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Euler equations in 1-D
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KH instability using fixed mesh finite volume
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Galiliean-invariant cosmological hydrodynamical simulations on a moving mesh 49

Figure 33. Kelvin Helmholtz instability test at time t = 2.0, computed with AREPO with a fixed mesh. In the three cases, different
boost velocities along both the x- and y- directions have been applied. The fact that the results do not agree (and in particular not with
the V = 0 result shown in the bottom of Figure 32) is direct evidence for a violation of Galilean invariance of the Eulerian approach.
We note that we have obtained nearly identical results for this test when it is carried out with ATHENA instead of our code AREPO.

Figure 34. Kelvin Helmholtz instability test at high resolution, using a 1024 × 1024 initial mesh. We compare results obtained with the
moving-mesh approach (left panel) to those on a fixed grid (right panel), at time t = 2.0. Quite strikingly, small-scale features of the
flow are preserved in the moving mesh code with much less mixing, albeit at the price of earlier generation of asymmetries in the flow.

which wash out the KH-billows to nearly constant density
at this resolution. While this effect is expected to become
smaller with increasing resolution, the effective numerical
diffusivity of the Eulerian calculation is clearly much higher
than that of the moving mesh approach, a finding that is
also expected based on the advection tests of a contact dis-
continuity carried out at the beginning of this section. There
is also a further important difference between the moving-
mesh and the fixed-mesh results. In the non-linear regime,
the KH instability appears to evolve somewhat faster for the
moving-mesh approach than for the fixed mesh. In fact, the
fixed-mesh result at t = 2.0 is more similar to the t = 1.5
moving-mesh output than to its t = 2.0 output.

We next consider the ability of the schemes to cope with

additional bulk fluid motion, or in other words, with a trans-
formation into a boosted frame of reference. To this end we
simply add a constant velocity vector to all cells of the initial
conditions, and we shall again compare the results at time
t = 2.0. The physics does not change due to such a Galilean
boost, and we should therefore get the same results. We have
already seen that this is not in general the case for Eulerian
codes. Here we test how strong the resulting effects are in
practice. In Figure 33, we show what AREPO returns for
velocities equal to v = 1, 10, or 100, imposed both in the x-
and y-directions, if the mesh is kept fixed. Thanks to the pe-
riodic boundary conditions, the system will have returned at
time t = 2.0 again to the its original position, after the code
had to advect it one or several times through the box. In
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Dissipation in upwind schemes

Upwind scheme for ut + aux = 0, modified PDE
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∂t
+ a

∂u

∂x
=

1

2
|a|h(1− ν)

∂2u

∂x2
+O(h2), ν =

|a|∆t
h

For Euler equations: |v − c|, |v|, |v|+ c

Sod problem

(ρ, v, p) =

{
(1.000, V , 1.0) x < 0.5

(0.125, V , 0.1) x > 0.5

Roe flux, 100 cells, TVD limiter

0.0 0.2 0.4 0.6 0.8 1.0 1.2
x

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

D
en

si
ty

DG(1), V=0
DG(1), V=10
DG(1), V=100

4 / 28



Mesh
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2
(t), xj+ 1

2
(t))

Mesh velocity :
d

dt
xj+ 1

2
(t) = wj+ 1

2
(t) = wn

j+ 1
2

, tn < t < tn+1

x

t

tn

tn+1

dx
dt = wn

j−1/2
dx
dt = wn

j+1/2

xnj− 1
2

xnj+ 1
2

Cn
j

xn+1
j− 1

2

xn+1
j+ 1

2
Cn+1
j

xj(t) =
1

2
(xj− 1

2
(t) + xj+ 1

2
(t)), hj(t) = xj+ 1

2
(t)− xj− 1

2
(t)

w(x, t) =
xj+ 1

2
(t)− x

hj(t)
wn
j− 1

2

+
x− xj− 1

2
(t)

hj(t)
wn
j+ 1

2

, (x, t) ∈ Cj(t)×(tn, tn+1)

5 / 28



Solution space

j − 1
2

j + 1
2

Cj−1 Cj Cj−1

Degree k piecewise polynomial solution

uh(x, t) =

k∑
m=0

uj,m(t)ϕm(x, t), x ∈ Cj(t)

