RAY TRANSFORM ON SOBOLEV SPACES OF SYMMETRIC
TENSOR FIELDS, I: HIGHER ORDER RESHETNYAK FORMULAS
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ABSTRACT. For an integer » > 0, we prove the r** order Reshetnyak formula for the ray
transform of rank m symmetric tensor fields on R™. Roughly speaking, for a tensor field
f, the order r refers to L2-integrability of higher order derivatives of the Fourier transform
f over spheres centered at the origin. Certain differential operators A1 0<i<r)
on the sphere S”~! are main ingredients of the formula. The operators are defined by
an algorithm that can be applied for any r although the volume of calculations grows
fast with r. The algorithm is realized for small values of r and Reshetnyak formulas of
orders 0, 1,2 are presented in an explicit form.

1. INTRODUCTION

We have omitted certain technical details in the Introduction. In our opinion, the
Introduction should be understandable for a reader who has a preliminary knowledge of
the Radon transform. Other readers are recommended to read the Introduction together
with Section 2.1.

The ray transform I integrates functions or more generally symmetric tensor fields over
lines in R™ and the Radon transform R integrates functions over hyperplanes. The ray
transform of functions is the main mathematical tool of computer tomography. The ray
transform of vector fields and second rank tensor fields is used in Doppler tomography and
travel time tomography. Note that the Radon transform and ray transform of functions
coincide up to parametrization in the 2-dimensional case.

Let S(S*! x R) be the Schwartz space of functions on S"™! x R, where S"~! is the
unit sphere in R”. In an unpublished work by Yu. Reshetnyak (circa 1960), a norm
| - ||H<n71>/z(Sn,1xR) was introduced on S(S"7! x R) (the definition of the norm will be

(n—1)/2
given in the next section) and the equality
I ls2eey = IR e s (1.1

was proved for a function f € S(R™). A proof of (1.1) is presented (with a reference
to Reshetnyak) in the book [2, Section 1.1.5] by I. Gelfand et al. Gelfand calls (1.1)
the Plancherel formula for the Radon transform. We will use the name the Reshetnyak
formula. In our opinion, the proof in [2] is too complicated; at least the cases of even and
odd n should be considered separately. An easier proof based on the Fourier slice theorem
was presented by S. Helgason [3].

The Reshetnyak formula gives the best stability estimate for the inverse problem of
recovering a function f from the Radon transform Rf. But in our opinion, the main
importance of the Reshetnyak formula is the following statement about isometry of the
Radon transform.

2020 Mathematics Subject Classification. Primary: 44A12, 656R32; Secondary: 46F12.
Key words and phrases. Ray transform, Reshetnyak formula, inverse problems, tensor analysis.
The first author was supported by India SERB Matrics Grant MTR/2017/000837, and the second
author was supported by RFBR, Grant 20-51-15004 (joint French — Russian grant).
1



2 V. P. KRISHNAN AND V. A. SHARAFUTDINOV

Let S.(S"! x R) be the subspace of S(S" ! x R) consisting of functions satisfying
o(—&, —p) = p(&, p) (the index e stands for “even”). The Reshetnyak formula immediately
implies that the Radon transform extends to the bijective Hilbert space isometry

R:L*(R") — H{"" 3 (S x R), (1.2)
where H ((Z:II))//ZZ@(S”_I x R) is the completion of the space S.(S"~! x R) with respect to
the norm || - HH((::II))//;(S"*XR)'

The Reshetnyak formula as well as its proof can be easily generalized to the case when
the L%-norm of the function f on the left-hand side of (1.1) is replaced with the Sobolev
norm || f|| gswny with an arbitrary real s. The following version of the Reshetnyak formula
was proved in [8]:

1.f]

where ||+ || ,;s+n=1)/2/cn_1 _m 15 Some norm on S(S"~! x R) which will be defined in the next
HEH D2 (Sn=1xR)

Hs(R™) = HRfHH((Zt’;)_/l;/Q(S”—lXR)’ (13)

section.

The traditional viewpoint in Radon transform theory is that the functions f and Rf are
“equal in their rights”. As long as we consider the classical Sobolev norm of the function
f in (1.3), there should exist a similar formula involving the classical Sobolev norm of
Rf. Indeed, the following version of the Reshetnyak formula is valid:

[Ral®

(1-n)/2
Formulas (1.3) and (1.4) can be obtained simultaneously based on some universal ap-

proach. In the next section, we will introduce Hilbert spaces H}(R") (¢ > —n/2) and
H; (S"!' x R) (t > —1/2) such that the (generalized) Reshetnyak formula holds:

1/ Wl 115 ey = [ Rf]

Likewise the classical case (1.2), the formula (1.5) allows us to extend the Radon transform
to the bijective isometry of Hilbert spaces

R: HYR™) — HT D2 (§n-1 « R) (1.6)

t+(n—1)/2,e

(R") — ||Rf||Hs+(n—1)/2(Sn,1XR), (1.4)

(1.5)

sH+(n—1)/2 ren— .
Ht+(n71)/2 (SP—1xR)

for any real s and for any ¢t > —n/2.

Theory of Sobolev spaces considers isotropic and anisotropic spaces. The latter spaces
consist of functions that have different amounts of quadratically integrable derivatives
with respect to different variables.

The manifold S*~! x R consists of pairs (£, p), where the variables £ € S""! and p € R
are of different nature. This causes a natural anisotropy of Sobolev spaces on S"~! x R.
Let us consider for instance the case of an integer s > 0. The space Hj (S"' x R)
consists of even functions (£, p) that have quadratically integrable derivatives of order
< s with respect to the p-variable. With respect to the &-variable, such a function is
quadratically integrable itself but does not need to be differentiable in any sense. For this
reason, we call (1.6) the zeroth order Reshetnyak formula. Here the term “zeroth order”
means the absence of derivatives with respect to the &-variable. In the case of t # 0,
the interpretation of elements of Hg’;e(S"’1 x R) is not so easy because of the presence of
the factor |g|** on the right-hand side of formula (2.3) below. Nevertheless, with some
ambiguity, we again can think of ¢ € H; (S"' x R) as a function with quadratically
integrable derivatives of order < s with respect to the p-variable.

Studying the Radon transform, we sometimes need to involve partial derivatives of
a function ¢(&, p) with respect to the &-variable into our considerations. The scale of
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H#(S™! x R)-spaces is not sufficient for such purposes. Therefore more general Hilbert

spaces H""(R") and H"*(S"~! xR) were introduced in [10] and the ' order Reshetnyak
formula was proved:

Hf”Ht(“S)(R”) - HRf||Ht(lf7l+£?)712)/2)(S”*1><]R)' (1.7)

The definitions of the spaces H”(R") and Hf;’s) (S*~! x R) are presented in the next

section. With the same ambiguity as above, elements of Ht(;’S) (S"~1 xR) can be thought as
functions ¢(&, p) that have quadratically integrable derivatives of order < r with respect
to the &-variable and of order < s with respect to the p-variable. As before, the formula
(1.7) allows us to extend the Radon transform to the bijective isometry of Hilbert spaces

R: H™ (R — HIH DD (8™ X R) (1.8)
for any real 7, s and for any t > —n/2.

In this paper, we present some results for the ray transform which are similar to the
above-listed statements for the Radon transform. Theory of the ray transform is to some
extent similar to theory of the Radon transform. Nevertheless, the reader should be given
a warning on a couple of essential differences between these two theories.

Let S™R™ be the space of rank m symmetric tensors on R and let S(R"; S™R™) be the
Schwartz space of S™R™-valued functions on R"™. Elements of the latter space are smooth
fast decaying rank m symmetric tensor fields. The ray transform is initially defined as the
linear continuous operator

I:S(R™; S™R™) — S(TS™™1), (1.9)

where T'S"™! is the tangent bundle of the unit sphere (the precise definition of the space
S(TS"1) will be given in the next section).

The main difference between tensor tomography and scalar one is caused by the fol-
lowing fact. For m > 0, the operator (1.9) has a big kernel (= the null space) consisting
of so called potential tensor fields. Therefore, speaking on Reshetnyak formulas for the
ray transform, we have to restrict the operator (1.9) to a subspace of S(T'S"!) which
is complementary to the space of potential tensor fields. The most natural choice of
such a complement is the space S, (TS 1) of solenoidal tensor fields (the definition of a
solenoidal tensor field will be given in Section 4). Thus, instead of the operator (1.9), we
consider its restriction

I: S1(R™"; S™R™) — S(TS" ). (1.10)
It is an injective linear continuous operator.

For a real s and integer r > 0, we introduce norms || - |‘H§;’§1)(R”;SmR") (t > —n/2) and
|- ||Ht(r,s)(TSn,1) (t > —(n—1)/2) on the spaces Ss1(R"; S™R") and S(TS" ') respectively.
Then we define the Hilbert spaces Hfgfl) (R™; S™R") and H"*(T'S"1) as the completions

of Ss1(R"™; S™R") and S(TS™!) with respect to these norms. Our main result is the
following

Theorem 1.1. For an integer v > 0, real s and t > —n/2, the operator (1.10) extends to

the continuous linear operator
I+ H)(RY S™RY) = H L2 (18 (1.11)

and the r'" order Reshetnyak formula

||f||H§g§l)(Rn7SmRn) = ||If||Ht(:—7~19721/2)(TSn—1) (112)
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holds for any f € Ht(rsjl (R™; S™R™). In particular, (1.11) is an isometric embedding of
one Hilbert space to another one.

The definition of the norm on the right-hand side of (1.12) is postponed to Section 5.
The late appearance of the main ingredient of Theorem 1.1 is explained by our approach
to the proof of the theorem. We start with the right-hand side of (1.12) and transform
it to a form that does not contain I. After a long chain of transformations, that are
sometimes very non-trivial, we express || f|| D (rgn1) in terms of f only. Looking at

the expression, we define the norm || f|| see Definition 5.2.

H(T‘S (Rn SmRn)?

We emphasize the following 1mportant difference between Theorem 1.1 and the r*
order Reshetnyak formula for the Radon transform; see (1.7). The spaces H) (R)
and H"(S"1 x R) are defined for all real r while the spaces H"%)(R"; S"R") and

t,sol

H) (TS™ ') are defined for an integer r > 0 only. The difference is caused by the

following. The definition of H{"”(S"! x R) uses the powers (1 + Ag)", where 1 is the
identity operator and Ag is the spherical Laplacian (it is also called the Laplace — Beltrami
operator on the sphere). Since 1+ Ag is a positive elliptic self-adjoint operator, its powers
(14 Ag)" are well defined for all € C [6]. On the other hand, our definition of the space

Hr) (T'S™1), presented in Section 3, uses the powers (1 + A¢)", where A¢ is some self-
adjoint second order differential operator on T'S*~!. Since A is not an elliptic operator

we can use powers (1 + Ag)" for integers r > 0 only. Probably, the spaces H ( Snh)
can be defined for all real r by some more general approach, but not by our one.

