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Shallow water model1,2

• Shallow atmosphere/ocean
I 3/4 of total mass within 11 km
I Circumference = 40,000 km

• Assumptions
I Incompressible flow
I Hydrostatic equilibrium in radial direction

1Pedlosky, Geophysical Fluid Dynamics
2Vallis, Atmospheric and Oceanic Fluid Dynamics
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Rotation, spherical coordinates
58 Chapter 2. Effects of Rotation and Stratification

Fig. 2.3 The spherical coordinate sys-
tem. The orthogonal unit vectors i,
j and k point in the direction of in-
creasing longitude λ, latitude ϑ, and
altitude z. Locally, one may apply a
Cartesian system with variables x, y
and z measuring distances along i, j
and k.

That is, u is the zonal velocity, v is the meridional velocity and w is the vertical velocity. If
we define (i, j,k) to be the unit vectors in the direction of increasing (λ,ϑ, r ) then

v = iu+ jv + kw. (2.29)

Note also that Dr/Dt = Dz/Dt.
The divergence of a vector B = iBλ + jBϑ + kBr is

∇ · B = 1
cosϑ

[
1
r
∂Bλ

∂λ
+ 1
r
∂
∂ϑ
(Bϑ cosϑ)+ cosϑ

r 2

∂
∂r
(r 2Br )

]
. (2.30)

The vector gradient of a scalar is:

∇φ = i
1

r cosϑ
∂φ
∂λ

+ j
1
r
∂φ
∂ϑ

+ k
∂φ
∂r
. (2.31)

The Laplacian of a scalar is:

∇2φ ≡ ∇ ·∇φ = 1
r 2 cosϑ

[
1

cosϑ
∂2φ
∂λ2

+ ∂
∂ϑ

(
cosϑ∂φ

∂ϑ

)
+ cosϑ ∂

∂r

(
r 2 ∂φ

∂r

)]
. (2.32)

from Vallis, Atmospheric and Oceanic Fluid Dynamics

Radius: R = 6.37122× 106 m , Rotation rate: Ω = 7.292× 10−5s−1

Acc. due to gravity: g = 9.80616 m · s−2
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Rotating shallow water model

v = velocity, H = height of atm. rel. to mean surface

Hs = height of ground rel to mean surface, D = H −Hs = depth

Vector invariant form

∂v

∂t
+∇Φ + (ω + f)v⊥ = 0

∂D

∂t
+∇ · (vD) = 0

where

Φ = gH +K, K =
1

2
|v|2, ω = k · ∇ × v

v⊥ = k× v, f = 2Ω sin θ
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Energy is conserved

Conservation law

∂

∂t

(
1

2
D|v|2 +

1

2
gH2

)
+∇ ·

[(
gH +

1

2
|v|2

)
vD

]
= 0

Total energy is conserved∫
S

(
1

2
D|v|2 +

1

2
gH2

)
ds = const.
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Vorticity dynamics

Absolute vorticity
η := ω + f

Vorticity equation
∂η

∂t
+∇ · (vη) = 0

Potential vorticity

q :=
η

D

PV is advected by the flow

∂q

∂t
+ v · ∇q = 0

q is constant along streamlines
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Potential enstrophy is conserved

Another conservation law

∂

∂t

(
η2

D

)
+∇ ·

(
η2

D
v

)
= 0

Potential enstrophy is conserved∫
S

η2

D
ds =

∫
S
Dq2ds = const.

Infinite number of conserved quantities (Casimirs)∫
S
DF (q)ds

for any function F , e.g.,∫
S
Dqids = const., i = 0, 1, 2, . . . ,

7 / 54



Conservation form

Momentum and mass conservation

∂

∂t
(Dv) +∇ ·

(
Dv ⊗ v +

1

2
gD2I

)
= −f(k×Dv)− gD∇Hs

∂D

∂t
+∇ · (Dv) = 0

Finite volume, SEM, DG
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Vorticity-divergence form (Z grid)

Tangential divergence: δ = ∇ · v

∂D

∂t
+∇ · (vD) = 0

∂η

∂t
+∇ · (vη) = 0

∂δ

∂t
−∇× (vη) +∇2(gH + |v|2/2) = 0

−∇2ψ = −(η − f)

−∇2χ = −δ
v = ∇χ+∇⊥ψ

Usually solved with global pseudo-spectral methods3 or finite volume
method

3Hack & Jakob (1992)
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Hyperbolic property

