
JID:YJMAA AID:19524 /FLA Doctopic: Partial Differential Equations [m3L; v1.153; Prn:2/06/2015; 8:33] P.1 (1-17)
J. Math. Anal. Appl. ••• (••••) •••–•••
Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Stability estimates for the inverse boundary value problem 

for the biharmonic operator with bounded potentials

Anupam Pal Choudhury ∗, Venkateswaran P. Krishnan
Tata Institute of Fundamental Research, Centre for Applicable Mathematics, Bangalore, India

a r t i c l e i n f o a b s t r a c t

Article history:
Received 31 December 2013
Available online xxxx
Submitted by H. Kang

Keywords:
Biharmonic equation
Stability estimates
Inverse problems
Calderón problem
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1. Introduction

Let Ω ⊂ Rn, n ≥ 3 be a bounded domain with C∞ boundary and consider the following equation:

Bqu := (Δ2 + q)u = 0 in Ω, q ∈ L∞(Ω).

We consider the following space for the potential q:

QM := {q : supp(q) ⊂ Ω, and ‖q‖L∞(Ω) ≤ M for some M > 0}. (1)

We will assume that for all q ∈ QM , 0 is not an eigenvalue for Bq on the set {u ∈ H4(Ω) : u|∂Ω = Δu|∂Ω = 0}. 
Then given (f, g) ∈ H7/2(∂Ω) ×H3/2(∂Ω), there is a unique solution to the boundary value problem:

Bqu = 0, u|∂Ω = f, Δu|∂Ω = g. (2)

The boundary conditions are called Navier conditions [6] and we define the Dirichlet-to-Neumann map Nq

for this operator by
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Nq : H7/2(∂Ω) ×H3/2(∂Ω) → H5/2(∂Ω) ×H1/2(∂Ω)

(f, g) → (∂u
∂ν

|∂Ω,
∂(Δu)
∂ν

|∂Ω), (3)

where u ∈ H4(Ω) is the unique solution to (2).
We are interested in the inverse problem of determining q from Nq. The uniqueness question of deter-

mination of q from Nq was answered in [9,10] and recently in [11,12,17] where they showed that unique 
determination of both zeroth- and first-order perturbations of the biharmonic operator is possible from 
boundary Neumann data. We note that the papers [11,17] also show unique determination of the first-order
perturbation terms from Neumann data measured on possibly small subsets of the boundary.

In this paper, we consider the stability question for the determination of q from Nq for the operator 
Bq. That is, whether one can estimate perturbations of q from perturbations of the Neumann data Nq. 
To the best of the authors’ knowledge, stability estimates for inverse problems involving the biharmonic 
equation has not been obtained earlier, and the purpose of this paper is to investigate it. We prove a stability 
estimate of ln-type for the case when the Neumann data is measured on the whole boundary. We then prove 
a stability estimate of ln ln-type when the Neumann data is measured on a part of the boundary that is 
slightly more than half the boundary.

Our strategy for proving stability estimates follows the methods introduced by Alessandrini in [1] using 
complex geometric optics (CGO) solutions where a ln-type stability estimate is proved for the Calderón 
inverse problem [3], and by Heck and Wang in [8] where a ln ln-type stability estimate is proved for the 
Calderón inverse problem when the Neumann data is measured on slightly more than half of the boundary. 
CGO solutions were introduced by Sylvester and Uhlmann in the fundamental paper [14] to prove global 
uniqueness for the Calderón inverse problem. The method in Heck and Wang combines CGO solutions and 
techniques of [2] with an analytic continuation result of Vessella [16]. Stability estimates for several inverse 
problems have been obtained in recent years. Apart from the works [1,8] already mentioned, we refer the 
reader to [15,7,5,4] for stability estimates involving the Calderón inverse problem and inverse problems 
involving the Schrödinger or magnetic Schrödinger equation.

2. Statements of the main results

We now state the main results of this paper. We first consider stability estimates for full boundary 
measurements and then prove stability estimates when only partial boundary measurements are available.

2.1. Results for full boundary measurements

Consider the following norm on Hα(∂Ω) ×Hβ(∂Ω) (for simplicity we will denote this space by Hα,β(∂Ω)):

‖(f, g)‖Hα,β(∂Ω) = ‖f‖Hα(∂Ω) + ‖g‖Hβ(∂Ω) for (f, g) ∈ Hα,β(∂Ω). (4)

Define:

‖Nq‖ = sup{‖Nq(f, g)‖
H

5
2 , 12 (∂Ω)

: ‖(f, g)‖
H

7
2 , 32 (∂Ω)

= 1}

where Nq(f, g) is defined in (3).

Theorem 2.1. Let Ω ⊂ Rn, n ≥ 3 be a bounded domain with smooth boundary. Consider Equation (2) for two 
potentials q1, q2 ∈ Q. Let Nq1 and Nq2 be the corresponding Dirichlet-to-Neumann maps measured on ∂Ω. 
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Then there exists a constant C = C(Ω, n, M) such that

‖q1 − q2‖2
H−1(Ω) ≤ C

(
‖Nq1 −Nq2‖ + | ln ‖Nq1 −Nq2‖|−

4
n+2

)
.

2.2. Results for partial boundary measurements

Now we consider the problem of estimating perturbations of q, when the Neumann data Nq is measured 
on a subset of ∂Ω that is slightly more than half of the boundary.

Before stating the result, we introduce the following notation. Let α ∈ Sn−1 be a unit vector and ε > 0
be given. Let ν(x) denote the outer unit normal at x ∈ ∂Ω. We define

∂Ω+,ε = {x ∈ ∂Ω, α · ν(x) > ε}, ∂Ω−,ε = ∂Ω \ ∂Ω+,ε, (5)

∂Ω+ = {x ∈ ∂Ω, α · ν(x) > 0}, ∂Ω− = ∂Ω \ ∂Ω+ . (6)

Now the partial Dirichlet-to-Neumann map is defined as

Ñq : H 7
2 ,

3
2 (∂Ω) → H

5
2 ,

1
2 (∂Ω−,ε)

(f, g) → (∂νu|∂Ω−,ε
, ∂ν(Δu)|∂Ω−,ε

),

where u ∈ H4(Ω) is the unique solution to (2). As before, we define the norm of Ñq as

‖Ñq‖ = sup{‖Ñq(f, g)‖
H

5
2 , 12 (∂Ω−,ε)

: ‖(f, g)‖
H

7
2 , 32 (∂Ω)

= 1}.