The second important difference between the Radon transform and ray transform is
as follows. As we have mentioned, (1.8) is a surjective isometry between two Hilbert
spaces. On the other hand, (1.11) is an isometric embedding of one Hilbert space to
another one. In the case of n > 3, the range of the operator (1.11) is a proper closed

subspace of Hf;fgl/g)(TSnfl) as is seen from the inequality dim(7S" ') =2(n —1) > n
The range characterization problem for the ray transform goes back to F. John [1]. He
proved that, in the case of m = 0 and n = 3, the range of the operator (1.10) is described
by some second order differential equation. The corresponding result for n > 3 and
arbitrary m was obtained in [7, Theorem 2.10.1]. Instead of one second order equation,
a system of differential equations of order 2(m + 1) appears in the latter case; they
are still called the John equations. In particular, the John equations involve (m + 1)st
order derivatives of the function (I f)(x, &) with respect to the &-variable. Thus, to study
the range characterization problem for the ray transforrn on Sobolev spaces of rank m
symmetric tensor fields, we really need the space H ( S™~ 1) for r = m + 1. The range
characterization of the operator (1.11) will be the topic of our forthcoming paper.

2. SUMMARY OF PRIOR RESULTS

In this section, we define the Radon transform and the ray transform of symmetric
tensor fields. Then we describe prior results on Reshetnyak formulas for these transforms.

2.1. Reshetnyak formulas for the Radon transform. The set of hyperplanes in R"
can be parameterized by points of S*~! x R. Then the Radon transform R is defined by

Rf(E,p) = / f@)de ((p) €S xR),
(&)
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where (-, -) is the standard dot-product in R” and dz is the (n — 1)-dimensional Lebesgue
measure on the hyperplane {x | (¢, 2) = p}. Some condition on f should be imposed for
the integral above to converge.

Let S(R™) be the Schwartz space of smooth functions rapidly decaying at infinity to-
gether with all derivatives (we use the term “smooth” as the synonym of “C*-smooth”).
Similarly let S(S"~! x R) be the Schwartz space of functions (&, p) on S*~! x R rapidly
decaying as |p| — oo together with all derivatives. Both S(R") and S(S™! x R) are
furnished with standard topologies. In fact, the space S(E) is well defined for a smooth
vector bundle £ — M over a compact manifold M. Let S.(S"' x R) be the closed
subspace of S(S""! x R) consisting of functions satisfying o(—¢, —p) = ¢(&,p). Then
R:S(R") — S.(S™! X R) is a bounded linear operator and it extends continuously to
certain spaces of functions and distributions. R

We use the Fourier transform S(R") — S(R"), f — f in the form

Flo) = gy [ € )

Henceforth, we use y for the Fourier variable in R” or R*! for general n. In the case of
R, we use ¢ as the Fourier variable as in (2.1) below.

The Fourier transform S(S"! x R) — S(S™' x R), ¢(&,p) — P(&,q) is the one-
dimensional Fourier transform in p while ¢ € S*~! is considered as a parameter:

B0 = 5 [ elen)dp (2.1)

For real s and ¢t > —n/2, the Hilbert space H;(R") is defined as the completion of
S(R™) with respect to the norm

s = [ 1P+ ) 1) P dy 22)
2

and for real s and ¢ > —1/2, the Hilbert space H;,(S"~' x R) is defined as the completion
of S(S"! x R) with respect to the norm

1 ot~
s ~ gy | [ PO+ AR A, (23)

Sn—1 R

el

where d€ is the standard (n — 1)-dimensional volume form on the sphere S*~1.

These Sobolev type spaces were introduced in [8]. In the case of ¢t = 0, they coincide
with the standard Sobolev spaces H*(R™) and H*(S"! x R) respectively. The weights
ly]?*(1 + |y|*)*~" and (1 + |y|*)® have the same asymptotics as |y| — oo, but are very
different near y = 0 if ¢ # 0. Therefore || - || gz ®n) can be called the Sobolev norm with
attenuated low frequencies in the case of ¢ > 0 and the Sobolev norm with amplified
low frequencies in the case of ¢ < 0. A similar motivation applies to the Sobolev spaces
Hi (S x R) as well.

The zeroth order Reshetnyak formula (1.5) is proved in [8] for any real s and t > —n/2.
It allows us to extend the Radon transform to the linear continuous operator (1.6). The
surjectivity of the latter operator is also proved.

To write down higher order Reshetnyak formulas for the Radon transform, we reproduce
some contents from [10]. Let Ag : C*®(S"1) — C*°(S"!) be the spherical Laplacian
(this operator was denoted by Ag in [10], but now we reserve the notation A for another
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operator introduced below). We choose the sign of the Laplacian so that it is a non-
negative operator. For every real r, the Sobolev space H"(S" 1) can be defined as the
completion of C*°(S"!) with respect to the norm:

el Zr g1y = 1(As + 1)20| 220y = / [(As +1)720(€) [ de, (2.4)

where 1 is the identity operator. Spherical harmonics of degree [ are eigenfunctions of Ag
AsY = A1,n)Y, Aln)=I1(l+n-2).
Choosing an orthonormal basis {Y}m}ﬁ(:nl’l) of the space of degree [ spherical harmonics, a

function ¢ € C*°(S™ 1) is represented by the Fourier series

Z Z PimYim (&

=0 m=1
Then the formula (2.4) can be equivalently written as

00 N(n,l)

el @1y =D (MLn) + Z |0l

=0

Given f € S(R"), we represent the Fourier transform f € S(R™) by the series in
spherical harmonics

= Z m (1Y) Yim (y/191)- (2.5)
=0 m=1
For arbitrary reals r, s and for ¢ > —n/2, we introduce the norm || - ||H(r,s)(Rn) on S(R™)
by
00 N(nl
11 gy = 2 (Am) +1) Z / L+ @) ()P g, (26)

=0

where fy,, are Fourier coefficients defined by (2.5). Then we define the Hilbert space
H™(R") as the completion of S(R™) with respect to the norm (2.6).

Similar arguments apply to functions ¢ € S(S"™! x R). We represent the Fourier
transform » € S(S"! x R) by the series in spherical harmonics

=0 m=1

For reals r, s and ¢t > —1/2, we introduce the norm || - || on §(S"! x R) by

H™) (Sn=1xR)
N(nl

Il 6ty = Sy 12 (1,n) +1) Z /W 1+ ¢ [Binl@)]* da, (2.8)

and define the Hilbert space Htj;’s) (S*71 x R) as the completion of S.(S"! x R) with
respect to the norm (2.8). In the case of r = 0, the spaces Ht(o’s) (R™) and Ht(g,s) (S"1 x R)
coincide with H;(R") and H;,(S*~' x R) respectively.

The higher order Reshetnyak formula (1.7) is proved in [10] for any real r,s and ¢ >
—n/2. It allows us to extend the Radon transform to the linear continuous operator (1.8).
The surjectivity of the latter operator is also proved.
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Here we do not discuss motivation for definitions (2.6) and (2.8). See [10] for such a

motivation. The spaces Ht(r’s) (R™) are a little bit mysterious. Nevertheless, they share
many properties of standard Sobolev spaces, see the last section of [10].

2.2. Reshetnyak formulas for the ray transform. Let S™R" be the (”ﬂ"gil)—dimen—
sional complex vector space of rank m symmetric tensors on R” and S(R™; S™R") be the
Schwartz space of S™R™-valued functions that are called rank m smooth fast decaying
symmetric tensor fields on R”. The family of oriented straight lines in R™ is parameterized
by points of the manifold

TS ' ={(2,&) e R" xR" | |¢| =1,(z,£) =0} C R* x R" (2.9)

that is the tangent bundle of the unit sphere S"~!. Namely, a point (z,§) € TS" !
determines the line {z + t£ | ¢ € R}. The Schwartz space S(T'S" ') is well defined. The

ray transform I is initially considered as the bounded linear operator (1.9) that is defined,
for f = (fi,.i,,) € S(R™; S™R"), by

@8 = [ e gnat= [(far.ea (@8 eTs™)

(2.10)
We use the Einstein summation rule: the summation from 1 to n is assumed over every
index repeated in lower and upper positions in a monomial. To adopt our formulas to the
summation rule, we use either lower or upper indices for denoting coordinates of vectors
and tensors. For instance, £ = &; in (2.10). There is no difference between covariant and
contravariant tensors since we use Cartesian coordinates only. The dot product on S™R"
is defined by (f,g) = fi,...,,g"""™ and |f] is the corresponding norm. The integrand on
the right-hand side of (2.10) is the dot product of tensors f(x + t£) and ™ € S™R™.
Being initially defined by (2.10) on smooth fast decaying tensor fields, the operator (1.9)
then extends to some larger spaces of tensor fields.

Next we define certain Sobolev spaces similar to what we did for the Radon transform.
The Fourier transform of a symmetric tensor field f € S(R™; S™R") is defined component
wise. The Fourier transform of a function ¢p(x,¢) € S(T'S"!) is defined as the (n — 1)-
dimensional Fourier transform over the subspace ¢*:

~ 1 —i{y,x n—1
o(y,€) = W/e Wog(x, &) dr ((y,€) € TS"H).
5J_
The Sobolev space H; (R"; S"R™) (t > —n/2) is defined as the completion of S(R™; S™R")

with respect to the norm

/]

sy = [ WP W)
Rn

and for real s and t > —(n — 1)/2, the Sobolev space H(TS"!) is defined as the com-
pletion of S(T'S"™!) with respect to the norm

(n=t L
H(Tsn-1) = % / /\y|2t(1+|y|2)3 1@y, I dy de. (2.11)

Sn—1 é‘L

Il

The zeroth order Reshetnyak formula for the ray transform of symmetric tensor fields was
proved in [7, Theorem 2.15.1] for s =t = 0 and in [8] for arbitrary (s,¢). These results
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are equivalent to Theorem 1.1 in the case of r = 0 although the equivalence is not easy
to check. We will discuss the equivalence in Section 5.

Similar to what we did for the Radon transform, we would like to define more regular
Sobolev spaces with the goal of deriving higher order Reshetnyak formulas. This is not
at all straightforward. An important step in this direction was undertaken in [9] where a
first order Reshetnyak formula for the ray transform of functions was proved.