In Cartesian coordinates, with the z-axis along the axis of rotation

∂U

∂t
+A1

∂U

∂x
+A2

∂U

∂y
+ S̃ = 0 (1)

where

U =

v1v2
D

 , A1 =

v1 0 g
0 v1 0
D 0 v1

 , A2 =

v2 0 0
0 v2 g
0 D v2


For any unit vector n = (n1, n2)

A1n2 +A2n2 =

 vn 0 gn1
0 vn gn2

Dn1 Dn2 vn

 , R =

−n2 −√gn1
√
gn1

n1 −√gn2
√
gn2

0
√
D

√
D


Eigenvalues: vn, vn −

√
gD, vn +

√
gD
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Riemann solver based numerical flux

∂U

∂t
+
∂F

∂x
= 0

with initial condition

U(x, 0) =

{
Ul x < 0

Ur x > 0

Linearized problem (Roe, 1981)

∂U

∂t
+A(Ul,Ur)

∂U

∂x
= 0, A = RΛR−1

Solve Riemann problem exactly and compute flux at x = 0

Flr =
1

2
[F (Ul) + F (Ur)]−

1

2
R|Λ|R−1(Ur −Ul)
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Previous works4

• Finite volume
Arakawa & Lamb (1981), Salmon (2007), Eldred & Randall (2016)

• DG, conservation form
Giraldo et al. (2002)

• DG, vector invariant form
Nair et al. (2004)

• SEM
Taylor et al. (1997), Giraldo (2001), Taylor & Fournier (2010)

• Compatible finite elements
Natale et al. (2016)

4See review article by Marras et al., Arch Comp Meth Eng, 2015
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Cubed-sphere grid5

(X1, X2) ∈ [−a,+a]2 (x1, x2, x3) ∈ S

5Sadourny (1972), Ronchi et al. (1996)
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Cubed-sphere grid

(X1, X2) ∈ [−a,+a]2 (x1, x2, x3) ∈ S
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Cubed-sphere grid

(χ1, χ2) (X1, X2) (x1, x2, x3)

χi = arctan(Xi/a) ∈ [−π/4, π/4], i = 1, 2
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Cubed-sphere map

1996; Rančić et al. 1996; McGregor 1996; Taylor et al.
1997). The notational conventions adopted by Rančić
et al. (1996) and Thomas and Loft (2002) are employed
to elucidate the cubed-sphere geometry (also known as
the spherical cube, or expanded spherical cube). Here a
sphere is decomposed into six identical regions, ob-
tained by central projection of the faces of the inscribed
cube onto the spherical surface. Each of the six local
coordinate systems is free of singularites and employs
the identical metric terms, thus creating a nonorthogo-
nal curvilinear coordinate system on the sphere.

Consider the cube with sides of length 2a inscribed
into a sphere of radius R such that the eight vertices of
the cube exactly touch the sphere and a ! R/"3. The
cube is oriented in such a way that the 3D absolute
Cartesian coordinate axes (X, Y, Z) are normal to the
faces (see Fig. 1). Let (x, y) be the local Cartesian co-
ordinates centered on the surface of the cube face such
that x, y ! #$a, %a] and (&, ') denotes spherical longi-
tude and latitude coordinates, where

X ! R cos! cos"

Y ! R sin! cos"

Z ! R sin"
! . (24)

Lateral faces (panels) are identified by Pn, n ! 1, . . . ,
4, whereas the top and bottom faces are P5 and P6,
respectively. Figure 2 illustrates schematically the ori-
entation of the different cube faces and their local con-

nectivity. Let P1 be the cube face with X as the normal
direction and consider the first positive octant of the
cube; then from Fig. 1 the following trigonometric re-
lations hold:

sin" !
Z
R

! Z, tan! !
x
a

!
Y
X

and
Y
Z

!
x
y

,

r2 ! a2 % x2 % y2.

From the above relations and (24), it is clear that

x ! a tan!

y ! a tan" sec!
". (25)

Equation (25) is the basic gnomonic transformation be-
tween the cube and its circumscribing sphere. The
transformation laws on the remaining five faces are ob-
tained by rotating the sphere. Further details may be
found in appendix A.

It is now possible to compute the metric tensor and
corresponding quantities using (25). Let (x, y) be the
local Cartesian coordinates defined on a cube face such
that r is the corresponding position vector on the sur-
face of the sphere. The covariant base vectors of the
transformation between cube face and spherical surface
are defined by

a1 !
#r
#x

, a2 !
#r
#y

. (26)

The components of a covariant vector are given by u1 !
v · a1, u2 ! v · a2, and the corresponding contravariant
components are expressed as

FIG. 1. Schematic illustration of gnomonic (central) mapping
between sphere with radius R and the inscribed cube with side of
length 2a. Note that only one-eighth of the cube is shown in the
figure. A point on the cube face P1 is marked by a solid square
with local Cartesian coordinates (x, y), and the corresponding
point on the sphere is marked by a solid circle with absolute
Cartesian coordinates (X, Y, Z). The spherical polar coordinates,
longitude and latitude, are & and ', respectively; r is the radial
distance from the center to any point (x, y) on the cube face.

