Projection onto the unstable subspace

• Similarly we denote by

Ṽ ∈ C(ny+np)×nu , Z̃ ∈ C(ny+np)×nu

the matrices that satisfy

AṼ = EṼ Λu, A>Z̃ = E>Z̃Λu

• Thanks to previous Lemma we have

Ṽ =

[
Ṽy
Ṽp

]
, Z̃ =

[
Z̃y
Z̃p

]

where Ṽy, Z̃y satisfy equation (7).

• Thus using (A,E) we can determine the unstable eigenspace of
(PA11, PE11) without computing P .
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Projection onto the unstable subspace

In order to obtain a real subspace, we consider the matrix

S =
1√
2

[
1 1
i −i

]
, U = diag(S, . . . , S) ∈ Cnu×nu

U is a unitary matrix consisting of 1
2nu diagonal blocks. Define

V = Ṽ U∗ ∈ R(ny+np)×nu , Z = Z̃U> ∈ R(ny+np)×nu

and
Vy = ṼyU

∗ ∈ Rny×nu , Zy = Z̃yU
> ∈ Rny×nu

Similarly to the complex case, these matrices obey the relations

V =

[
Vy
Vp

]
, Z =

[
Zy
Zp

]
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Projector Q on the unstable subspace

Vy = [e1, . . . , enu ] ∈ Rny×nu , Zy = [ε1, . . . , εnu ] ∈ Rny×nu

Qy =

nu∑

k=1

(y, εk)ek

The projector Q is given by the relation

Q = VyZ
>
y E11
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Equation satisfied by Qy1

Let us consider y1 solution to (5). Then Qy1 satisfies the equation

Z>y E11
dy

dt
= Z>y A11y + Z>y B12u (8)

Z>y E11
dy1

dt
= Z>y PA11y1 + Z>y PB12u

Using

P>Zy = Zy, Z>y E11 = Z>y E11Q, Z>y PA11 = Z>y A11Q

we obtain

Z>y E11Q
dy1

dt
= Z>y A11Qy1 + Z>y B12u
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Riccati equation

Find u minimizing the cost functional

I(Qy1, u) =
1

2

∫ ∞

0

(Qy1)>E11(Qy1)dt+
1

2

∫ ∞

0

u>Rudt

Using the expression of Q

Qy1 = VyZ
>
y E11y1 ∈ Rny Define z = Z>y E11y1 ∈ Rnu

which solves
dz

dt
= Z>y A11Vyz + Z>y B12u (9)

and the control problem is equivalent to the new one (Qy1 = Vyz)

J(z, u) =
1

2

∫ ∞

0

z>V >y E11Vyzdt+
1

2

∫ ∞

0

u>Rudt

where (z, u) is solution to (9)
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Riccati equation

If the system (9) is stabilizable and detectable then the LQR problem has a unique
optimal control law given by

u = −Kz, K = R−1B>12Zyπ

where π is the unique positive semi-definite matrix solution of the ARE

V >y A
>
11Zyπ + πZ>y A11Vy − πZ>y B12R

−1B>12Zyπ + V >y E11Vy = 0 (10)

• Leray projector P is not involved

• π ∈ Rnu×nu is of small size

Let us write this in the standard notation

A>u π + πAu − πBuR−1B>u π +Qu = 0

where
Au = Z>y A11Vy, Bu = Z>y B12, Qu = V >y E11Vy
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Riccati equation

In Matlab we can solve for π = Pu using the care function
Pu = care ( Au , Bu , Qu , R ) ;

We have
z = Z>y E11y1 = Z>y E11y, Z>y B12 = Z>B

Hence feedback law becomes

u = −K̃y, K̃ = R−1(B>Z)π(Z>y E11) (11)
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Summary of computing feedback law

• Form the matrices A11, A12, E11, B1, B2, A, B, E

• Compute B12 = B1 +A11E
−1
11 A12(A>12E

−1
11 A12)−1B2

[
E11 A12

A>12 0

] [
X
Y

]
=

[
0
B2

]
, B12 = B1 +A11X

• Compute unstable eigenvalues/vectors of (A,E), (A>, E>).
Form real matrices Vy, Zy, Z.