We have the following stability estimate with partial boundary measurements.

Theorem 2.2. Let Ω ⊂ Rn, n ≥ 3 be a bounded domain with smooth boundary. Consider Equation (2) for 
two potentials q1, q2 ∈ Q. Let Ñq1 and Ñq2 be the corresponding Dirichlet-to-Neumann maps measured on 
∂Ω−,ε. Then there exist constants C = C(Ω, n, M, ε), K and θ > 0 such that

‖q1 − q2‖H−1(Ω) ≤
{
‖Ñq1 − Ñq2‖ +

(
1
K

ln | ln ‖Ñq1 − Ñq2‖|
)− 2

θ

} θ
2

.

3. Preliminary results

We use the following result from [11,12].

Proposition 3.1 (Interior Carleman estimates). (See [11, Prop. 2.2].) Let q ∈ QM and ϕ = x · α, |α| = 1. 
There exist 0 < h0 = h0(n, M) � 1 and C = C(n, M) > 0, where n is the dimension and M is the constant 
in (1) such that for all 0 < h ≤ h0 � 1 and u ∈ C∞

c (Ω), we have the following interior estimate:

‖eϕ/hh4Bqe
−ϕ/hu‖L2(Ω) ≥

h2

C
‖u‖H4

scl(Ω).

This result is based on a Carleman estimate proven in [13].

Proposition 3.2 (Boundary Carleman estimates). (See [11, Prop. 3.2].) Let q ∈ QM and ϕ = x · α, |α| = 1. 
Let ∂Ω± be as in (6). There exist 0 < h0 = h0(n, M) � 1 and C = C(n, M) > 0, where n is the 
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dimension and M is the constant in (1) such that for all 0 < h ≤ h0 � 1 and all u ∈ H4(Ω) satisfying 
u|∂Ω = Δu|∂Ω = 0, we have the following estimate involving boundary terms:

‖e−ϕ/hh4Bqu‖L2(Ω) + h3/2‖
√
−α · νe−ϕ/h∂ν(−h2Δu)‖L2(∂Ω−)

+ h5/2‖
√
−α · νe−ϕ/h∂νu‖L2(∂Ω−) ≥

1
C

(
h2‖e−ϕ/hu‖H1

scl(Ω)

+ h3/2‖
√
α · νe−ϕ/h∂ν(−h2Δu)‖L2(∂Ω+) + h5/2‖

√
α · νe−ϕ/h∂νu‖L2(∂Ω+)

)
. (7)

Using estimate of Proposition 3.1, the following result is proven in [11,12] which we will require in what 
follows.

Proposition 3.3. (See [11, Prop. 2.4].) There exist h0 = h0(n, M) > 0 and C = C(n, M) > 0, where 
n is the dimension and M is the constant in (1) such that for all 0 < h ≤ h0 � 1, there exist solutions 
u(x, ζ; h) ∈ H4(Ω) to Bqu = 0 in Ω of the form

u(x, ζ;h) = e
ix·ζ
h (1 + hr(x, ζ;h)),

with ζ ∈ Cn satisfying ζ · ζ = 0, |Re(ζ)| = |Im(ζ)| = 1 and ‖r‖H4
scl(Ω)

≤ Ch.

We note that the estimates on h0 and r are independent of the potential q ∈ QM .
For proving stability estimates with partial data, we require the following result due to Vessella [16].

Theorem 3.4. (See [16, Theorem 1].) Let Ω ⊂ Rn be a bounded open connected set such that for a positive 
number r0 the set Ωr = {x ∈ Ω : d(x, ∂Ω) > r} is connected for every r ∈ [0, r0]. Let E ⊂ Ω be an open set 
such that d(E, ∂Ω) ≥ d0 > 0. Let f be an analytic function on Ω with the property that

|Dαf(x)| ≤ Cα!
λ|α| for x ∈ Ω, α ∈ (N ∪ {0})n,

where λ, C are positive numbers. Then

|f(x)| ≤ (2C)1−γ1(|E|/|Ω|)
(

sup
E

|f(x)|
)γ1(|E|/|Ω|)

,

where |E| and |Ω| denote the Lebesgue measure of E and Ω, respectively, γ1 ∈ (0, 1) and γ1 depends only 
on d0, diam(Ω), n, r0, λ and d(x, ∂Ω).

We also require the following Green formula:∫
Ω

(Bqu)vdx−
∫
Ω

uB∗
qvdx =

∫
∂Ω

∂ν(Δu)v dS +
∫
∂Ω

∂νu(Δv) dS

−
∫
∂Ω

(Δu)∂νv dS −
∫
∂Ω

u(∂ν(Δv)) dS. (8)

4. Stability estimates with full boundary measurements

In this section, we prove Theorem 2.1.
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Proof of Theorem 2.1. We start with the Green formula (8). Let q = q1 and u = u1 −u2 and let v ∈ H4(Ω)
be such that B∗

q1v = 0 in Ω. Here u1 and u2 are solutions to (2) for q replaced by q1 and q2. Then we have

∫
Ω

(q2 − q1)u2vdx =
∫
∂Ω

∂ν(Δ(u1 − u2))v dS +
∫
∂Ω

∂ν(u1 − u2)(Δv) dS. (9)