FIG. 2. Schematic for the relative positions of six cube faces
(panels Pn, n ! 1, . . . , 6), and their local connectivity.

818 M O N T H L Y W E A T H E R R E V I E W VOLUME 133

On P1: (x1, x2, x3) = R
r (a,X1, X2) , (X1, X2) = a

(
x2
x1
, x3x1

)
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Cube: [−a,+a]3

a = R/
√
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Finite element space

• Th = cubed sphere grid

• T̂ = [0, 1]× [0, 1] is the reference cell

• Each cell T ∈ Th obtained by mapping reference cell T̂

FT : T̂ → T, (ξ1, ξ2)→ (χ1, χ2)→ (x1, x2, x3)

• QN = 2-d tensor product polynomials of degree at most N

• Space of broken polynomials for scalar and vector functions

V N
h = {ψ ∈ L2(S) : ψ|T ◦ F−1T ∈ QN}, WN

h = V N
h × V N

h × V N
h

• Lagrange polynomials using Gauss-Legendre nodes

• Same nodes used for quadrature
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Tangential gradient6

Coordinates

ξ = (ξ1, ξ2) ∈ T̂ , x = (x1, x2, x3) ∈ S

First fundamental form

gij =
∂x

∂ξi
· ∂x
∂ξj

, G = [gij ]

and its inverse
gij = [G−1]ij

Tangential gradient

∂φ

∂xd
=

2∑
i=1

2∑
j=1

gij
∂xd
∂ξi

∂φ

∂ξj
, d = 1, 2, 3

6Dziuk & Elliott, Acta Numerica, 2013
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DG for v −D model

For each cell T ∈ Th
d

dt

∫
T
vh ·ϕhds−

∫
T

Φ(vh, Dh, Hs)∇ ·ϕhds

+

∫
∂T
F̂v ·ϕ−h dσ +

∫
T

(ωh + f)v⊥h ·ϕhds = 0, ∀ϕh ∈WN
h

d

dt

∫
T
Dhψhds−

∫
T
vhDh · ∇ψhds+

∫
∂T
F̂Dψ

−
h dσ = 0, ∀ψh ∈ V N

h

F̂v, F̂D are numerical fluxes obtained from Rusanov scheme

F̂v =
1

2
(Φ− + Φ+)n− − 1

2
λ(v+ − v−)

F̂D =
1

2
(D−v− +D+v+)n− − 1

2
λ(D+ −D−)

where
λ = max{|v− · n−|+

√
gD−, |v+ · n+|+

√
gD+}
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DG for v −D model

Vorticity computed locally on each cell∫
T
ωhψhds =

∫
T
∇ψh · v⊥h ds−

∫
∂T
ψ−h n

− · v̂⊥h dσ, ∀ψh ∈ V N
h

where

v̂ =
1

2
(v− + v+)
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DG for v −D − η model

For each cell T ∈ Th

d

dt

∫
T
vh ·ϕhds−

∫
T

Φ(vh, Dh, Hs)∇ ·ϕhds

+

∫
∂T
F̂v ·ϕ−h dσ +

∫
T
ηhv

⊥
h ·ϕhds = 0, ∀ϕh ∈WN

h

d

dt

∫
T
Dhψhds−

∫
T
vhDh · ∇ψhds+

∫
∂T
F̂Dψ

−
h dσ = 0, ∀ψh ∈ V N

h

d

dt

∫
T
ηhψhds−

∫
T
vhηh · ∇ψhds+

∫
∂T
F̂ηψ

−
h dσ = 0, ∀ψh ∈ V N

h

F̂v, F̂D, F̂η are numerical fluxes obtained from a Riemann solver.
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Numerical flux for v −D − η model

In Cartesian coordinates, with the z-axis along the axis of rotation

∂U

∂t
+A1

∂U

∂x
+A2

∂U

∂y
+ S̃ = 0 (2)

where

U =


v1
v2
D
η

 , A1 =


v1 0 g 0
0 v1 0 0
D 0 v1 0
η 0 0 v1

 , A2 =


v2 0 0 0
0 v2 g 0
0 D v2 0
0 η 0 v2


For any unit vector n = (n1, n2)