• Solve small Riccati equation, size nu × nu

A>u π + πAu − πBuR−1B>u π +Qu = 0

where
Au = Z>y A11Vy, Bu = Z>y B12, Qu = V >y E11Vy

• Feedback operator
K̃ = R−1(B>Z)π(Z>y E11)
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Enlarging the stabilized subspace

Order eigenvalues based on real part

λ1 ≥ λ2 ≥ . . . , λnu > 0 > λnu+1 ≥ . . . ≥ λn ≥ . . .

Add a shift s ∈ R to the eigenvalues

λ1 + s ≥ λ2 + s ≥ . . . , λnu + s > λnu+1 + s ≥ . . . ≥ λn + s > 0 > λn+1 ≥ . . .

Enlarge stabilized subspace

Vy = [e1, . . . , enu , enu+1, . . . , en], Zy = [ε1, . . . , εnu , εnu+1, . . . εn]

Au = Z>y A11Vy + sI ∈ Rn×n

Solve Riccati equation of size n× n to get K̃
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Solving the Boussinesq equations

After spatial discretization

E
dỹ

dt
= N(ỹ;u), ỹ =

[
y
p

]
, y =

[
v
θ

]
, u = −K̃(y − ys)

First time step: BDF1 (Backward euler)

E
ỹ1 − ỹ0

∆t
= N(ỹ1;u1)

Second time step onwards: BDF2

E
3
2 ỹ
n − 2ỹn−1 + 1

2 ỹ
n−2

∆t
= N(ỹn;un), n = 2, 3, . . .

Control

y∗ = yn−1 or y∗ = 2yn−1 − yn−2, un = −K̃(y∗ − ys)

Non-linear systems solved using Newton method and UMFPACK (LU solver).
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Intro to FEniCS

−∆u = 1, in Ω = [0, 1]× [0, 1]

u = 0, on ∂Ω

Ω = [0, 1]× [0, 1]

Vh = {vh ∈ C(Ω) : vh|K ∈ P1}
uh ∈ Vh (Trial function)

vh ∈ Vh (Test function)

a =

∫
Ω

∇uh · ∇vhdx

L =

∫
Ω

vhdx

Find uh ∈ Vh ∩H1
0 (Ω) s.t.

a(uh, vh) = L(vh), ∀vh ∈ Vh∩H1
0 (Ω)

from dolfin import ∗
mesh = UnitSquareMesh (50 ,50)
V = FunctionSpace ( mesh , 'CG' , 1 )
u = TrialFunction ( V )
v = TestFunction ( V )
a = inner ( grad ( u ) , grad ( v ) ) ∗dx
L = v∗dx
bc= DirichletBC (V , 0 , 'on_boundary ' )
u = Function ( V )
solve ( a==L , u , bc )
plot (u , interactive=True )

File demo.py

Run the code
$ python demo . py
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Boussinesq model

Finite element spaces
self . V = VectorFunctionSpace ( mesh , "CG" , self . udeg ) # v e l o c i t y
self . W = FunctionSpace ( mesh , "CG" , self . tdeg ) # temp
self . Q = FunctionSpace ( mesh , "CG" , self . pdeg ) # p r e s s u r e
self . X = MixedFunctionSpace ( [ self . V , self . W , self . Q ] )

Trial and test functions
u , T , p = TrialFunctions ( self . X )
v , S , q = TestFunctions ( self . X )

Assemble the full mass matrix (includes all dof)
Ma = assemble ( inner (u , v ) ∗dx + T∗S∗dx )

Convert to sparse storage format
rows , cols , values = Ma . data ( )
import scipy . sparse as sps

Ma = sps . csc_matrix ( ( values , cols , rows ) )
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Boussinesq model

Indices of degrees of freedom
# Returns do f i n d i c e s which a r e f r e e
# f r e e i n d s = f r e e i n d i c e s o f v e l o c i t y , t emperature , p r e s s u r e
# p i nd s = f r e e i n d i c e s o f p r e s s u r e
def get_indices ( self ) :