Using Proposition 3.3, we have solutions to Bq2u2 = 0 and B∗
q1v = 0 of the form

v(x, ζ1;h) = e
ix·ζ1

h (1 + hr1(x, ζ1;h)), (10)

u2(x, ζ2;h) = e
ix·ζ2

h (1 + hr2(x, ζ2;h)), (11)

where

ζ1 = hξ

2 +
√

1 − h2 |ξ|2
4 β + iα,

ζ2 = −hξ

2 +
√

1 − h2 |ξ|2
4 β − iα,

with α, β and ξ mutually perpendicular vectors in Rn, |α| = |β| = 1 and h such that h ≤ h0 and 1 − h2 |ξ|2
4

is positive. Substituting u2 and v into the left hand side of (9), we get∫
Ω

(q2 − q1)u2vdx = ̂(q2 − q1)(ξ) +
∫
Ω

(q2 − q1) e−ix·ξ(hr1 + hr2 + h2r1r2) dx. (12)

Calling the second term on the right hand side of the above equation as I, we have the following estimate:

|I| ≤
∫
Ω

|q2 − q1|(h|r̄1| + h|r2| + h2|r̄1||r2|) dx

≤ C(h‖r1‖L2(Ω) + h‖r2‖L2(Ω) + h2‖r1‖L2(Ω)‖r2‖L2(Ω))

≤ Ch since h � 1. (13)

Now consider the right hand side of (9). We have

|
∫
∂Ω

∂ν(Δ(u1 − u2))v̄dS +
∫
∂Ω

∂ν(u1 − u2)(Δv)dS|

≤
∫
∂Ω

|∂ν(Δ(u1 − u2))v̄| dS +
∫
∂Ω

|∂ν(u1 − u2)(Δv)|dS

≤ ‖∂ν(Δ(u1 − u2))‖L2(∂Ω)‖v‖L2(∂Ω) + ‖∂ν(u1 − u2)‖L2(∂Ω)‖Δv‖L2(∂Ω)

≤ C
(
‖∂ν(Δ(u1 − u2))‖L2(∂Ω)‖v‖H1(Ω) + ‖∂ν(u1 − u2)‖L2(∂Ω)‖Δv‖H1(Ω)

)
≤ C

(
‖∂ν(Δ(u1 − u2))‖L2(∂Ω) + ‖∂ν(u1 − u2)‖L2(∂Ω)

)(
‖v‖H1(Ω) + ‖Δv‖H1(Ω)

)
≤ C

(
‖∂ν(Δ(u1 − u2)), ∂ν(u1 − u2)‖

H
1
2 , 52 (∂Ω)

)(
‖v‖H1(Ω) + ‖Δv‖H1(Ω)

)
,

which again is
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= C‖(Nq1 −Nq2)(f, g)‖H 5
2 , 12 (∂Ω)

(
‖v‖H1(Ω) + ‖Δv‖H1(Ω)

)
≤ C‖Nq1 −Nq2‖‖(f, g)‖H 7

2 , 32 (∂Ω)
(‖v‖H1(Ω) + ‖Δv‖H1(Ω))

≤ C‖Nq1 −Nq2‖
(
‖u2‖H4(Ω) + ‖Δu2‖H2(Ω)

)(
‖v‖H1(Ω) + ‖Δv‖H1(Ω)

)
.

We have the following estimates for ‖v‖H1(Ω) and ‖Δv‖H1(Ω). In these estimates, we use that Ω ⊂ B(0, R)
for R > 0 fixed. Then |e

ix·ζj
h | ≤ e

2R
h , since |ζj | = 2 for j = 1, 2.

‖v‖H1(Ω) ≤ ‖e
ix·ζ1

h (1 + hr1)‖L2(Ω) +
n∑

k=1

‖he
ix·ζ1

h ∂xk
r1 + i

h
ζ1ke

ix·ζ1
h (1 + hr1)‖L2(Ω)

≤ e
2R
h

(
1 + h‖r1‖H4

scl(Ω)

)
+

n∑
k=1

(
2e 2R

h

(
‖r1‖H4

scl(Ω) + 1
h

))

≤ Ce
2R
h (1 + h2) + C

h
e

2R
h (1 + h2) ≤ C

h
e

2R
h .

From straightforward computations, we have the following:

Δv = he
ix·ζ1

h Δr1 + 2ie
ix·ζ1

h (ζ1 · ∇r1)

∂xj
(Δv) = he

ix·ζ1
h ∂xj

(Δr1) + iζ1je
ix·ζ1

h Δr1 + 2ie
ix·ζ1

h ∂xj
(ζ1 · ∇r1)

− 2
h
ζ1je

ix·ζ1
h (ζ1 · ∇r1).

∂xk
∂xj

(Δu2) = he
ix·ζ2

h ∂xk
∂xj

(Δr2) + iζ2ke
ix·ζ2

h ∂xj
(Δr2) + iζ2je

ix·ζ2
h ∂xk

(Δr2)

− 1
h
ζ2jζ2ke

ix·ζ2
h Δr2 + 2ie

ix·ζ2
h ∂xk

∂xj
(ζ2 · ∇r2)

− 2
h
ζ2ke

ix·ζ2
h ∂xj

(ζ2 · ∇r2) −
2
h
ζ2je

ix·ζ2
h ∂xk

(ζ2 · ∇r2)

− 2i
h2 ζ2jζ2ke

ix·ζ2
h (ζ2 · ∇r2).

∂xm
∂xl

∂xk
∂xj

u2 = he
ix·ζ2

h ∂xm
∂xl

∂xk
∂xj

r2 + iζ2me
ix·ζ2

h ∂xl
∂xk

∂xj
r2

+ iζ2le
ix·ζ2

h ∂xm
∂xk

∂xj
r2 −

1
h
ζ2lζ2me

ix·ζ2
h ∂xk

∂xj
r2

− 1
h
ζ2mζ2ke

ix·ζ2
h ∂xl

∂xj
r2 + iζ2ke

ix·ζ2
h ∂xm

∂xl
∂xj

r2

− 1
h
ζ2lζ2ke

ix·ζ2
h ∂xm

∂xj
r2 −

i
h2 ζ2mζ2lζ2ke

ix·ζ2
h ∂xj

r2

− 1
h
ζ2mζ2je

ix·ζ2
h ∂xl

∂xk
r2 + iζ2je

ix·ζ2
h ∂xm

∂xl
∂xk

r2

− 1
h
ζ2lζ2je

ix·ζ2
h ∂xm

∂xk
r2 −

i
h2 ζ2mζ2lζ2je

ix·ζ2
h ∂xk

r2

− i
h2 ζ2mζ2jζ2ke

ix·ζ2
h ∂xl

r2 −
1
h
ζ2jζ2ke

ix·ζ2
h ∂xm

∂xl
r2

− i
h2 ζ2lζ2jζ2ke

ix·ζ2
h ∂xm

r2 + 1
h4 ζ2mζ2lζ2jζ2ke

ix·ζ2
h (1 + hr2).