We summarize the existing results:

(1) higher order Reshetnyak formulas for the Radon transform,
(2) zeroth order Reshetnyak formula for the ray transform of tensor fields
(3) first order Reshetnyak formula for the ray transform of functions.

The outline of the paper is as follows. In Section 3, we define an operator A, that serves
as an analog of the spherical Laplacian. This is the most important operator necessary
to define higher order versions of Sobolev norms on 7'S™"!. In Section 4, we consider
so called tangential tensor fields well adopted to the foliation of R™ \ {0} into spheres
centered at the origin. The Fourier transform of a solenoidal tensor field is a tangential
tensor field. Theorem 5.1 gives the Reshetnyak formula of an arbitrary integer order » > 0
for rank m solenoidal tensor fields. The formula involves certain differential operators
Almarl) (0 <1 <) on the sphere S"~! which are defined by a long chain of formulas and
recurrent relations. In particular, the operators A™"! participate in Definition 5.2 of the
norm || - || HO (R SRy Our main result, Theorem 1.1, is actually an easy corollary of
Theorem 5.1. For r = 0,1, 2, we present explicit versions of the Reshetnyak formula in
Section 6.

3. THE spaces H™(TS" 1)

Our aim in the section is to define more regular, in terms of higher differentiability in
the &-variable, Sobolev spaces on TS™ 1.

We first recall some first order differential operators on T'S™! introduced in [5]. Con-
sider R™ x R™ with variables (z, ) and introduce the following vector fields:

)?i - 0 - €i£pi>

Ox; OxP
N 5 9 P (3.1)
= = — 2P o— — Gl o

&, OxP ogp

As shown in [5], these vector fields are tangent to TS""! at every point (z,§) € TS" !
and therefore can be viewed as vector fields on 7S"~!. Let X, and =; be the restrictions
of these vector fields on T'S"~!.

We introduce the second order differential operator A¢ on T'S™™* by

n
Ag=—Y =7
i=1
Obviously, it is an invariant operator, i.e., independent of the choice of Cartesian coordi-

nates. This operator will be used for defining Sobolev spaces on T'S™ !,
Recall from (2.11), for ¢; € S(T'S" ™) (j = 1,2),

(=t — T
(e = potn [ [0 b E O B G (32

Sn—1 gj_
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Theorem 3.1. For every real s and every t > —(n — 1)/2, the adjoint of the operator Z;
with respect to the H(TS"™ ') inner product (3.2) is expressed by

Ei=-Ei+ (-1, (3.3)
where &; stands for the operator of multiplication by &;.
Proof. We start with the case of s =t = 0. The L*product on TS ! is defined as
(1, p2) L2 (rsn-1) = / /901(% )pa(x, &) dude. (3.4)
sn—1 gl
Given two functions ¢; € S(I'S"™!) (j = 1,2), define functions ¢; € C=(R™ x (R™\

e &z, &
¢j(xv§):@j<‘r— §7|2 7@)

These functions satisfy

Vi(x +16,8) = i(x,8) (t €R),  j(w,t8) = (w0, &) (0#£t €R), (3.5)

Therefore o, 6‘1/}
9% _ pOYi _
Since p; = j|rgn-1 (j = 1,2), we can write
(E¢<P17S02)L2(T8n—1) = / /(3%)(%5) Ya(x,§) drd§. (3.7)
Snfl EL

By the definition of =,

= ._%_ pawﬂ p&/)j

szj - agz zf gzg agp

Two last terms on the right-hand side are equal to zero by (3.6) and the formula simplifies
to the following one:
= 0y
‘—‘Zw] - agz
In view of (3.8), formula (3.7) becomes
9
(Expr, 02 12rsm) / / St (0, Valz ) dad,

Sn— lgj_

(j=1,2). (3.8)

Quite similarly,
(¢1, Zitp2) 2(Tsn-1) = / /% $f 5)d dg.
S§n—1 éj_
Taking the sum of two last equalities, we have

(~1901,902)L2(Tgn 1) + (901,~1802)L2(T8n = / /3§’ V1(, §) ?/12(9575)) dxdg. (3.9)

Sn— ng_

Define the function g € C*(R™\ {0}) by

_ / U (2, ) o, €) da (3.10)



10 V. P. KRISHNAN AND V. A. SHARAFUTDINOV

Let us compute the derivative 2 851. To this end we use the same trick as in the proof of

[5, Lemma 4.4]. Namely, fix a vector § € S"~!. For an arbitrary vector £ € R™ \ {0}
sufficiently close to &y, the orthogonal projection

(€, 2')
€12

is one-to-one. We change the integration variable in (3.10) according to (3.11). The
Jacobian of the change is |£[(&, €)™, After the change, formula (3.10) takes the form

0=/l e ul e v

With the help of (3.5), this formula is simplified to the following one:

_ el :
an /wl S)dx

=€ e ar=a2 -

3 (3.11)

We can now differentiate this equality w1th respect to &

@ _ <£O> |£| 501 ,

Sl [0 ———

<§0a €> afl
&

On assuming & € S"1, we set £ = & in the latter formula. The formula simplifies to
the following one:

+

3% ” )
P, €) 50’ /1/)1 58 L&) da'.

88(50) /861?( &) Yo, &) da’ +/1/11 +&0) 8?( ,&o) dz
&
Replacing the notations & and 2’ with £ and = respectwely, we obtain
210 [ (M@ RED)wHt o ges 31
51_

We use the following obvious fact. If a function f € C(R™\ {0}) is positively homoge-
neous of degree A > —n, then

/f ) dé = )\+n/f

l2|<1
We apply this fact to the function 2 651 that is positively homogeneous of degree —1 as is
seen from (3.5) and (3.12). Thus,
g 9g(2)
-(§)dE =(n—1 — dz.
m@ds=—1) [ F:
Sn—1 |z|<1

Transforming the right-hand integral with the help of the divergence theorem, we obtain

@ ds=m-1) [ Goeas
gn—1

S§n—1
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Together with (3.10) and (3.12), this gives

//aii(¢1($7§)m>(x,§)dxd§=(n—l) / /&sm(%ﬁ)@ﬂ%f)dwdé

Sn—1 gL Sn—1 EL

With the help of the last formula, the equality (3.9) takes the form

(Zip1, 902)L2(T8n*1) + (¢1, EiSO2)L2(TS"*1) =(n— 1)(901;&‘@2)L2(Tswl)-

This is equivalent to (3.3) in the case of s =¢ = 0.
Let us now prove (3.3) for an arbitrary s € R and t > —(n—1)/2. In view of (3.4), the
definition (3.2) can be written as

(S01, 902)H5(T8n*1) = ({51, w@z)w(mn*l),
where the weight w is defined by

()

ppEEY) yl* (1 + Jyl?)* .

w=w(lyl) =

Observe that Z;w = 0. Indeed, Z;|y|* = 0 as immediately follows from the definition of

—_

First of all,

(Zipr, 2) ms(rsn—1) = (Eip1, WD) 2(rsn—1).
Since E/Zgo\l = Z;p1 by [5, Lemma 4.4], this can be written as
(Zip1, 92) m (rsn—1) = (i1, WP2) L2(15n-1)-

Applying (3.3) for s = ¢ = 0, we obtain

(Zip1, @2)H§(Tswl) = <§01, ( —Zi+(n— 1)£i)<w¢2>)L2(T8n1)‘

Since =Z;w = 0, this can be written as

(i1, p2) ms(rsn—1) = <901, w(—Z+ (n— 1)§i)902>L2(TSn_1)-

Transforming the right-hand side in the reverse order, we see that

(21801; @2)H§(TS"*1) = <<P1; w( — Zip2 + (” - 1>§i¢2)>L2(TS"1)

— <<p1, (—Zi+(n- 1)&)@) :

H§(TSP—1)
U
Theorem 3.1 has the following corollary.
Lemma 3.2. The operator
Ag=—Y Z=-F%:8(TS" ") - S(TS" ) (3.13)

=1

is positive semi-definite with respect to the HF(TS" ')-product for any real s and t >

—(n—1)/2.
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Proof. For p € S(T'S" ') by Theorem 3.1,

(AEQO’SO)Hf(TS"*) = _(EiEigO’SO)Hf(TS"*) = _(Ei%E:‘P)HS( TSn-1)
= (EZQO, EiSO)HtS(TSn_l) - (n - 1)( s SZ ) TSn—1)
= (:Zgov EZQO) Hs(TSn—1) - (n - 1) (6"_' ¥ SO)Hf(TS7‘*1)'

[

The last term on the right-hand side is equal to zero since &Z* = 0 which can be verified
directly and follows from the definition of T'S"!; see (2.9). Thus,

(A&O SO HE(TSn—1) ZH‘—‘ZSOHHS(TS" n =Y (314)

g

We will frequently use the operators

0 0 0 , 0

a_gpﬂ <£aar> = gpﬁa <Jf,a§> =P —, <‘T o > 81,12

(€, 0) = & o6

Lemma 3.3. Given ¢ € S(TS" "), let a function ¢ € C=(R™ x (R™\ {0})) satisfy
U|rsn-1 = p. Then

Aw:[(ELW (6, D)+ (n=2)16, ) — ol (€, 02 +2(, D) (€, On) — (. 0 ) ]

TSnfl'
(3.15)
Proof. Z2p = Z21)|pgn-1, where

20 = (555 - 08 — 66755 ) (55 — 0675 — 673 )0

After opening parentheses,

=2 Peq P 0
Nad ? pPeq 2 2 C.ePeq 82
— 21‘15 a pagl 5 é a pa q xlé'lé. 5 ampamq
p_— p a

We restrict this equality to T'S"!, where |¢] =1 and (z,&) = 0. Performing the summa-
tion over i, we obtain

82 2 82
Agp = [( Zagz + &P agpagq — |z|ePet ——— T 2 DuroeT 516
0 0 '
—i—x”@—l—(n— 1)§pa—5p>w}mnl
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Obviously,

0? 5

gpgqafpafq = <€,0§> - <€>8§>7

oo (e,

dzPdx4 T
92
qc¢p — —
x 5 Oxpafq - <ZE,8§><§,8£> <IL‘,8$>
Substituting these values into (3.16), we obtain (3.15). O

In what follows, we will mostly use the following partial case of Lemma 3.3. Given a
function ¢ € S(TS"!) and an integer m > 0, define the function ¢ € C*°(R™ x (R"\{0}))

by
(2,6) . €

V€)= "o (2 = S 1), (3.17)

Then t|psn-1 = ¢ and the formula (3.15) is valid. The function v satisfies

b +18,8) =¢(z,§) (L ER), Y(z,t8) =t"P(z,§) (0# 1t ER). (3.18)
This implies

(€, 02) =0, (£ 059 =my. (3.19)

The formula (3.15) is now simplified to the following one:

dep=[(~ X g - w0+ mim+n-2))y]

. (3.20)

Definition 3.4. For an integer r > 0, real s and t > —(n — 1) /2, introduce the norm on
S(TS™1) (1 is the identity operator)

r
r

2 r l
||SD||Ht(TvS)(TSn—1) = ((1 + Ag) SD7 SO)HtS(TSn—l) - Z <l) (Ag@, QO)HEQ(TS"L*l) (321)
1=0
and define the Hilbert space Ht(T’S)(TSnfl) as the completion of S(TS™ 1) with respect to
the norm (3.21).