A1n2 +A2n2 =


vn 0 gn1 0
0 vn gn2 0

Dn1 Dn2 vn 0
ηn1 ηn2 0 vn
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Numerical flux for v −D − η model

Eigenvalues: vn, vn, vn −
√
gD, vn +

√
gD

Corresponding linearly independent eigenvectors

R =


0 −n2 −

√
gDn1

√
gDn1

0 n1 −
√
gDn2

√
gDn2

0 0 D D
1 0 η η


Numerical flux

F̂ =
1

2


(Φ− + Φ+)n−1
(Φ− + Φ+)n−2

(D−v− +D+v+) · n−
(η−v− + η+v+) · n−

− 1

2
R|Λ|R−1


v+1 − v

−
1

v+2 − v
−
2

D+ −D−
η+ − η−


Rotate velocity flux to global (x1, x2, x3) coordinates.
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Time integration: U̇ = R(U)

3-stage strong stability preserving Runge-Kutta scheme

U (1) = Un −∆t ·R(Un)

U (2) =
3

4
Un +

1

4
[Un + ∆t ·R(U (1))]

Un+1 =
1

3
Un +

2

3
[Un + ∆t ·R(U (2))]

After each stage, project the velocity to tangent plane at all GL points.

CFL condition

∆t =
CFL

2N2 + 1
min
T∈Th

hT
‖|v|+

√
gD‖L∞(T )
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Numerical implementation

• Written in C++ and deal.II 7

• Cube sphere mapping with MappingManifold

• Enough to provide these functions8

I pull back: (x1, x2, x3)→ (χ1, χ2)
I push forward: (χ1, χ2)→ (x1, x2, x3)
I ∂xi

∂χj

• Parallelized using MPI, p4est9

7http://www.dealii.org
8http://bitbucket.org/cpraveen/deal_ii/src/master/cubed_sphere
9http://www.p4est.org
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Numerical Results
• Williamson et al., JCP, 102, 1992

• Galewsky et al., Tellus, 56A, 2004

Degree N

Number of cells on each side of cube N2
e

Total number of cells 6N2
e

Total number of grid points 6N2
e (N + 1)2

Angular resolution 360/(4NeN)

Discretization: (6N2
e )× (N + 1)× (N + 1)
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Steady zonal geostrophic flow (Test 2)

v̄1 = u0(cos θ cosα+ cosλ sin θ sinα)

v̄2 = −u0 sinλ sinα

gH = gH0 −
(
RΩu0 +

u20
2

)
(− cosλ cos θ sinα+ sin θ cosα)

u0 =
2πR

12 days
, gH0 = 29400 m2/s2, α = 0

Degree: N = 9, Grid points: 96× 10× 10 = 9, 600
Total dofs: 48, 000
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Test 2: v −D model
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Test 2: v −D − η model
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Zonal flow over mountain (Test 5)

Wind and height field same as in Test 2 but with

H0 = 5960 m, u0 = 20 m/s, α = 0

Mountain height
Hs = hs0(1− r/a)

hs0 = 2000 m, a =
π

9
, r2 = min[a2, (λ− λc)2 + (θ − θc)2]

where

λc =
3π

2
, θc =

π

6

Degree: N = 5, Grid points: 384× 6× 6 = 13, 824
Total dofs: 69, 120
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Test 5: v −D model
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Test 5: v −D − η model
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Test 5: v −D model
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Test 5: v −D − η model
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Rossby-Haurwitz waves (Test 6)

Analytic solution of nonlinear barotropic vorticity equation
Initial velocity field is nondivergent, with stream function

ψ = −R2ω sin θ +R2K cosr θ sin θ cos(rλ)

Pattern moves without change of shape with angular velocity10

ν =
r(3 + r)ω − 2Ω

(1 + r)(2 + r)

Degree: N = 5, Grid points: 384× 6× 6 = 13, 824
Total dofs: 69, 120

10Haurwitz (1940)
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Rossby-Haurwitz waves (Test 6)

Animation
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Rossby-Haurwitz waves (Test 6)
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Barotropic instability (Galewsky et al.)
Balanced, barotropically unstable, mid-latitude jet

Zonal wind

v̄1(θ) =


0 θ ≤ θ0
umax
en

exp
[

1
(θ−θ0)(θ−θ1)