Now using the above derivatives, it is straightforward to show the following:
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‖Δv‖H1(Ω) ≤
Ce

2R
h

h2 ‖r1‖H4
scl(Ω)

≤ C

h
e

2R
h . (14)

‖Δu2‖H2(Ω) ≤
C

h
e

2R
h . (15)

‖u2‖H4(Ω) ≤
C

h4 e
2R
h . (16)

Therefore, we have∣∣∣ ∫
∂Ω

∂ν(Δ(u1 − u2))v̄dS +
∫
∂Ω

∂ν(u1 − u2)(Δv)dS
∣∣∣

≤ C‖Nq1 −Nq2‖
( C

h4 e
2R
h + C

h
e

2R
h

)(C
h
e

2R
h + C

h
e

2R
h

)
≤ C

h4 e
2R
h .

C

h
e

2R
h ‖Nq1 −Nq2‖ ≤ C

h5 e
4R
h ‖Nq1 −Nq2‖.

Now using the fact that 1
h ≤ e

R
h , we obtain

∣∣∣ ∫
∂Ω

∂ν(Δ(u1 − u2))v̄dS +
∫
∂Ω

∂ν(u1 − u2)(Δv)dS
∣∣∣ ≤ Ce

9R
h ‖Nq1 −Nq2‖.

Extending q1, q2 to Rn by 0 and using (12) and (13), we get the estimate

| ̂(q1 − q2)(ξ)| ≤ C(e 9R
h ‖Nq1 −Nq2‖ + h).

Now

‖q1 − q2‖2
H−1(Ω) ≤ ‖q1 − q2‖2

H−1(Rn)

=
∫

|ξ|≤ρ

| ̂(q1 − q2)(ξ)|2
1 + |ξ|2 dξ +

∫
|ξ|>ρ

| ̂(q1 − q2)(ξ)|2
1 + |ξ|2 dξ,

for appropriate ρ to be chosen later.
But ∫

|ξ|>ρ

| ̂(q1 − q2)(ξ)|2
1 + |ξ|2 dξ ≤

∫
|ξ|>ρ

| ̂(q1 − q2)(ξ)|2
1 + ρ2 dξ

≤ 1
ρ2 ‖q1 − q2‖2

L2(Rn) ≤
C

ρ2

and ∫
|ξ|≤ρ

| ̂(q1 − q2)(ξ)|2
1 + |ξ|2 dξ ≤ C

∫
|ξ|≤ρ

(e 9R
h ‖Nq1 −Nq2‖ + h)2

1 + |ξ|2 dξ

≤ C(e 18R
h ‖Nq1 −Nq2‖2 + h2)

∫
|ξ|≤ρ

dξ

1 + |ξ|2

≤ Cρn(e 18R
h ‖Nq1 −Nq2‖2 + h2).
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Therefore,

‖q1 − q2‖2
H−1(Ω) ≤ Cρne

18R
h ‖Nq1 −Nq2‖2 + Cρnh2 + C

ρ2 .

Now assume that ‖Nq1 −Nq2‖ < δ = e− 20R
h0

. Then we choose ρ = { 1
20R | ln ‖Nq1 −Nq2‖|}

2
n+2 . Further let 

h = 1
ρ

n+2
2

. With this choice of h, we show that h < h0 and 1 −h2|ξ|2/4 > 0 for |ξ| < ρ. The fact that h < h0

follows from these inequalities:

‖Nq1 −Nq2‖ < e−
20R
h0 � 1

⇒ ln ‖Nq1 −Nq2‖ < −20R
h0

⇒ | ln ‖Nq1 −Nq2‖| >
20R
h0

⇒ 1
20R | ln ‖Nq1 −Nq2‖| >

1
h0

⇒ h < h0.

Now we show that 1 − h2 |ξ|2
4 > 0 for |ξ| < ρ. We have that

ρn = { 1
20R | ln ‖Nq1 −Nq2‖|}

2n
n+2 .

Since 2n
n+2 > 1 and 1

20R | ln ‖Nq1 −Nq2‖| > 1, we have that ρn > 1.
Hence

h2 |ξ|2
4 < h2 ρ

2

4 = 1
4ρn < 1

and so 1 − h2 |ξ|2
4 > 0.

Therefore,

‖q1 − q2‖2
H−1(Ω) ≤

C

h
2n

n+2
e

18R
h ‖Nq1 −Nq2‖2 + Ch

4
n+2

≤ Ce
20R
h ‖Nq1 −Nq2‖2 + Ch

4
n+2

and since 1
h = 1

20R | ln ‖Nq1 −Nq2‖|, we then obtain the estimate

‖q1 − q2‖2
H−1(Ω) ≤ C(‖Nq1 −Nq2‖ + | ln ‖Nq1 −Nq2‖|−

4
n+2 ),

when ‖Nq1 −Nq2‖ < δ = e− 20R
h0

.
The case when ‖Nq1 −Nq2‖ ≥ δ follows from the continuous inclusions

L∞(Ω) ↪→ L2(Ω) ↪→ H−1(Ω).

In other words, we have

‖q1 − q2‖2
H−1(Ω) ≤ C‖q1 − q2‖2

L∞(Ω) ≤
4CM2

δ
δ ≤ 4CM2

δ
‖Nq1 −Nq2‖

and hence the desired estimate follows. This concludes the proof. �
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5. Stability estimate for slightly more than half data

Here we prove stability estimates for the partial data case. In Appendix A, we include a proof of the 
identifiability in this case using linear Carleman weights. We would be using a few estimates derived therein 
in this section.