We note that for any integer r > 0, real s and ¢t > —(n — 1)/2, there is a continuous
embedding Ht(r’s) (TS™ 1) € HF(TS"!). Also for integers 1 > 75, we have the continuous
embedding H™(TS*1) ¢ H™*)(TS"1).

Comparing (3.21) with (2.4) and (2.8), we see the analogy: the operator A, is used in
the Definition 3.4 in the same way as the spherical Laplacian Ag is used in the definition
of H"*)(S"~! x R). However, there is the important difference between these operators:
A¢ is not an elliptic operator. Therefore we cannot use powers (A¢ 4+ 1)" with arbitrary
real r. This is the main reason why the spaces Ht(r’s) (TS™1) are defined for integer r > 0
only. Unlike S"~! x R, the tangent bundle 7'S"! — S"~! is not trivial (with exceptions
of n = 2,4,8); therefore the usage of spherical harmonics on T'S"! is rather problematic.

4. TANGENTIAL TENSOR FIELDS

Unlike the Radon transform, the operator (1.9) is not injective in the case of m > 0.
Given If for a tensor field f € S(R"; S™R™), we can recover the solenoidal part of f
only, see [7, Section 2.12]. Therefore the Reshetnyak formulas make sense on the space of
solenoidal symmetric tensor fields.
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We distinguish the subspace Sso1(R™; S™R™) in S(R™; S™R™) consisting of tensor fields
g € S(R™; S"R™) satisfying

agpi2---7:m .
> o =0, (4.1)

p=1

Such g are called (smooth fast decaying) solenoidal tensor fields of rank m. The equation
(4.1) is equivalently written in terms of the Fourier transform f =g as

Y’ fia...im (y) = 0. (4.2)

Recall that we use y as the Fourier dual variable of . In other words, the Fourier transform
maps Sso1(R"; S™R™) isomorphically onto the subspace St(R™; S™R") C S(R™; S™R")
consisting of tensor fields f satisfying (4.2). Such f will be called (smooth fast decaying)
tangential tensor fields of rank m. Here the term “tangential” is used in the sense “tangent
to spheres centered at the origin”.
We are going to prove the Reshetnyak formula
HgHHt(?"Sjl) (Rn;SmRn) ||]g||Ht(T’s)(TSnfl) (43)
for a solenoidal tensor field g € Sso1(R™; S™R™). The norm on the right-hand side of (4.3)
was defined in the previous section, see (3.21). But the norm on the left-hand side of (4.3)
is not defined yet. The latter norm will appear in the process of the proof; see Definition
5.2. The Reshetnyak formula (4.3) will be proved in the next section. In the current
section, we will develop some machinery for treating tangential tensor fields.

Let us recall the main relation between the ray transform and Fourier transform [7,
formula 2.1.15]. If f =g for a tensor field g € S(R™; S™R™), then

Ig(y.€) = 2m) i s, (W)€ .6 for (y.€) € TS (4.4)
We have thus to compute the norm ||g0||H<r,s>(TSn,1) of the function
e, ) = (firwin @E" - E™) | pguos (4.5)

for a tangential tensor field f € S+(R™; S™R"™). We start with computing A¢p. To this
end we use formulas of the previous section with the following modification. In view of
(4.2) and (4.5), points of the manifold 7'S"! are denoted by (y, &) in this section, since
they are actually treated as Fourier dual variables of (z,£).

For a function ¢ defined by (4.5), the formula (3.17) simplifies a little bit:

(.9
€17

We differentiate this equality with respect to &

ad) _ <y’ §> ig ’im
s )6\ Of i )
B (<y,§>5g+y€2 ol €>f§ ) fl..:m( {y g)
§ N i Ay’ i
where 07 = 8;; = 6Y is the Kronecker tensor. We again differentiate this equality with
respect to £ and then set |£] = 1 and (y, &) = 0 in the resulting formula. In this way we

£)En ... g, (4.6)

g)en...gm,



RESHETNYAK FORMULAS FOR THE RAY TRANSFORM 15

obtain
i ; fmg K i
— = — 1) fiiia..i B L gy R () g2 b
8612 TSn—1 m(m )f1125~-~1m (y)g 6 my’tf ( )5 5
O . . 8 f ;
2 J k 21...tm i1 o im 2 ‘6] ] 1.t i1 Zm
PO IR ) € = 2] — ) T ) €
Performing the summation over ¢, we obtain
- 82,(/} Pq 11 im—2 Paf?i?mim J¢io i
; D s — m(m = 1)0% fogiy i (Y)E" .. 72 = 2my a—yj(y)f §...¢
0 f; . . Ofi 4 ,
2 2 Jiim Jghgin | gim _gup Zldm (g ygh - gim
P SR ) g 2 )¢
(4.7)
Differentiating the equality (4.2), we see that
8 72 ...0m
ypfp— = = fjigriim- (4.8)

oy’
Replacing the second term on the right-hand side of (4.7) with this expression, we obtain

n 0% _ Pq i1 oo i -
; 6_512 TSn—1 - |:m(m - 1)5 qui1...im_2 (y)g .. 6 + 2m filn-im (y)f .. 5

a2f"i1---7:m

2
+ || By Oy

). Emr —o((y,0,)f), , €. 5} |
Tsn—1

(4.9)
Now, we compute the second term on the right-hand side of (3.20). To this end we
apply the operator (y,d,) to the equation (4.6)

0
(y,0y)h = ypa_yp(fil-..im( (,€)

e € €)

. pafil...im B <y75> 5 — fpfj i i
=V oy g O )
Setting €| =1, (y,&) = 0, we obtain
(5,000 lrsns = (9,0,)f), , €" ... €. (4.10)

We substitute expressions (4.9) and (4.10) into (3.20)

_ o 2 11.--tm 11 Tm+2 11 im
Ao = | bl 5o W)€ € 4 (0.00)),, L, €€
Fm(mAn—4)fi o, )& —m(m = 1) fogiy i o (y)E .. €2
TSn—1
(4.11)

We are going to rewrite (4.11) in terms of tensor notations. First of all, the operator
of contraction with the Kronecker tensor is denoted by j, this operator is widely used in
[7]. Thus,

0" fogir.cim—a(W)E" - €2 = (5 )ircia ()€ E 2

Let us also introduce the temporary notation

82 fll im

W(y) (4.12)

hil...im+2 (y) = U(il Zm+2)
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where o(i1 .. .4myo) is the symmetrization. The formula (4.11) takes the form

Aep = | = [y Pir i o E" €77 4 (0, 0)),, L, €0 €

i1...0m

1= 4) ()€€ = = D i E £ |
(113)

There is no problem with two last terms on the right-hand side of (4.13). But first two
terms are problematic. Indeed, the radial derivative (y,d,)f should not participate in
the final formula for Agp. The tensor field h, defined by (4.12), is not tangential. Our
conjecture is that the sum of first two terms on the right-hand side of (4.13) can be
expressed in terms of some operators sending tangential tensor fields again to tangential
fields. To realize this idea, we have to consider tangential tensor fields that do not need
to be symmetric.

Let f = (fi,..i,,) be a smooth tensor field on R™ \ {0} which is not assumed to be
symmetric. Instead of (4.2), we assume now that f(y) is orthogonal to y with respect to
any index, i.e.,

ypfil---ik—1pik+1---im <y> =0 for 1 < k < m. (414)

Such f are again called tangential tensor fields. A tangential tensor field f can be re-
stricted to the sphere S)~' = {y € R" | |y| = p} for every p > 0. For the restriction
flgn=1, we can consider the covariant derivative V/(f|gn-1) with respect to the Levi-Civita
connection on the sphere SZ‘I considered as a Riemannian manifold with the metric in-
duced by the Euclidean metric of R”. Then the tensor field V(f |SZ_1), being defined on
SZil for every p > 0 and smoothly depending on p, can be again considered as a rank
m + 1 tangential tensor field on R™ \ {0}. The latter tensor field will be denoted by Vf.
Let us compute coordinates of V f. We use Cartesian coordinates on R™ but do not use
any coordinates on spheres Sz_l, this is the main idea of the current section.

For simplicity, we will do calculations in the case of m = 2 and then will present
an obvious generalization of resulting formulas for a general m. A second rank tensor
field f = (/f;;) can be considered as the bilinear form f(Y,Z) = f;;Y"Z’ on the space of
vector fields. The main relation between inner geometry of a submanifold and geometry
of an ambient manifold [4] is expressed in our situation as follows. Let V' be the Levi-
Civita connection of the standard Euclidean metric on R™ and V be the Levi-Civita
connection of the Riemannian metric on Sﬁ_l induced by the Euclidean metric of R”.
Given three smooth vector fields X,Y,Z on Sz_l, extend them to smooth vector fields
on a neighborhood of Sg_l in R™ and denote the extensions by XY, Z again. Then for a
point y € Sp~1,

(VxH)Y.2)(y) = ((Vex f)(PY. P2))(y)
— (PX(f(PY, PZ)) = (Vix PY, PZ) ~ [(PY,VpxPZ)) ().
(4.15)

where P : R" — y* is the orthogonal projection.
Choose Cartesian coordinates (y',...,9") in R® and let 9; = -2 be the coordinate

Jyi
basis. For vector fields X = X0;,Y =Y0;, Z = Z'0,,

Loy
oyl

. ) 1 ) )
(PX)' =X'— —y,X?y", (VYY) =X

e (4.16)
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By (4.14), f(PY,PZ) = f(Y, Z). Therefore formula (4.15) gives

(Vxf)(Y.2) = (PX) o (7(v.2)

— f((Vpx PY)'0;, (PZ)0;) — f((PY)'0;,(Vpx PZ) 0;)
p 0 i i

= (PX)* 5 (Fu(PYY(P2))

— (Vpx PY)(PZY fi; — (PY ) (Vpx PZ) fi;.