Legendre basis functions: ξ =
x−xj(t)
1
2
hj(t)

ϕm(x, t) = ϕ̂m(ξ) =
√

2m+ 1Pm(ξ)
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ALE-DG scheme

ALE flux
g(u, w) = f(u)− wu

Numerical ALE flux

ĝj+ 1
2
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j,l +

∫ tn+1

tn

∫ x
j+1

2
(t)

x
j− 1

2
(t)

g(uh, w)
∂

∂x
ϕl(x, t)dxdt

+

∫ tn+1

tn
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Fully discrete scheme

• Replace uh with a locally predicted solution Uh

• Quadrature in space and time
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Mesh velocity

w̃n
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A bit of smoothing
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Predictor for k = 1: Taylor expansion in space-time

x

t

tn

τ1 = tn + 1
2∆tn

tn+1

i− 1
2 i + 1

2

U(xq, τ1) = uh(xnj , tn) + (τ1 − tn)
∂uh

∂t
(xnj , tn) + (xq − xnj )

∂uh

∂x
(xnj , tn)

Using conservation law, ∂u
∂t = −∂f

∂x = −A∂u
∂x

Uh(xq, τ1) = un
h(xnj )− (τ1 − tn)

[
A(un

h(xnj ))− wqI
] ∂un
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Predictor for k = 2: Continuous expansion RK

x

t

tn

τ1

τ2

tn+1

i− 1
2 i + 1

2

dUm

dt
= −[A(Um(t))− wm(t)I]

∂

∂x
Uh(xm, t) =: Km(t)

Um(tn) = uh(xm, tn)

Using continuous expansion RK: for m = 0, 1, . . . , k

Um(t) = uh(xm, tn) +

ns∑
s=1

bs((t− tn)/∆tn)Km,s, t ∈ [tn, tn+1)

where Km,s = Km(tn + θs∆tn), θs∆tn is the stage time
10 / 28



Numerical flux for g(u, w) = f(u)− wu

Rusanov flux

ĝ(ul,ur, w) =
1

2
[g(ul, w) + g(ur, w)]− 1

2
λlr(ur − ul)

λlr = max{|vl − w|+ cl, |vr − w|+ cr}
Roe flux

ĝ(ul,ur, w) =
1

2
[g(ul, w) + g(ur, w)]− 1

2
|Aw|(ur − ul)

Aw = Aw(ul,ur) satisfies g(ur, w)− g(ul, w) = Aw(ur − ul)

|Aw| = R|Λ− wI|R−1

R, Λ evaluated at average state u(q̄), q̄ = 1
2(ql + qr), where

q =
√
ρ[1, v, H]> is the parameter vector introduced by Roe.
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Limiting

TVD and TVB limiters applied to characteristic variables
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Positivity property

First order scheme

hn+1
j ūn+1

j = hnj ū
n
j −∆tn[ĝn
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2

− ĝn
j− 1

2

]

Restriction of time step to control change in cell size

|wn
j+ 1

2

− wn
j− 1

2

|∆tn ≤ βhnj , e.g. β = 0.1

Positivity of first order scheme

The first order scheme with Rusanov flux is positivity preserving if the time
step condition

∆tn ≤ ∆t(1)n := min
j

 (1− 1
2β)hnj

1
2(λn

j− 1
2

+ λn
j+ 1

2

)
,

βhnj
|wn
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2
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j− 1

2

|


is satisfied.
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Order of accuracy

Initial condition

ρ(x, 0) = 1 + exp(−10x2), u(x, 0) = 1, p(x, 0) = 1

Exact solution

ρ(x, t) = ρ(x− t, 0), u(x, t) = 1, p(x, t) = 1

The initial domain is [−5,+5] and the final time is t = 1 units.
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Order of accuracy: Rusanov flux

N
k = 1 k = 2 k = 3

Error Rate Error Rate Error Rate
100 4.370E-02 - 3.498E-03 - 3.883E-04 -
200 6.611E-03 2.725 4.766E-04 2.876 1.620E-05 4.583
400 1.332E-03 2.518 6.415E-05 2.885 9.376E-07 4.347
800 3.151E-04 2.372 8.246E-06 2.910 5.763E-08 4.239