# Co l l e c t a l l d i r i c h l e t boundary do f i n d i c e s
bcinds = [ ]
for b in self . bc :

bcdict = b . get_boundary_values ( )
bcinds . extend ( bcdict . keys ( ) )

# t o t a l number o f do f s
N = self . X . dim ( )

# i n d i c e s o f f r e e nodes
freeinds = np . setdiff1d ( range ( N ) , bcinds , assume_unique=True ) .←↩

astype ( np . int32 )

# p r e s s u r e i n d i c e s
pinds = self . X . sub (2 ) . dofmap ( ) . dofs ( )

return freeinds , pinds
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Boussinesq model

Mass matrix (same as E in the slides)
M = Ma [ freeinds , : ] [ : , freeinds ]

Save in Matlab readable format
import scipy . io as sio

sio . savemat ( 'linear.mat' , mdict={'M' : M , 'A' : A , 'B' : B } ,
oned_as='column ' )

Compute eigenvalues/vectors within python (using Scipy)
import scipy . sparse . linalg as la

vals , vecs = la . eigs (A , k=10, M=M , sigma=−1.0 , which='LR' )
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Recall the eigenvalues
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Case 1: yc = 0.7

Stabilizing the two unstable eigenvalues.
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Case 2: yc = 0.7

Add shift s = 1 to the two unstable eigenvalues
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Best control location
• Freedom to choose location of control zone yc
• Norm of control

‖u‖2 = z(0)>π(yc)z(0)

• Minimize control norm for all possible initial conditions

yc,opt = argmin maxσ(π(yc))
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Case 3: (a) Dependance of maxσ(π(yc)) wrt yc. The minimum is attained at
yc = 0.1, (b) Evolution of perturbation energy
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Case 4: yc = 0.7

Add shift s = 1 to four leading eigenvalues.
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Case 5

Add shift s = 1 to four leading eigenvalues.
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Case 5: (a) Dependance of maxσ(π(yc)) wrt yc; minimum is attained at
yc = 0.65 (b) Evolution of perturbation energy with feedbackat yc = 0.65
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Getting the code

All the code is available here to browse (click below)
https://code.google.com/p/cfdlab/source/browse/trunk/fenics/2d/

ns_control/

Use svn to get the code
svn co http : // cfdlab . googlecode . com/svn/trunk/fenics /2d/←↩

ns_control
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Extended system

Parameterize the boundary control as

vc = w1α(y), θc = w2β(y), fc = w3γ(x)

FE solution

vh(x, t) =
∑

j∈Ivf

vj(t)ϕj(x) + w1(t)
∑

j∈Ivin

αjϕj(x)

θh(x, t) =
∑

j∈Iθf

θj(t)χj(x) + w2(t)
∑

j∈Iθin

βjχj(x)

ph(x, t) =
∑

j∈Ip
pj(t)ψj(x)

We introduce models for w1, w2, w3

dwi
dt

= ri(wi − ui), i = 1, 2, 3

where (u1, u2, u3) are our new control variables.
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Momentum eqn

(∂tvh,ϕi) +Avv(vh,ϕi) +Avp(ph,ϕi) +Avθ(θh,ϕi) = 0, ∀ i ∈ Ivf

Avp(ψi,vh) = 0, ∀ i ∈ Ip

Substituting vh, θh, ph we obtain

∑

j∈Ivf

(ϕj ,ϕi) v̇j =−
∑

j∈Ivf

Avv(ϕj ,ϕi)vj −
∑

j∈Iθf

Avθ(χj ,ϕi)θj −
∑

j∈Ip
Avp(ψj ,ϕi)pj

− r1w1

∑

j∈Ivin

αj (ϕj ,ϕi)− w1

∑

j∈Ivin

αjAvv(ϕj ,ϕi)

− w2

∑

j∈Iθin

βjAvθ(χj ,ϕi)

+ r1u1

∑

j∈Ivin

αj (ϕj ,ϕi), ∀ i ∈ Ivf

0 =−
∑

j∈Ivf

Avp(ψi,ϕj)vj − w1

∑

j∈Ivin

Avp(ψi,ϕj)αj , ∀ i ∈ Ip
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Momentum eqn