On using (4.16), we obtain

1
ly

1 0 vi_ 1 i . 1 ;o
— (X" - Wyp [a— ‘yquY Yy )} (27 — W?JTZ v') fij

i 1 i 1 0 . 1 .
= (V= Y ) (X = X [ (2 = 2 ) |

(Vi)Y 2) = (X" - |2pr )50 V21

Using (4.14) again, we simplify this formula a little bit:

Loy f

(Vx )Y, Z) = (X" - Wprp yk)a (Y20 fi5)
0 a7
- (= ) [ O )] 2
: 1 0 . 1
VX X [ (e Z )] S

After implementing differentiations, some terms cancel each other, and we obtain

(Vx)(Y;2) = (X | 1|zprp k)YZZJ g];”
1 a /1 N
+ (X - Wprp o) [a_yk (quyq y7,>] 2,

| 1 o /1 »
FYH(XE -y Xy [— (—yTZT yjﬂfi-.
( e ) 5 ’

We write this in the form

afz]
oyk

1 0 (1 7 i
# 00 = X ) [+ 5 ()] 270,

, 1 1 0 1
i k k T
+YH(X ——lyququ)h 0?8} 5+ 5 (| s? ) }fw

(V) 2) = (X"~ 1|2ypxp yyyizi s
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Again using (4.14), this is simplified to the following formula

1 i
(VeN¥.2) = (X* = X0y 2/l
1
+ (Xk B Wpr ) ly quYq(sijfU

i 1 1 r<J
+Y (Xk — quXq yk) Wyrz o7 fij-

We perform the contractions with the Kronecker tensor in two last terms

1 of;
(VeI 2) = (0~ ey 2
Y| Dy
1 1 .
+ (X - |y|2pr ?/k)quYqZ]fm
+ Y (X — quXq yk) Wyrzrfz’k

and again simplify with the help of (4.14)

1
afzj + _ququZJfk]

1
(V)Y 2) = (X = o XMy )Y 25 s

1 17T

This can be written as

of; 1 i
(Vx )Y, 2)=X*Y'ZI af ;i — Wypxpy Z1y, 0,) fij

1 ) 1 )
+ quXquZ]fkj + WerkYZZTfik-

Changing notations of summation indices, we write this in the form

af%) Y Yk -
ayk ‘ |2fkj |y‘2f2k | |2 <yaay>fzj)-

(V)Y 2) = Xy 7

This means that

afz Y, Yk
Vk:fl] - _J |y|2 |y‘72 flk - | |2 <y7 y>f1]
This formula has the obvious generahzatlon to tensor fields of arbitrary rank
afl Zrn yla yk
Vi Sireim = =5 Z PE Jir- i akiasrcim — W@,aﬁfn...im- (4.17)

The proof is actually the same.

We emphasize that formula (4.17) is proved for a tangential tensor field f = (fi,....)
which is not assumed to be symmetric. As is seen from (4.17), V f is again a tangential
tensor field. The latter fact was mentioned above.

Next, we are going to derive a similar formula for second order covariant derivatives of a
tangential tensor field. This is actually an iteration of formula (4.17). We again consider
the case of m = 2. Let f = (f;;) be a tangential tensor field which is not assumed to be
symmetric. Applying formula (4.17) to the third rank tangential tensor field V f, we have

0

Yi
3_yl 5 Vi fij +

Yk
Vifij+ 15
2700yl

ViV fij = 25 Vifij + e y—gkaiz - ﬁ(y, 9y) Vi fij-

|y
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Substitute the expression (4.17) for the first term on the right-hand side
9 fij Ys Yk
( J 2 fzk - | |2<y7 >fz]>

|wm|w

Implementing the diﬁ"erentlation, we obtain the final formula

0 fij yi Ofw; ﬂafik —ﬂ@ >afz‘j
oykoy'  lyl* oy’ ly[2 oyt [yl2T Y oy
2yiy1 2y
o Tl

1 yr Ofii  2urys
— Ty, 0 fij — T oot Y, Oy) fij
| 2 uly: 0) ’ ly|? Oyt |y[* < y> ’

2kall | |2<y7 >v]€f1]

Vlkalj

2vlf2]

ViVifij =

1 1
+ Wéilfkj + W(sjlfik -

2vlf2] 2kalj

This formula has the obvious generahzatlon to tangential tensor fields of arbitrary rank

82i : 1 . az i i i 1 0 1.0
vklvszil i M + Z . fl a—1k2tg4+1...im fl .

= _— — )
QykLOykz |y|2 Dyk1 ||2yk2(y y> By

‘ ’2 Zélak’lf’tl da—1k2iq41.im |4yk1 Zyzafu da—1k2iq41...im

2 1 Ofiy . im
+ Wykzykz (Y, ) fir.im — W6k1k2<y7ay>fi1...im - | 2 Yko a;kl

1 1
‘ P?Jk’zvlﬁfll Zm ‘ ’2 Zyzavszll da—1k1la41.tm Wykl <y>ay>vk2fi1...im-
(4.18)
Let us rewrite (4.18) in the form
P fi..im

Vklkafil...im == aykllaykz ’y|2 Zélaklfn ’La 1k:22a+1 Zm - | |25k1k22 <y7 >f11 Zm et
where dots stand fore some sum of terms containing at least one factor from the list
Yirs -+ Yimso- We express second order partial derivatives from this

a2-][‘1‘1---'5‘7%

W = vlm+lvm+2le dm | |2 252a1m+1f11 a—1tm~42%a+1---Im
(4.19)

1
+ W(Sim+1im+2 <y7 ay)fil...im +

Recall that the Schwartz space St(R"; S™R™) of symmetric rank m tangential tensor
fields was introduced after formula (4.2). Along with the latter space we will use the space
CP(R™\ {0}; S™R™) consisting of smooth symmetric rank m tensor fields on R™ \ {0}
satisfying (4.2). The domain R™ \ {0} is foliated into spheres centered at the origin

R\ {0} = J§;!

p>0
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and the covariant derivative in (4.19) is understood in the sense of Riemannian geometry
of the spheres, as is explained after formula (4.14). The first order differential operator

d:C¥(R™\ {0}; S"R") — C(R™\ {0}; S™R™) (4.20)
defined by

(df )ir.cimer = (i1 1) (Vi figiinrn) (4.21)

is called the inner derivative. Actually this operator is defined on any Riemannian man-
ifold and is widely used in integral geometry of tensor fields [7]. But in this paper the
operator is always understood in the sense of spheres Szfl.

Now, we substitute the expression (4.19) into the formula (4.12)

1
hil...z‘m+2 (y) = (de)il-..im+2 (y) + Wﬂ(il .. .im+2) (5¢1i2(<y, 8y>f)i3...im+2 (y>)
_ ﬁ (i1« imr2) (Oisis figoimes (Y)) + -

Insert this expression into (4.13). The terms denoted by dots disappear since (y,&) = 0
on T'S™ ! and we obtain

Ag(p - { B |y|2 (d2f)i1~~im+2 (y)gil .- -§im+2 - 6i1i2(<y7 ay>f)i3~~im+2 (y>§il .- .gim+2
+ m5i1i2fi3~-~im+2 (y)éﬂ . -6im+2 + (<y> ay>f)i1...im€i1 e 'fim

Fm(m+n—4)fi, o, @)E & —m(m = 1)(5 )iy i ()€ €
Tsn-1

After obvious simplifications, this becomes

Agp = {_ Y1 (@ is i 2 ()E - €72 m(m 40— 3) fiy L (y) €€
(4.22)
o m<m o 1)(jf)l12m—2 (y)fll cee élm_g
TSn—1
The most important feature of the formula is the absence of the radial derivative (y, d,).
Recall that o = [f;, 4. (y)E" ... E™]pgn-1.

Next we consider higher powers of the operator Ag.

Proposition 4.1. Let us consider d*, j and |y|* as variables of degrees 2, —2 and 0 respec-
tively. Assume that d* and j do not commute while |y|* commutes with d* and j. Given
integers v > 0 and m > 0, there exist homogeneous polynomials P (|y|2d?,j) (—r <
k <) of degree 2k with integer coefficients such that the equality

A firin E 6 = > [(PUD(yPd?, 5) f)

k=—r

()€ . &m]

(4.23)
holds for any tensor field f € C*(R™\{0}; S™R™). The polynomials P"*) (|y|2d?, j) (—r <
k <) are defined by the recurrent relations

U1 b2k

PO (|yPd, j) =1 (4.24)
and
PUTYR (lyPd?, ) = — |yd® PTF D (Jy|*d?, j)
+ (m+2k) (m-+n+2k—3) P (|y|2d?, 1) (4.25)

— (m+2k+2)(m+2k+1)j PCFD (|y|2d?, §),
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where it is assumed that PT™% =0 for |k| > r.

Proof. We emphasize that the polynomials P™¥) depend on (m,n) although the depen-
dence is not designated explicitly.

We prove (4.23)—(4.25) by induction in r. For r = 0, (4.23) holds tautologically (the
left- and right-hand sides coincide). Assume (4.23) to be valid for some r. Apply the
operator A¢ to (4.23)

AT [ fireoins DET €7y = S AP )iy i ()€ €72] L (4.26)

k=—r

For brevity we write P"* instead of P"* (|y|?d?, 7). The tensor field P f of rank
m + 2k is also a symmetric tangential tensor field. By (4.22),

Af [(P(T7k)f)i1...im,+2k (y)fll ce gim+2k}Tsn71 =
= |~ |y‘2 (dQP(r’k)f)ilmier%Jrz (y)fil . -fim+2k+2
+ (m+2k) (m4n+2k—3)(PUR £ o (y)gh .. gimeze

— (mA2k)(m+2k—1)(GPTR )y i e, (y)E . glmrak—2 .
TSn—1

Substitute this expression into (4.26)

r

- { ~ Lyl (P F)iy i (W)€ P2t

k=—r
+ (mA+2k) (m+n+2k=3)(PUP ), o (y)En .. ghmree

- (m+2k)<m+2k_]‘)(jP(r’k)f)ll7'm+2k72 (y)fll st 5im+2k_2 .
TSn—1

On the right-hand side, we group together polynomials of the same degree in £&. The
formula becomes

AT i @)E" 6] g =

r+1

= > { (= 1yl PR o (et 2k) (-t 26— 3) PO
k=—r—1
— (m4-2k+2)(m4-2k+1) jP(’"’k*l)) f] e .gimm} .
11.--tm4-2k TSn—1
This finishes the induction step. U

5. HIGHER ORDER RESHETNYAK FORMULAS

Recall that the unit sphere S*! is considered as a Riemannian manifold with the
Riemannian metric induced by the Euclidean metric of R". Let 75,_, be the cotangent
bundle and S™7&,_, be the (complex) vector bundle of rank m symmetric covariant ten-
sors. There is a natural Hermitian dot-product in fibers, therefore SmTén,1 is a Hermitian
vector bundle. The action of the orthogonal group O(n) on S"~! extends to the action on
SmTén,l by automorphisms of the Hermitian vector bundle.
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The space C’OO(SmTén ;) of smooth sections of SmT’ n_1 18 the space of rank m symmetric
tensor fields on the sphere. The Hermitian dot- product of S 7,1 defines L?-product on
the space C'°(S™74,-1), so it makes sense to speak of adjoint operators as well as of the
action of the orthogonal group on C*(S™7&,_1).