1600 7.846E-05 2.280 1.031E-06 2.932 3.595E-09 4.180
Static mesh

N
k = 1 k = 2 k = 3

Error Rate Error Rate Error Rate
100 2.331E-02 - 3.979E-03 - 8.633E-04 -
200 6.139E-03 1.925 4.058E-04 3.294 1.185E-05 6.186
400 1.406E-03 2.0258 5.250E-05 3.122 7.079E-07 5.126
800 3.375E-04 2.0366 6.626E-06 3.077 4.340E-08 4.760

1600 8.278E-05 2.0344 8.304E-07 3.057 2.689E-09 4.573
Moving mesh
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Randomized mesh velocity: HLLC flux

Example of randomized
velocity distribution for
smooth test case
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N
k = 1 k = 2 k = 3

Error Rate Error Rate Error Rate
100 1.735E-02 - 1.798E-03 - 2.351E-04 -
200 4.179E-03 2.051 2.848E-04 2.676 1.416E-05 4.069
400 1.054E-03 2.035 4.301E-05 2.703 8.578E-07 4.041
800 2.615E-04 1.943 6.012E-06 2.838 5.476E-08 3.958

1600 7.279E-05 1.852 8.000E-07 2.909 3.505E-09 3.966
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Single contact wave

(ρ, v, p) =

{
(2.0, 1.0, 1.0) if x < 0.5

(1.0, 1.0, 1.0) if x > 0.5

Roe flux with 100 cells

0.5 0.6 0.7 0.8 0.9 1.0
x

0.8

1.0

1.2

1.4

1.6

1.8

2.0

D
en

si
ty

Exact
DG(1)

0.5 0.6 0.7 0.8 0.9 1.0
x

0.8

1.0

1.2

1.4

1.6

1.8

2.0

D
en

si
ty

Exact
DG(1)

static mesh moving mesh

17 / 28



Sod test: x ∈ [0, 1], T = 0.2

(ρ, v, p) =

{
(1.000, 0.0, 1.0) if x < 0.5

(0.125, 0.0, 0.1) if x > 0.5

Roe flux, 100 cells and TVD limiter
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Sod test: x ∈ [0, 1], T = 0.2

(ρ, v, p) =

{
(1.000, V , 1.0) if x < 0.5

(0.125, V , 0.1) if x > 0.5

Roe flux, 100 cells and TVD limiter
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Shu-Osher problem: x ∈ [−5,+5], T = 1.8

(ρ, v, p) =

{
(3.857143, 2.629369, 10.333333) if x < −4

(1 + 0.2 sin(5x), 0.0, 1.0) if x > −4

Roe flux
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Shu-Osher problem: x ∈ [−5,+5], T = 1.8

Roe flux
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Shu-Osher problem: x ∈ [−5,+5], T = 1.8

Roe flux on moving mesh
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Shu-Osher problem: x ∈ [−5,+5], T = 1.8

|λ2| =
{
|v − w| if |v − w| > δ = αc
1
2(δ + |v − w|2/δ) otherwise

Modified Roe flux on moving mesh
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123 problem: x ∈ [0, 1], T = 0.15

(ρ, v, p) =

{
(1.0,−2.0, 0.4) if x < 0.5

(1.0,+2.0, 0.4) if x > 0.5

HLLC flux using 100 cells
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123 problem: x ∈ [0, 1], T = 0.15, hmax = 0.05

HLLC flux using 100 cells
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Blast test: x ∈ [0, 1], T = 0.038, hmin = 10−3

(ρ, v, p) =


(1.0, 0.0, 10+3) if x < 0.1

(1.0, 0.0, 10−2) if 0.1 < x < 0.9

(1.0, 0.0, 10+2) if x > 0.9

HLLC flux using 400 cells
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Summary

• ALE-DG scheme with almost Lagrangian nature

• Simple, local specification of mesh velocity

• Galilean invariant solutions

• Very low dissipation in contact waves

• Single step time integration

• Satisfies geometric conservation law

• Ongoing work

I Extension to 2-D on triangular grids

Thank You
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