Proof of Theorem 2.2. We begin with the following identity as at the beginning of Theorem 2.1 and rewrite 
it as ∫

Ω

(q2 − q1)u2vdx =
∫
∂Ω

∂ν(Δ(u1 − u2))v dS +
∫
∂Ω

∂ν(u1 − u2)(Δv) dS

=
∫

∂Ω−,ε

∂ν(Δ(u1 − u2))v dS +
∫

∂Ω−,ε

∂ν(u1 − u2)(Δv) dS (17)

+
∫

∂Ω+,ε

∂ν(Δ(u1 − u2))v dS +
∫

∂Ω+,ε

∂ν(u1 − u2)(Δv) dS. (18)

We estimate the terms in (17). Proceeding as with the full data case, we have

∣∣∣ ∫
∂Ω−,ε

∂ν(Δ(u1 − u2))v̄ dS +
∫

∂Ω−,ε

∂ν(u1 − u2)(Δv) dS
∣∣∣

≤ C
(
‖∂ν(Δ(u1 − u2))‖

H
1
2 (∂Ω−,ε)

+ ‖∂ν(u1 − u2)‖
H

5
2 (∂Ω−,ε)

)
×
(
‖v‖H1(Ω) + ‖Δv‖H1(Ω)

)
= C‖(Ñq1 − Ñq2)(f, g)‖H 5

2 , 12 (∂Ω−,ε)
(‖v‖H1(Ω) + ‖Δv‖H1(Ω))

≤ C‖Ñq1 − Ñq2‖‖(f, g)‖H 7
2 , 32 (∂Ω)

(‖v‖H1(Ω) + ‖Δv‖H1(Ω))

≤ C‖Ñq1 − Ñq2‖(‖u2‖H4(Ω) + ‖Δu2‖H2(Ω))(‖v‖H1(Ω) + ‖Δv‖H1(Ω))

≤ Ce
9R
h ‖Ñq1 − Ñq2‖.

Now we estimate the terms in (18).
We first have∣∣∣ ∫

∂Ω+,ε

∂ν(Δ(u1 − u2))v̄ dS
∣∣∣ =

∣∣∣ ∫
∂Ω+,ε

e−
x·α
h ∂ν(Δ(u1 − u2))e

x·α
h v̄ dS

∣∣∣
≤ ‖e−x·α

h ∂ν(Δ(u1 − u2))‖L2(∂Ω+,ε)‖e
x·α
h v̄‖L2(∂Ω+,ε)

≤ C‖e−x·α
h ∂ν(Δ(u1 − u2))‖L2(∂Ω+,ε)

and ∣∣∣ ∫
∂Ω+,ε

∂ν(u1 − u2)(Δv) dS
∣∣∣ =

∣∣∣ ∫
∂Ω+,ε

e−
x·α
h ∂ν(u1 − u2)e

x·α
h (Δv) dS

∣∣∣
≤ ‖e−x·α

h ∂ν(u1 − u2)‖L2(∂Ω+,ε)‖e
x·α
h (Δv)‖L2(∂Ω+,ε)

≤ C‖e−x·α
h ∂ν(u1 − u2)‖L2(∂Ω+,ε).
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By the boundary Carleman estimate, we have for ε > 0,

h
3
2 ‖

√
α · ν e−

x·α
h ∂ν(−h2Δu)‖L2(∂Ω+) ≤ C(‖e−x·α

h (h4Bq1)u‖L2(Ω)

+ h
3
2 ‖

√
−α · ν e−

x·α
h ∂ν(−h2Δu)‖L2(∂Ω−) + h

5
2 ‖

√
−α · ν e−

x·α
h ∂νu‖L2(∂Ω−)).

We then have

‖
√
α · ν e−

x·α
h ∂ν(Δu)‖L2(∂Ω+) ≤ C

(√
h‖e−x·α

h Bq1u‖L2(Ω)

+ 1
h
‖
√
−α · ν e−

x·α
h ∂νu‖L2(∂Ω−)

+ ‖
√
−α · ν e−

x·α
h ∂ν(Δu)‖L2(∂Ω−)

)
.

Since on ∂Ω+,ε, α · ν > ε, we have

‖e−x·α
h ∂ν(Δu)‖L2(∂Ω+,ε) ≤

C√
ε

(√
h‖e−x·α

h Bq1u‖L2(Ω) + 1
h
‖
√
−α · ν e−

x·α
h ∂νu‖L2(∂Ω−)

+ ‖
√
−α · ν e−

x·α
h ∂ν(Δu)‖L2(∂Ω−)

)
≤ C√

ε

(√
h‖e− x·α

h Bq1u‖L2(Ω)

+
√

− inf
∂Ω−

(α · ν)‖e−x·α
h ∂ν(Δu)‖L2(∂Ω−,ε)

+
√

− inf
∂Ω−

(α · ν)‖e−x·α
h ∂νu‖L2(∂Ω−,ε)

)
.

Therefore, ∣∣∣ ∫
∂Ω+,ε

∂ν(Δ(u1 − u2))v̄ dS
∣∣∣ ≤ C√

ε

√
− inf

∂Ω−
(α · ν) ‖e−x·α

h ∂ν(Δ(u1 − u2))‖L2(∂Ω−,ε)

+ C

√
h

ε
‖e−x·α

h (Bq1)(u1 − u2)‖L2(Ω)

+ C

h
√
ε

√
− inf

∂Ω−
(α · ν) ‖e−x·α

h ∂ν(u1 − u2)‖L2(∂Ω−,ε).

Now we have

‖e−x·α
h Bq1(u1 − u2)‖L2(Ω) = ‖e−x·α

h (q1 − q2)u2‖L2(Ω).