We use two algebraic operators

00 Sy = ST G ST — ST (5.1)

of symmetric multiplication by the metric tensor and of contraction with the metric tensor.
More precisely, these operators are defined as follows:

(if)il"'im+2 - U(il U im+2) (giliin3"~im+2) ) (52)

G )irvin = 9" firvimia- (5.3)
The operators @ and j are adjoint to each other. We also use two first order differential
operators
d:O®(S"Th 1) = C®(S™ 7)), 0:C®(S™ ) — O (S 74-1).

The inner derivative d is defined in local coordinates by (4.21) where V stands for the
covariant derivative with respect to the Levi-Chivita connection on S*~!. The divergence
0 is defined in local coordinates by

<5f>ll7fm = gpqvpfqh...im’
where (g7) = (gpy) " and (g,,) is the metric tensor. The operators d and —d are adjoint

to each other. Each of 7, 7, d, d is an invariant operator, i.e., commutes with the action of
the orthogonal group.

Recall that the spaces H\™"(TS"1) were introduced by Definition 3.4.

Theorem 5.1. Given integers m > 0,n > 2 and r > 0, there exist self-adjoint linear
differential operators

Al geo(gmpl Y — C°(S™ 7, 1) (0< 1<) (5.4)
such that the equality

||If|| HO ) rsn-1) /P2t+2l+" "1+ p%)* /(A(m”””f, FY(p€) dedp (5.5)
' =0 0 Sn—1

holds for any real s,t > —n/2 and for any solenoidal tensor field field f € Sso(R™; S™R™).

The operators A (mrl) can be expressed as polynomials of (non-commuting) variables
(1,7,d,08) with real coefficients depending on (m,n,r,1). The polynomials can be obtained
by some recurrent procedure that will be presented below. In particular, each of A
is an invariant operator, i.e., commutes with the action of the orthogonal group. FEvery
A s q homogeneous differential operator of order 21; more precisely, AT™™) can be
written as a homogeneous polynomial of degree 21 of two (non-commuting) variables d and
0 with coefficients depending on i and j (the coefficients not always commute with each
other as well as with d and §).

For everyp >0, ,_, ot AT s g positive operator. In particular, A0 and Amrr)
are positive operators.

If the right-hand side of (5.5) is equal to zero for f € S 1(R™; S™R™), then f = 0 since
a solenoidal tensor field is uniquely determined by its ray transform [7, Theorem 2.12.2].
Therefore Theorem 5.1 suggests the following definition
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Definition 5.2. For an integer r > 0, real s and t > —n/2, define the norm on the space
SsolaRn; SmRn)

gy = 30 [ 50 200 [ 4] PGy deds 60

=0 0 S§n—1

and let the Hilbert space Hf;fl (R™; S™R™) be the completion of Sso1(R™; S™R™) with respect
to the norm (5.6).

For integer r > 0, real s and t > —n/2, we have a continuous embedding JZI) (R™; S™R™) I

t sol

HE(R™; S™R™). Also for integers r; > 75, we have a continuous embedding t(g)ls )(R™; S™R™) CI
") (R STR").

Theorem 1.1 follows from Theorem 5.1. Indeed, the Reshetnyak formula (1.12) holds
for f € Ssoi(R™; S™R™) by Theorem 5.1. This immediately implies the existence of the
continuous extension (1.11) as well as the validity of (1.2) for f € H, (rs) (R"; SMR™) since

t,sol
both spaces in (1.1) are completions of the corresponding Schwartz spaces.
One more important corollary of Theorem 5.1 is the following
Proposition 5.3. (1) The space Ht(g(fl) (R™; S™R™) is isotropic in the following sense. For

any linear orthogonal transform U of R™, the map Sso1(R™; S™R™) — Sgo1(R™; S™R™), f +—
foU extends to an isometry of H (r:s) (R™; S™R™).

t,sol

(2) The space Hfz(fl (R™; S™R™) is homogeneous in the following sense. For any a € R™,
the map Sso1(R™; S™R"™) — Sso(R™; S™R™), f(x) — f(z + a) extends to an isometry of
i) (R S™R").
Proof. The first statement immediately follows from the invariance of operators A"
with respect to the action of the orthogonal group mentioned in Theorem 5.1.

The validity of the second statement is not seen from Definition 5.2. Nevertheless,
the second statement easily follows from the Reshetnyak formula (1.12). Indeed, if f, =
f(x + a) for f € Sui(R™;S™R™) and a € R, then ({f,)(z,§) = (If)(z + a,§) and

||ffa||Ht<if/+21/2>(TSn71) = ||If||Ht<:f/+21/2)(TSnfl)- 0
The rest of the section is devoted to the proof of Theorem 5.1.

Given f € Se1(R™; S™R™), we will transform the norm HIfHHo« 172 ggno) in order to
t4+1/2

express it in terms independent of the ray transform. There will be several transformation
steps.
Let o = If € S(TS"'). By (4.4),

By, €) = 2m)fi i (W)™ 6 ((9,6) €TS™T). (5.7)
By Definition 3.4,
H[fHH(?" é+1/2) (TSn—1) HSOHZE:;;””(TS"*U = ((1 + Aﬁ)r(pa 90> Hts_:'ll//;(TSnfl)

r (5.8)
- Z (2) (AZ@, 90) HEY2(rsn-1y
q=0

t+1/2
We have thus to compute the scalar products

(Agcp, SO)Hf_:rll//;(TSnfl) (O <gqg< 7”)-
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By the definition (2.11),

t4+1/2

(Ag%@HS“”(TSn*I) - 47T(n+1)/2 / /’y‘2t+1 (1+ \y| ) tAqSO(?J £) (Z/ §) dyds.
S§n—1 gJ_

Since Ag = =Y, =7

7 commutes with the Fourier transform [5, Lemma 4.4], this can be
written as

Tr
(Ao s sy = ). [ [ 8200, 70,6 dude.

t+1/2
Sn—1 gJ_

Substituting the value (5.7) for @, we obtain

ot
w(Ag%@Hfﬁ/m(TS" 1) =

) S (5.9)
- / / WP+ 2 AL (Fo o WE €)oo (0) €€ dyde.

Sn—1 gj_

Since f is a solenoidal tensor field, ]?iS a tangential tensor field. By Proposition 4.1,

q

AL Frrin ET . &) = STPOD P, o ()E . g ((y,€) € TS™).

k=—q
Substituting this expression into (5.9), we obtain

o p(n—1)/2
il (Aq ) s+1/2

P(nT_l) 3404 Hi s (TS?1) -

q
=2 / / P+ 1) P )iy ian (U) Fipanrimmg o () € - €22 dyd.
k=—dgn—1 el
Changing the order of integrations with the help of [7, Lemma 2.15.3], we obtain
27r('n—1)/2
@“ﬁ% Piesifaironn =

t+1/2

= 3 W P Pk 0o i) [ € ey

kf—an S”*lﬁyl
(5.10)
By [7, Lemma 2.15.4],
' ' or L4+ 1/2)x(n—2)/2 o
/511 - _512m+2k dn72£ _ (n;("l‘n _:‘k j— g) <€m+k>ll...12m+2k (y)’ (511)
2
SnflmyL
where

(€m+k)i1-..i2m+2k (y) =o(ir ... i2maiok) <5i1i2 _ y“?J:) . <5i2m+2k—1i2m+2k _ yrme 1312m+2k >
(5.12)
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Substituting the expression (5.11) into (5.10), we obtain

/2 . T(m+k+1/2)
Ry O g = O / Py
2

t1/2 = T(m+k+25

X (Eerk)“leer% (y)(P a“k f)i1~--im+2k (y>fim+2k+1..-i2m+2k (y) dy
(5.13)

Observe that both tensors f(y) and (P(““)f) (y) are orthogonal to the vector y with
respect to any index. Therefore we can delete the second term y'y’/|y|* in all factors
on the right-hand side of (5.12). In other words, the tensor field e™**(y) in the formula
(5.13) can be replaced with the tensor 6™** where

e e e (P Y | (e (5.14)

The formula (5.13) becomes

/2 . T(m+k+1/2)
] (Ag% (,O)Hs+1/2(TSn71) = Z /| |2t 1+|y’

r(=) ez S T(mrk+n5t
X (5m+k)“m12m+2k(P(q7k)f)i1~-~im+2k (y)fim+2k+1mi2m+2k (y) dy‘
(5.15)
For m + 2k > 0, we define the linear algebraic operator
Cmk) . gmt2kgn _, gmRn (5.16)
by
<C(m7k)ga h> = (5m+k)ilmi2m+2k9i1.--im+2khim+2k+1--~i2m+2k (9 S Sm+2kRn7 h e SmRn)‘
(5.17)
Then the formula (5.15) can be written in the form
(M) sy =
() 6 sz
(5.18)

" T(m+k+1/2 - N F(y). F
=> r( p 2 /|y|2t(1+|yl2)s HCmO PR |y Pd?, ) f(y), f(y)) dy
—_ (m—i— +T)Rn

Recall that ¢ : S™R" — S™F2R" and j : S™F2R" — S™R" are the operators of
symmetric multiplication by the Kronecker tensor and of contraction with the Kronecker
tensor. They are defined by

(if)il...im+2 = U(il .- -im+2)((5i1i2fi3...im+2>7 (jf)il...im = 5qupqi1...im'
Lemma 5.4. For integers m > 0 and k satisfying m + 2k > 0, the operator C™*) s
expressed in terms of the operators v and j as follows:

[m/2]
Comh = N ay(m, k)P, (5.19)

p=max(0,—k)
where [m/2] is the integer part of m/2 and

2m=2Pm)(m + k)!(m + 2k)!
(m — 2p)'pl(p + k)!(2m + 2k)!"

a,(m, k) = (5.20)
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Proof. We present the proof in the case of an even m only. For odd m the proof is quite
similar. We write 2m instead of m in all formulas in the proof. The proof is based on
combinatorial arguments.