Written in matrix-vector form

Mv
dv

dt
=Avvv +Avθθ +Avww +Avpp+Bvu

0 =A>vpv +Apww
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Heat eqn

(∂tθh, χi) +Aθv(vh, χi) +Aθθ(θh, χi)− (fc, χi)Γh
= 0, ∀ i ∈ Iθf

Substituting vh, θh, ph we obtain∑
j∈Iθ

f

(χj , χi) θ̇j =−
∑
j∈Iv

f

Aθv(ϕj , χi)vj −
∑
j∈Iθ

f

Aθθ(χj , χi)θj

− w1

∑
j∈Ivin

Aθv(ϕj , χi)αj − r2w2

∑
j∈Iθin

(χj , χi)βj

− w2

∑
j∈Iθin

Aθθ(χj , χi)βj + r2u2

∑
j∈Iθin

(χj , χi)βj

+ w3 (γ, χi)Γh

This can be written in matrix-vector form as

Mθ
dθ

dt
= Aθvv +Aθθθ +Aθww +Bθu
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State-space model




Mv 0 0 0
0 Mθ 0 0
0 0 I3 0
0 0 0 0




d

dt




v
θ
w
p


 =




Avv Avθ Avw Avp
Aθv Aθθ Aθw 0

0 0 Aww 0
A>vp 0 Apw 0







v
θ
w
p


+




Bv
Bθ
−Aww

0


u

(12)
where

Aww =



r1 0 0
0 r2 0
0 0 r3
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Discrete Leray projection

Decompose the velocity as

v = v1 + v2

where

v1 = P>v v, v2 = (I − Pv)>v

and

Pv = Inv −Avp(A>vpM−1
v Avp)

−1A>vpM
−1
v
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Discrete Leray projection

PvMv
dv1

dt
=PvAvvv1 + PvAvθθ + PvÃvww + PvBvu

Mθ
dθ

dt
=Aθvv1 +Aθθθ + Ãθww +Bθu

dw

dt
=Awww −Awwu

(13)

where
Ãvw = Avw −AvvM−1

v Avp(A
>
vpM

−1
v Avp)

−1Apw

Ãθw = Aθw −AθvM−1
v Avp(A

>
vpM

−1
v Avp)

−1Apw

The pressure is given by

A>vpM
−1
v Avpp =−A>vpM−1

v (Avvv +Avθθ)− (A>vpM
−1
v Avw +ApwAww)w

− (A>vpM
−1
v Bv +Apw)u
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State-space model

Define

y =



v
θ
w


 , E11 =



Mv 0 0
0 Mθ 0
0 0 Inw


 , Ã11 =



Avv Avθ Ãvw
Aθv Aθθ Ãθw

0 0 Aww




P =



Pv 0 0
0 Inθ 0
0 0 Inw


 , B =




Bv
Bθ
−Aww




Discrete Leray projection: y = y1 + y2, y1 = P>y, y2 = (I − P )>y

PE11
dy1

dt
= PÃ11y1 + PBu
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Projection to unstable subspace, feedback law

• Projector onto unstable subspace: Q = VyZ
>
y E11

• Qy1 satisfies the equation

Z>y E11
dy

dt
= Z>y Ã11y + Z>y Bu

• z = Z>y E11y1 satisfies the equation

dz

dt
= Z>y Ã11Vyz + Z>y Bu

• π: solution of associated Bernoulli equation. Feedback law is given by

u = −Kz = −B>Zyπz

or
u = −(B>ZyπZ

>
y E11)y =: −K̃y
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Numerical example

y(0) = ys + 0.01ye, nu = 2, s = 1.0, r1 = r2 = r3 = −1
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Summary

• Applied the feedback stabilization approach to Boussinesq
I Dirichlet controls
I Proper handling of divergence constraint
I Feedback law computed efficiently
I Extended system approach

• Ongoing/future work
I Theoretical analysis of stabilizability
I More realistic model/boundary conditions
I Stabilization using partial information
I Better numerics
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