Using the CGO solutions from Proposition 3.3,

u2(x, ζ2;h) = e
ix·ζ2

h (1 + hr2(x, ζ2;h)) where

ζ2 = −hξ

2 +
√

1 − h2 |ξ|2
4 β − iα,

we have

‖e−x·α
h (q1 − q2)u2‖L2(Ω) ≤ C.
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Therefore, ∣∣∣ ∫
∂Ω+,ε

∂ν(Δ(u1 − u2))v̄ dS
∣∣∣ ≤ C

√
h + Ce

R
h ‖∂ν(Δ(u1 − u2))‖L2(∂Ω−,ε)

+ C

h
e

R
h ‖∂ν(u1 − u2)‖L2(∂Ω−,ε)

≤ C
(√

h + e
R
h

h

(
‖∂ν(Δ(u1 − u2))‖L2(∂Ω−,ε)

+ ‖∂ν(u1 − u2)‖L2(∂Ω−,ε)

))
≤ C

√
h + C

h
e

R
h ‖Ñq1 − Ñq2‖(‖u2‖H4(Ω) + ‖Δu2‖H2(Ω))

and using the estimates (16) and (15), it follows that this is

≤ C
√
h + C

h5 e
3R
h ‖Ñq1 − Ñq2‖

≤ C
√
h + Ce

8R
h ‖Ñq1 − Ñq2‖,

where the constant C now depends upon ε.
From the boundary Carleman estimate, we also have

h
5
2 ‖

√
α · ν e−

x·α
h ∂νu‖L2(∂Ω+,ε) ≤ C(‖e−x·α

h (h4Bq1)u‖L2(Ω)

+ h
3
2 ‖

√
−α · ν e−

x·α
h ∂ν(−h2Δu)‖L2(∂Ω−,ε)

+ h
5
2 ‖

√
−α · ν e−

x·α
h ∂νu‖L2(∂Ω−,ε))

and therefore,

‖
√
α · ν e−

x·α
h ∂νu‖L2(∂Ω+,ε) ≤ C

(
h

3
2 ‖e−x·α

h Bq1u‖L2(Ω)

+ h‖
√
−α · ν e−

x·α
h ∂ν(Δu)‖L2(∂Ω−,ε)

+ ‖
√
−α · ν e−

x·α
h ∂νu‖L2(∂Ω−,ε)

)
.

We then have

‖e−x·α
h ∂νu‖L2(∂Ω+,ε) ≤

C√
ε
(h 3

2 ‖e−x·α
h Bq1u‖L2(Ω)

+ h‖
√
−α · ν e−

x·α
h ∂ν(Δu)‖L2(∂Ω−,ε)

+ ‖
√
−α · ν e−

x·α
h ∂νu‖L2(∂Ω−,ε))

≤ C√
ε
h

3
2 ‖e−x·α

h Bq1u‖L2(Ω)

+ hC√
ε

√
− inf

∂Ω−
(α · ν)‖e− x·α

h ∂ν(Δu)‖L2(∂Ω−,ε)

+ C√
ε

√
− inf

∂Ω−
(α · ν)‖e−x·α

h ∂νu‖L2(∂Ω−,ε).

Similar to the previous estimate, we have
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∣∣∣ ∫
∂Ω+,ε

∂ν(u1 − u2)(Δv) dS
∣∣∣ ≤ C√

ε
h

3
2 ‖e−x·α

h (Bq1)(u1 − u2)‖L2(Ω)

+ hC√
ε

√
− inf

∂Ω−
(α · ν)‖e−x·α

h ∂ν(Δ(u1 − u2))‖L2(∂Ω−,ε)

+ C√
ε

√
− inf

∂Ω−
(α · ν) ‖e−x·α

h ∂ν(u1 − u2)‖L2(∂Ω−,ε)

≤ Ch
3
2 + C

h4 e
3R
h ‖Ñq1 − Ñq2‖

≤ Ch
3
2 + Ce

8R
h ‖Ñq1 − Ñq2‖,

where the constant C again depends upon ε.
Therefore, using the estimates obtained above, we have∣∣∣ ∫

Ω

e−ix·ξ(q2 − q1) dx
∣∣∣ ≤ ∣∣∣ ∫

∂Ω+,ε

∂ν(Δ(u1 − u2))v̄ dS
∣∣∣ +

∣∣∣ ∫
∂Ω+,ε

∂ν(u1 − u2)(Δv) dS
∣∣∣

+
∣∣∣ ∫
∂Ω−,ε

∂ν(Δ(u1 − u2))v̄ dS +
∫

∂Ω−,ε

∂ν(u1 − u2)(Δv) dS
∣∣∣

+
∣∣∣ ∫
Ω

(q2 − q1)e−ix.ξ(hr̄1 + hr2 + h2r̄1r2) dx
∣∣∣

≤ C
√
h + Ce

8R
h ‖Ñq1 − Ñq2‖ + Ch

3
2 + Ce

8R
h ‖Ñq1 − Ñq2‖

+ Ce
9R
h ‖Ñq1 − Ñq2‖ + Ch

≤ C(
√
h + e

9R
h ‖Ñq1 − Ñq2‖). (19)

The argument that now follows is similar to the one in [8]. We will apply Vessella’s result given in Theorem 3.4
for the following set-up. We take D to be the ball B(0, 2) and E = V ∩B(0, 1) where V is a suitable small 
open cone centered at 0 obtained by perturbing the vector α slightly and recalling that ξ is perpendicular 
to α. Note that the above estimate is valid for all ξ ∈ V such that |ξ| < 2

h .
Now let q = q1 − q2 be extended to Rn as 0 outside Ω, and for a fixed ρ ∈ (0, 2h ), let f(ξ) = q̂(ρξ). Then 

f is analytic in B(0, 2) and

|Dαf(ξ)| ≤ ‖q‖L1(Ω)
ρ|α|

(diam(Ω)−1)|α|
≤ 2M |Ω|α! enρ

(diam(Ω)−1)|α|
.