We rewrite (5.17) in the form

(C®mg, ) =

) ] ) ) i ; g . o _
= [U(ll e oMkl - - jgm) <6 12 remt2k—1t2mt2k g2 GI2m 1j2m>]gil..‘i2m+2khj1...j2m‘

After performing the symmetrization, this becomes

1 _
m,k _ T T4m 1\ T4m
<C(2 )g’ h> a m Z 0TI gTm R +2kgi1~-~i2m+2khj1~~~j2m7 (5'21)
" €My 2k
where the summation is performed over all permutations
S 1 - 4dm+4 2k
T ot Tametok )
We write a permutation 7 € 114,121 as a sequence of pairs
= ((771,72), (m3,74), .. -, (7T4m+2k71:7r4m+2k))- (5.22)

Pairs can be of 3 kinds:
first kind :  both elements of the pair belong to the set {j1,. .., jom};

second kind :  one element of the pair belongs to {i1, ..., %mi2k}
and another element of the pair belongs to {ji, ..., jam};
third kind :  both elements of the pair belong to the set {i1, ..., %2m 12k}

Obviously, the number of first kind pairs in a permutation is < m. Let a permutation
m € Iymior contain exactly m — p pairs of first kind. Then 7 contains also 2p pairs of
second kind and m + k — p pairs of third kind. Therefore m 4+ k — p > 0. Thus,
0 <p <min(m,m+ k).
We represent 114,101 as the disjoint union

min(m,m+k)

_ P
H4m+2k - U H4m+2k7

p=0

where II} . consists of permutations containing exactly m — p pairs of the first kind.
The formula (5.21) is now written as

min(m,m+k)
1 _
(2m,k) _ E' E T T4m+2k—1T4m L L
@ g:h) = (4m + 2k)! p=0 reIl? QT QT Gy o Mo
- TE 42k

(5.23)
All summands of the inner sum coincide. Indeed, as we have mentioned, a permutation
m € IT}, ., contains m — p first kind pairs, 2p second kind pairs and m + k — p third kind
pairs. Therefore

§rme (57T4m+2k—17r4m+2kgi1...i2m+2k le...jzm _ (jm+k_pf,jm_pg> — <Z'm—pjerk?—zof7 g>.
The last equality holds since j* = i. The formula (5.23) now gives

min(m,m+k)

1
@mk) — = e sm—p smtk—
¢ ~ (4m + 2k)! z% N(2m, k;p) ™ 05 rr, (5.24)
p:
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where N(2m, k;p) is the amount of elements in the set I}, .
It remains to compute N (2m, k;p). To this end we describe the following algorithm of
constructing all permutations 7 of the set IT} 4o- We start with an empty permutation

™= (('7')17('7')27-"a('7')2m+k’)~ (525)
Then we fill in all positions of the permutation in three steps.
1. We choose a subset {ja,,- - Japm_sp } Of the set {j1,..., jom}. There are

<2m2f‘ 2p> (5.26)

choices. Then we order the subset to obtain
(2m — 2p)! (5.27)

sequences of pairs ((JaysJas)s - - -+ (Jasm_sp1s Jasm_sy)). Preserving the order of pairs as
well as order of elements in each pair, we insert these pairs into the permutation (5.25).

This can be done in
(2m + k‘) (5.28)
m-—p
ways. The result of the first step is a set of partially completed permutations. Every such
permutation contains m — p pairs of first kind but still contains m + k 4+ p empty pairs.
2. On the second step, we insert pairs of second kind. Let 7 be one of partially com-
pleted permutations obtained on the first step. Let again {ja,, .., jas,_o, } De the subset

of elements participating in 7. Let {ja,,...,j8,} = {J1,---J2m} \ {Jass - Jaom_op}-

Starting with the set {jgs,, ..., g, }, Wwe create ordered sequences of 2p second kind pairs.
To this end we first order the set {js,,. .., js,, }; this gives
(2p)! (5.29)
ordered sequences (jg,,...,jg,,). Then, we choose a subset {i,,..., iy} of the set
{i1, ..., 92ma2k}; there are
2m + 2k
< ) (5.30)
2p
choices. Finally, we unite each element of the sequence (jgs,,...,js,,) with one element of
the set {i,,...,i,,} into a second kind pair; this can be done in
2% (2p)! (5.31)

ways. If (js,,i,,) is a second kind pair, then (i,,,js,) is also a second kind pair; this
explains the factor 2% in (5.31).

Next, preserving the order of pairs as well as order of elements in each pair, we insert
created second kind pairs into the partially completed permutation w. This can be done

in
<m+k—l—p> (5.32)
2p
ways since we insert 2p pairs to m + k + p vacant positions in . The result of the second
step is a set of partially completed permutations containing m — p first kind pairs and 2p
second kind pairs. Every such permutation still contains m + k — p empty pairs.

3. For every partially completed permutation 7 created on the second step, we still
have 2m + 2k — 2p elements of the set {i1, ..., i9m12x} Which do not participate in 7. We
just insert these elements in an arbitrary order into m + k — p empty pairs of m. This can
be done in

(2m + 2k — 2p)! (5.33)
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ways. This finishes the algorithm.
The algorithm gives us all permutations of the set IIf ., with no duplication. Thus,

the total amount N(2m, k;p) of elements of I}, is equal to the product of quantities
(5.26)—(5.33), i.e

2m 2m + k 2m + 2k
N(2m, k:p) = 2m — 2p)! 2p)!
mip) = (5, 2" Jem =2 (0 Py (P 2
x 2% (2p)! (m +2k +p) (2m + 2k — 2p)!.
p

After obvious simplifications, this becomes

2% (2m)!(2m + k)!(2m + 2k)!
(2p)!(m — p)(m + k — p)!

Substituting this value into (5.24), we obtain

N(2m, k;p) =

min(m,m+k)

k) _ 1 227 (2m)!(2m + k)!(2m + 2k)! g ik (5.34)
(4m+2k)! (2p)!(m —p)(m + k — p)! ’
Finally, changing the summation variable as p = m — ¢ in (5.34), we get
o) 1 Zm: 22 (m)l2m + B2+ 20 iy
(4m + 2k)! B (2m — 2q)!q!(k + q)!

This coincides with (5.19)—(5.20) for an even m. O

Recall that P@*)(|y|2d?, j) is a homogeneous polynomial of degree 2k in the variables
ly|?d? and j since degrees of d?, j, |y|* are 2, —2 and 0 respectively; the variables d*> and
j do not commute while |y|? commutes with d* and j. Let us explicitly designate the
dependence on |y|%. To this end we represent

|k|
PR (JyPPd?, 5) = Z [y PRI (d?, ), (5.35)

where the polynomial P@*!(d?, ) is homogeneous of degree 2! in d? and homogeneous
of degree 2k — 2l in j. Substituting the expression (5.35) into (5.18), we obtain

1/2

q _
F(nT_l) (Aggo, (’D)Hfill//Z(TS” 1y =

q |K|

_ Z L(m+k+1/2) Z/’y|2 t+l (1+|y2)HC C(m:k) p( qkl)(d )’\( ),A(y)>dy.

—_— I‘(m+k5—l—” 1

We can now change integration variables. Setting y = p&, we obtain

o1/2
q _
F(%) (AéO? QO)Hle//;(Tgn—l) -
\ | %
D(m+k+1/2) . - o~
= Y iy o [ Py [ (B PR ) F ) o) dsde
=0 0 Sn—1

(5.36)
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The operators d and j are now understood in the sense of intrinsic geometry of the sphere
S"~! furnished by the standard Riemannian metric: d is the inner derivative and j is the
contraction with the metric tensor.

Let us introduce the weighted L?-product on the space S(R"; S™R")

o0

,9) 125 (grsgmpny= [ Y yI? ) Loy dy = | p7 T (1+p7)7T . 9)(p p.
(f9) 2+ = WA+ (f.9)(y) d ") | (fL9)(p8) déd
R" 0 sn—1
(5.37)
On the right-hand side of (5.37), (f, g) stands for the dot-product in fibers of the Hermitian
vector bundle SmTén,l mentioned above.
The formula (5.36) can be written as

/2 zq: L(m+k+1/2

L

q _ ) (m.k) p(g.k,0) F

F(nil) (AEQD, (p)Htsill//;(TSn—l) - F(m—i—k—i— u) Z (C P f7 f)Lfle(Rn;SmRn).
(5.38)

We remember that ¢ = [f. It makes sense to group together terms with the same
value of [ on the right-hand side of (5.38). We write (5.38) in the form

q

q _ (mal) 7
(A§[f7 If) ::;/Q(Tgn 1) - — (B f7 ﬂL?le(R”;SmR")’ (539)
where )
r'2s=)r'im+k+1/2
B(m’q’l) _ Z (1/223 (m n71/ >C(m’k)P(q’k’l)(d2,j). (5.40)
_gciapz T (mA k)

Substituting the expression (5.40) into (5.8), we have

r

2 o A (m,r,l) N
H[f‘|Ht<:‘17L21/2>(TS"71) - Z (A f7 BL?fl"Ll(Rn;SmRn)J (541)

=0

Almarl) _ Z (r> Bmal) (5.42)
q

q=l
In view of the definition (5.37), the formula (5.40) takes the form

where

Iy = D / iy et [ (A F o) dedp. (543

=0 0 Sn—1

Proof of Theorem 5.1. In the general case A" is not a self-adjoint operator, the cor-
responding example will be presented in Section 6. But all A" must be self-adjoint
operators in Theorem 5.1. This can be achieved as follows. Applying the complex conju-
gation to (5.43), we obtain

iy = D / e 2t [ (A7) 06) dedp
=0 0 Sn—1
Taking the sum of this equality with (5.43), we arrive to (5.5) with the self-adjoint oper-
ators

A(mrl 5 (A(mrl (A(m,r,l))*)' (544)
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Thus, the operators A ™) are defined in several steps: the recurrent relation (4.25),
formulas (5.19)-(5.20), (5.35), (5.40), (5.42), and (5.44). These formulas constitute the
algorithm for computing the operators A™ ™) We will realize the algorithm for r = 0, 1,2
in Section 7. The algorithm can be used for every r, but the volume of calculations grows
fast with r.

According to the algorithm, every A" can be represented as a polynomial of (non-
commuting) variables d, 4, j. This implies that all A(™"!) are invariant operators, i.e., they
commute with the action of the orthogonal group on S*~!.

As mentioned after (5.35), P@*)(d?, j) is a homogeneous polynomial of degree 2I in
d?, if the degree of d? is assumed to be equal to 2. In other words, P"V(d2 j) is a
homogeneous differential operator of order 2/. The coefficients C™*) in (5.40) are pure
algebraic operators. Therefore A" is a homogeneous differential operator of order 21
on S"7!. The divergence § is mentioned in Theorem 5.4 since the operator § appears in
commutator formulas for d and j, see the next section.