]
θ0 ≤ θ ≤ θ1

0 θ ≥ θ1

umax = 80m/s, θ0 =
π

7
, θ1 =

π

2
− θ0, en = exp

[
− 4

(θ1 − θ0)2

]
Height obtained by integrating velocity equation

gH = gH0 −R
∫ θ

v̄1(θ)

[
f +

tan θ′

R
v̄1(θ

′)

]
dθ′

H0 chosen so that mean layer depth is 10 Km.
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Barotropic instability (Galewsky et al.)
Balanced, barotropically unstable, mid-latitude jet

Height perturbation

H ′ = Ĥ cos θ exp

(
−λ

2

α2
− (θ2 − θ)2

β2

)
, −π ≤ λ ≤ +π

Ĥ = 120m, θ2 =
π

4
, α =

1

3
, β =

1

15
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Barotropic instability (Galewsky et al.)
Balanced, barotropically unstable, mid-latitude jet
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Barotropic instability: Initial condition

Degree: N = 6, Grid points: 6144× 7× 7 = 3, 01, 056
Total dofs: 1,505,280

Height Zonal wind Relative vorticity
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Barotropic instability: Vorticity after 6 days

Animation
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Barotropic instability
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Spectral Element Method

Space of continuous piecewise polynomials

V N
h = {ψ ∈ C(S) : ψ|T ◦ F−1T ∈ QN}, WN

h = V N
h × V N

h × V N
h

Basis functions are Lagrange polynomials on Gauss-Lobatto-Legendre
(GLL) nodes.

Define the interpolation operator

Πh : C(S)→ V N
h

and the discrete inner product

(φ, ψ)h =
∑
T∈Th

(φ, ψ)T,N

where (·, ·)T,N denotes the GLL quadrature on element T .
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Spectral Element Method

Let
Φh = ΠhΦ(vh, Dh, Hs), v⊥h = Πh(k× vh)

The semi-discrete spectral element scheme is given by

(∂tuh, ψh)h + (∂xΦh, ψh)h + (ηhu
⊥
h , ψh)h = 0

(∂tvh, ψh)h + (∂yΦh, ψh)h + (ηhv
⊥
h , ψh)h = 0

(∂twh, ψh)h + (∂zΦh, ψh)h + (ηhw
⊥
h , ψh)h = 0

(∂tDh, ψh)h − (Dhuh, ∂xψh)h − (Dhvh, ∂yψh)h − (Dhwh, ∂zψh)h = 0

Vorticity ∫
S
ωhψhds =

∫
S
∇ψh · v⊥ds ∀ψh ∈ V N

h

Mass matrix is diagonal
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SEM: Energy conservation

Let
Ph = Πh(Dhuh), Qh = Πh(Dhvh), Rh = Πh(Dhwh)

Take the test functions to be Ph, Qh, Rh,Φh respectively

(∂tuh, Ph)h + (∂xΦh, Ph)h + (ηhu
⊥
h , Ph)h = 0

(∂tvh, Qh)h + (∂yΦh, Qh)h + (ηhv
⊥
h , Qh)h = 0

(∂twh, Rh)h + (∂zΦh, Rh)h + (ηhw
⊥
h , Rh)h = 0

(∂tDh,Φh)h − (Dhuh, ∂xΦh)h − (Dhvh, ∂yΦh)h − (Dhwh, ∂zΦh)h = 0

and add the four equations. Note that

(Dhuh, ∂xψh)h = (Ph, ∂xψh)h, etc.

The time rate of change of energy density E can be written as

Du
∂u

∂t
+Dv

∂v

∂t
+Dw

∂w

∂t
+ Φ

∂D

∂t
=
∂E

∂t
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SEM: Energy conservation

Hence we have

(∂tuh, Ph)h + (∂tvh, Qh)h + (∂twh, Rh)h + (∂tDh,Φh)h = (∂tEh, 1)h

Moreover, since v · (k× v) = 0,

(ηhu
⊥
h , Ph)h + (ηhv

⊥
h , Qh)h + (ηhw

⊥
h , Rh)h = 0

Hence the result of adding all the equations is

(∂tEh, 1)h = 0

which shows that the total energy is conserved.
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Test 5
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Test 5

Animation
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Barotropic instability

SEM DG
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Barotropic instability
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Summary

• DG method for v −D − η model
I Update vorticity as an independent variable

• In Cartesian coordinates – no spherical transformations

• Riemann solver based numerical flux

• Good energy, potential enstrophy conservation

• Further work
I Add dissipation or limiter into vorticity equation
I Local grid adaptation

• Spectral element method
I Good energy conservation
I Need to add some numerical diffusion

• DG scheme which conserves/dissipates total energy
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