Taking C and λ in Vessella’s result to be C = 2M |Ω|enρ and λ = diam(Ω)−1, we get that there exists a 
constant γ1 ∈ (0, 1) such that

|f(ξ)| ≤ C1−γ1(|E|/|D|)
(

sup
E

|f(ξ)|
)γ1(|E|/|D|)

, for all ξ ∈ B(0, 1).

Letting θ = γ1|E|/|D|, we have that for all |ξ| < ρ,

|q̂(ξ)| ≤ C1−θ

(
sup

V ∩B(0,ρ)
|q̂(ξ/ρ)|

)θ

. (20)

Note that the constant θ is independent of ρ and h. We have



JID:YJMAA AID:19524 /FLA Doctopic: Partial Differential Equations [m3L; v1.153; Prn:2/06/2015; 8:33] P.13 (1-17)
A.P. Choudhury, V.P. Krishnan / J. Math. Anal. Appl. ••• (••••) •••–••• 13
‖q‖
2
θ

H−1(Rn) =

⎛⎜⎝ ∫
|ξ|<ρ

|q̂(ξ)|2
1 + |ξ|2 dξ +

∫
|ξ|≥ρ

|q̂(ξ)|2
1 + |ξ|2 dξ

⎞⎟⎠
1
θ

≤ C

(
ρ

n
θ ‖q̂‖

2
θ

L∞(B(0,ρ)) + 1
ρ

2
θ

)
.

The estimate of the second term on the right hand side above is obtained from Plancherel identity. Now 
from (20), it follows that the left hand side is

≤ C

(
ρ

n
θ e2nρ 1−θ

θ ‖q̂(ξ)‖2
L∞(V ∩B(0,ρ)) + 1

ρ
2
θ

)
≤ C

(
ρ

n
θ e2nρ 1−θ

θ e
18R
h ‖Ñq1 − Ñq2‖2 + ρ

n
θ e2nρ 1−θ

θ h + 1
ρ

2
θ

)
.

Let L = 3n+2−2nθ
θ and δ = e−eK/h

1
L
0 , where K = 2n+2

θ + 4n1−θ
θ + 18R.

Let ‖Ñq1 − Ñq2‖ < δ.
Then choose ρ = 1

K ln | ln ‖Ñq1 − Ñq2‖| and

h = 1
ρ

n+2
θ e

2nρ(1−θ)
θ

.

Claim 1: ρ < 2
h . We have ρh = ρ

ρ
n+2
θ e

2nρ(1−θ)
θ

= 1
ρ

n+2
θ

−1e
2nρ(1−θ)

θ

≤ 1
ρ

n+2
θ

−1
.

Now since n ≥ 3 we have n+2
θ − 1 > 4, and hence ρ

n+2
θ −1 > ρ4. Therefore, ρh < 1

ρ4 < 2 (since ρ > 1).
Claim 2: h < h0. We have

‖Ñq1 − Ñq2‖ < e−eK/h

1
L
0 � 1

⇒ ln ‖Ñq1 − Ñq2‖ < −eK/h
1
L
0

⇒ | ln ‖Ñq1 − Ñq2‖| > eK/h
1
L
0

⇒ 1
K

ln | ln ‖Ñq1 − Ñq2‖| >
1

h
1
L
0

⇒ ρL >
1
h0

⇒ ρ
3n+2−2nθ

θ >
1
h0

⇒ 1
ρ

n+2
θ ρ

2n(1−θ)
θ

< h0

⇒ h = 1
ρ

n+2
θ e

2nρ(1−θ)
θ

≤ 1
ρ

n+2
θ ρ

2n(1−θ)
θ

< h0.

Claim 3: 1 − h2 |ξ|2
4 > 0. This is because h2 |ξ|2

4 ≤ h2 ρ2

4 = ρ2

4ρ
2(n+2)

θ e4nρ
(1−θ)

θ

= ρ2− 2n+4
θ

4e4nρ 1−θ
θ

< ρ2− 2n+4
θ =

1
ρ

2n+4
θ

−2
. Now 2n+4

θ − 2 > 8 since n ≥ 3 and therefore, ρ 2n+4
θ −2 ≥ ρ8 which in turn implies that

h2 |ξ|2 <
1
8 < 1.
4 ρ
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Then we have

ρ
n
θ e2nρ 1−θ

θ + 18R
h = ρ

n
θ e[2nρ 1−θ

θ +18R(ρ
n+2
θ e2nρ 1−θ

θ )]

≤ e
n
θ ρ+2nρ 1−θ

θ +18Rρ
n+2
θ e2nρ 1−θ

θ since ρ
n
θ ≤ e

n
θ ρ

≤ ee
(
n
θ

ρ+2nρ 1−θ
θ

)
+e

(
18R+ n+2

θ
ρ+2nρ 1−θ

θ

)

≤ ee
(
n
θ

ρ+2nρ 1−θ
θ

)
+e

(
18Rρ+n+2

θ
ρ+2nρ 1−θ

θ

)
since ρ ≥ 1

≤ Cee
(
n
θ

+2n 1−θ
θ

+18R+n+2
θ

+2n 1−θ
θ

)
ρ

since ea + eb ≤ 1 + ea+b.

Therefore, since K = 2n+2
θ + 4n1−θ

θ + 18R and ρ = 1
K ln | ln ‖Ñq1 − Ñq2‖|, we obtain

‖q‖
2
θ

H−1(Ω) ≤ C(‖Ñq1 − Ñq2‖ + ( 1
K

ln | ln ‖Ñq1 − Ñq2‖|)−
2
θ )

and hence

‖q‖H−1(Ω) ≤ C(‖Ñq1 − Ñq2‖ + ( 1
K

ln | ln ‖Ñq1 − Ñq2‖|)−
2
θ ) θ

2 ,

whenever ‖Ñq1 − Ñq2‖ < δ.
When ‖Ñq1 − Ñq2‖ ≥ δ, we have

‖q1 − q2‖H−1(Ω) ≤ C‖q1 − q2‖L∞(Ω) ≤
2CM

δ
θ
2

δ
θ
2 ≤ 2CM

δ
θ
2

‖Ñq1 − Ñq2‖
θ
2

and the desired estimate follows. �
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Appendix A

In this section we prove the unique determination of q from (2) when the Neumann data Ñq is known on 
slightly more than half the boundary. This is already done in a more general set-up with limiting Carleman 
weights in [11], where the authors use logarithmic weights. We give here the proof with linear Carleman 
weight following [2] for the sake of completeness.

Theorem A.1. (See [11].) Let Ω ⊂ Rn, n ≥ 3 be a bounded domain with smooth boundary. Consider 
Equation (2) for two potentials q1, q2 ∈ L∞(Ω). Let Ñq1 and Ñq2 be the corresponding Dirichlet-to-Neumann 
maps measured on ∂Ω−,ε. If Ñq1 = Ñq2 , then q1 = q2.

Proof. As before, we start with the following integral identity:∫
(q2 − q1)u2v̄ dx = −

∫
∂ν(−Δ(u1 − u2))v̄ dS −

∫
∂ν(u1 − u2)(−Δv) dS,
Ω ∂Ω+,ε ∂Ω+,ε
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∣∣∣ ∫
∂Ω+,ε

∂ν(Δ(u1 − u2))v̄ dS
∣∣∣ =

∣∣∣ ∫
∂Ω+,ε

e−
x·α
h ∂ν(Δ(u1 − u2))e

x·α
h v̄ dS

∣∣∣
≤ ‖e−x·α

h ∂ν(Δ(u1 − u2))‖L2(∂Ω+,ε)‖e
x·α
h v̄‖L2(∂Ω+,ε),

∣∣∣ ∫
∂Ω+,ε

∂ν(u1 − u2)(Δv) dS
∣∣∣ =

∣∣∣ ∫
∂Ω+,ε

e−
x·α
h ∂ν(u1 − u2)e

x·α
h (Δv) dS

∣∣∣
≤ ‖e−x·α

h ∂ν(u1 − u2)‖L2(∂Ω+,ε)‖e
x·α
h (Δv)‖L2(∂Ω+,ε).

From the boundary Carleman estimate, we have

‖
√
α · ν e−

x·α
h ∂ν(−h2Δu)‖L2(∂Ω+) ≤

C

h
3
2
‖e−x·α

h (h4Bq1)u‖L2(Ω)

where u = u1 − u2.
Using this, we get

√
ε‖e−x·α

h ∂ν(−h2Δu)‖L2(∂Ω+,ε) ≤ ‖
√
α · ν e−

x·α
h ∂ν(−h2Δu)‖L2(∂Ω+,ε)

≤ ‖
√
α · ν e−

x·α
h ∂ν(−h2Δu)‖L2(∂Ω+)

≤ C

h
3
2
‖e−x·α

h (h4Bq1)u‖L2(Ω).

Therefore,

‖e− x·α
h ∂ν(Δ(u1 − u2))‖L2(∂Ω+,ε) ≤ C

√
h

ε
‖e−x·α

h (q2 − q1)e
ix.ζ2

h (1 + hr2)‖L2(Ω)

≤ C

√
h

ε
‖(1 + hr2)‖L2(Ω) ≤ C

√
h

ε
.

From the boundary Carleman estimate, we also have

‖
√
α · ν e−

x·α
h ∂νu‖L2(∂Ω+) ≤

C

h
5
2
‖e−x·α

h (h4Bq1)u‖L2(Ω).

Again using this, we get

√
ε‖e−x·α

h ∂νu‖L2(∂Ω+,ε) ≤ ‖
√
α · ν e−

x·α
h ∂νu‖L2(∂Ω+,ε)

≤ ‖
√
α · ν e−

x·α
h ∂νu‖L2(∂Ω+)

≤ C

h
5
2
‖e−x·α

h (h4Bq1)u‖L2(Ω)

⇒ ‖e−x·α
h ∂ν(u1 − u2)‖L2(∂Ω+,ε) ≤

C

h
5
2
√
ε
‖e−x·α

h (h4Bq1)u‖L2(Ω)

≤ Ch
3
2

√
ε
‖(1 + hr2)‖L2(Ω) ≤

Ch
3
2

√
ε
.

Next we show that the terms ‖e x·α
h v̄‖L2(∂Ω+,ε) and ‖e x·α

h (Δv)‖L2(∂Ω+,ε) are bounded. The term
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‖e x·α
h v̄‖L2(∂Ω+,ε) ≤ ‖e x·α

h v̄‖L2(∂Ω) = ‖(1 + hr1)‖L2(∂Ω)

≤ C(1 + ‖hr1‖H1(Ω)) ≤ C,

since h � 1.
Again

e
x·α
h (Δv) = e

i
h (−h

2 (x.ξ)−
√

1−h2 |ξ|2
4 (x·β))hΔr1 − 2ie

i
h (−h

2 (x·ξ)−
√

1−h2 |ξ|2
4 (x·β))ζ1 · ∇r1.

Therefore, we have

‖e x·α
h (Δv)‖L2(∂Ω+,ε) ≤ ‖e x·α

h (Δv)‖L2(Ω)

≤ ‖hΔr1‖L2(∂Ω) + C‖∇r1‖L2(∂Ω)

≤ C(h‖Δr1‖H1(Ω) + ‖∇r1‖H1(Ω))

≤ C
( h

h2 ‖r1‖H4
scl(Ω) + 1

h
‖r1‖H4

scl(Ω)

)
≤ C.

Also using the estimates on r1, r2 it follows that as limit h → 0,∫
Ω

(q2 − q1)u2v̄ dx →
∫
Ω

e−ix·ξ(q2 − q1) dx.

Therefore, combining all the above estimates and passing to the limit as h → 0, we have∫
Ω

e−ix·ξ(q2 − q1) dx = 0

for all ξ ∈ Rn perpendicular to α. Varying α in a sufficiently small neighborhood, we see that the above 
equality is true for all ξ in an open cone in Rn. By the Paley–Wiener theorem we then have that q2 = q1
on Ω. This concludes the proof. �
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