The right-hand side of (5.5) is positive for every tensor field f € Syo(R™; S™R"™) which
is not identically equal to zero. This statement follows from (5.5) since a solenoidal tensor
field is uniquely determined by its ray transform [7, Theorem 2.12.2]. We believe that all
Almml) are non-negative operators. This fact will be checked for 7 = 0,1, 2 and for small
m in Section 7, but so far we cannot prove it for general (m,r).

Let us now prove that >_,_, p! At™"Y is a positive operator for every p > 0. In particular,
if p is either very small or very big, this gives the positiveness of the operators A0
and A7) since A are independent of p.

In (5.5), f is an arbitrary tensor field from the space Si(R™; S™R™). In terms of
the Fourier transform this means that f is an arbitrary tensor field from St(R"™; S™R™).
On using the latter fact we separate variables in (5.5), that is, choose f in the form

F(p€) = alp)g(€), where g € C>(S™7¢,-1) is an arbitrary tensor field on the sphere and
« is an arbitrary function from S(R). For such a choice, (5.5) becomes

Ao sy Z / PR (L4 p?) e () / (A g g)(€) dedp.

=07

Sn—l
In particular,
24n—1 1 2\s—t 2 - QZA("W"»Z) d€d 0 5.45
/ g1 1=0

for any tensor field g € C*°(S™7,_,) not identically equal to zero.
Let us use the arbitrariness of the function « in (5.45). For a fixed py > 0, we can
choose o € S(R) supported in an arbitrary neighborhood of pg. Therefore (5.45) implies

/ <ipglf4(m’“”g,g>(€) d¢ > 0.
=0

Sn—1

(m,m,l)

This proves the positiveness of >;_ plA since py > 0 is arbitrary. O

We finish the section with a remark that is important for applications of Theorems 1.1
and 5.1. Recall [7, Theorem 2.6.2] that a tensor f € S(R"; S™R") is uniquely represented
as the sum of solenoidal and potential parts

f="f+dv, 5% =0. (5.46)
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The ray transform does not see the potential part, i.e., [f = I(*f). The tensor field *f
belongs to the space C5(R™; S™R™) but not to Seo1(R™; S™R™). Indeed, in the general
case °f(x) decays at infinity as (1 + |z|)'~™ but does not fast decay. Therefore, formally
speaking, Theorem 5.1 does not apply to ®°f. Nevertheless, the situation can be easily
improved. Indeed, the Fourier transform S/:f (y) is smooth on R™ \ {0}, fast decays at
infinity but has a singularity at y = 0. Fortunately, 57 (y) is bounded on the whole of
R"™, i.e., the singularity concerns positive order derivatives of s}’ (y) only, see [7, Theorem

2.6.2]. This immediately implies that °f belongs to Hf;’jl) (R™; S™R") and Theorem 1.1

applies to °f. Moreover, Theorem 5.1 actually applies to *f too. Indeed, by (5.7), the
function

08 = [T | = (@m)T]

TSn-1
belongs to S(T'S™!). Recall that our proof of (5.5) is based on the usage of this function.
Thus, no singularity appears on the right-hand side of (5.5) while replacing f with *f for
f e SR S"R").
The decomposition (5.46) is also valid for symmetric tensor fields of less regularity, see
for example [8, Theorem 3.5]. Theorems 1.1 and 5.1 with appropriate modifications apply
to °f in all such cases.

6. RESHETNYAK FORMULAS OF ORDERS 0, 1,2

6.1. Zeroth order Reshetnyak formula. In the case of » = 0, Theorem 5.1 gives: for
every real s and ¢t > —n/2, the equality

A2 ciiszppanan = [ PPN (L4 p2) 0 [ (A0 F ) (p€) dédp (6.1)
Hy 5 (Tsn=1)
0 S§n—1

holds for any tensor field f € Sy (R™; S™R™). The operator A™"™! is defined in Sections
4-5 by a chain of formulas and recurrent relations. Almost all these formulas are very
easy in the case of r = [ = 0 and we obtain

n—1\ [m/2]
A(m,O,O) _ F(T) Z a (m n) ik -k (6 2)
- 271_(”71)/2 k I ] : ‘

Here [m/2] is the integer part of m/2 and the coefficients are expressed by
2 =D2(m1)3T (m + 1) 1
(2m)!T (m + 254) 22k (k)2 (m — 2k)!

This actually coincides with [8, Theorem 4.2]. Nevertheless, we indicate 3 following
differences between [8, Theorem 4.2] and (6.2)—(6.3).

ag(m,n) = (6.3)

n—1

(1) The factor ;ﬂg—?)% is added on the right-hand side of (6.2) since the definition

1 i
o =5 [ [ P P 150, OF dyds

Sn—1 gi

el

n—1

2
(2) The factor 7("=2/2 is written on the right hand side of (6.3) instead of the factor
7(=1/2 in the formula for aj(m,n) in [8, Theorem 4.2]; it is just a misprint in [8],
compare with [7, formula 2.5.3].

is used in [8] which differs by the factor 2;?”_1)/)2 of our definition (2.11).
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(3) The factor (m!)? participates on the right-hand side of (6.3) although it is absent
in both [7] and [8]; this is also a misprint (indeed, the factor (m!)? is presented
in formula (4.11) of [8] but the factor is lost in the corresponding formula in the
statement of [8, Theorem 4.2]; unfortunately, the same misprint is in [7]).

As is seen from (6.2), A™00) is a positive self-adjoint operator.

6.2. First order Reshetnyak formula. By Theorem 5.1, the first order Reshetnyak
formula

A1 oy = [ 450+ 270 [ (APIIF, P (06) dedp
- o (6.4)
s [t et [AmOF fpe) dedp
0 Sn—1

holds for every real s, t > —n/2 and for any tensor field f € Sgui(R"; S™R™).
By Theorem 5.1, A(m LD is a second order differential operator while A0 is an al-
gebraic operator. We compute these operators following the scheme presented in Sections

4-5, but in the reverse order.
First of all by (5.44),

m, 1 - m A(m * m 1, - m A(m *
A( 1,0) 5(A ,1,0) + (A( 71,0)) )’ A( L) 5(14( ,1,1) + (A( ,1,1)) ) (65)
By (5.42),
A(m,l,o) _ B(m,O,O) + B(m,l,O)7 A(m,l,l) _ B(m,l,l)‘ (66)
By (5.40),
Bm0.0) _ F(n21) (m+1/2) (/(m.0) p(0,0,0)
/2T (m+ 251 ) ’
Bm1.0) F(nQI) (m— 1/2)0 (m.~1) p(1,—1.0) | F(nzl) (m+1/2)0 (m.0) p(1,0,0)
1/2F(m+" 3) 7T1/2F(m+” 1)
2
1/2F(m—|— n+1) )
BmL1) _ F(n 1) (m— 1/2)Om—1)P(1,—1,1) F(n 1) (m+3/2) m1) p(1,1,1)
7T1/21"(m+”23) Wl/zf(m%—”;l) '

Substitute these values into (6.6)

A(m,l,()) — F(nT_l) F(m—1/2) C(m —I)P(l,—l 0) + F(m+1/2) O(m,O) (P(I’O’O) + 1)
ml/2 F(m+”T_3) F(m—l—;l
N F(m—l-iJ/f) Cm) p10) |
L(m+23)
Jm1D) L(*3) [T(m—1/2) Clm~1) p(1-1,1) I'(m+3/2) Cm) pL1D) |
w2 T (m+132) L(m+23)
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We have used that P09 is the identity operator 1 as follows from Proposition 4.1 and
formula (5.35). This can be simplified a little bit:

n—1
Am10) _ L(z)r (m+11/2) 241 =3 n,—1) p(1,-10) . (m0) (P09 4 1)
7T1/2F(m+”2 ) 2m—1
L 2mEL A paiio)
2m+n—1 ’
Jom11) [(%54)T(m+3/2) (2m+n—1)(2m+n—3)C(m7,1)P(1’,171) L o) paLy |
/2T (m+ 25 (2m+1)(2m—1)
(6.7)
Using recurrent relations of Proposition 4.1, we compute
PEY —mm+1)j, PO =m@m+n-3), PV =_—|yd (6.8)

This implies with the help of (5.35),

PE=Y0 — (m + 1)5, PEEY =0, POOD) = m(m 4 n — 3), POLO =, pLLD — g2,
(6.9)
Substitute these values into (6.7)
L(%54)0(m+1/2) [m(m-+1)(2m+n—3)
ﬂl/QF(m—l—”—l) 2m—1

A1) _ L ("5)T(m+3/2) 1)

A(m,l,O) _

CmVj + (m(m+n-3) +1)C™0 |

_ d?
/2T (m+ 2L '
(6.10)
By Lemma 5.4,
[m/2] —2
) . 2" ml(m — 1)!(m — 2)!
om-1) _ _1)pqp1 —1) = ;
p; CLp(m, )Z J ) ap<m7 ) (TTL _ 2p)'p'<p — 1)'(2771 — 2)"
/2 m=2p (/)3
2m=2P (m)!
cm0) — ay(m,0)i5?,  a,(m,0) = ; (6.11)
pz:; p( ) P< ) (m _ 2p)!(p!)2<2m)!
Cm1) [mZ/Q] (m, )P, ap(m, 1) = —— ml(m +1)!(m +2)!
) — a /]’)’l7 1 ] y a m; - ’
2 » P (m — 2p)'p!(p + 1)!(2m + 2)!

Substituting values (6.11) into the first of formulas (6.10), we have
I(%2)T(m+1/2)
ﬂ-l/ZF(m+ n_l)

+ Z ( m+21m2inl+n—3)ap(m,—1) + (m(m+n—3) + 1)ap(m,0)>ipjp}_

A(m,l,O) _

[(m(m+n—3) + 1)ao(m, 0)

On assuming ag(m, —1) = 0, this can be written as

[m/2]
Am:1,0) Z a(mlo PP, (6.12)
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where
L (%20 (m+1/2) pm(m+1)(2m-+n—3)
(m,1,0) _ 2 _ B
% U2 (mt 251 [ S — ap(m, —1)+ (m(m4n=3)+1)a,(m, 0)],

Substituting values (6.11) for a,(m, —1) and a,(m,0), we obtain

Q10 _ I(2)T(m+1/2)m(m!)*(m—2)!  2m=2 .
» /2T (m+251) (2m)! (p!)?(m — 2p)! (6.13)

X [2p(m+1)(2m+n—3) + (m—1)(m(m+n-3) + 1)} (m > 2).

Because of the factor (m — 2)!, this formula makes sense for m > 2. We will consider the
cases of m = 0 and m =1 a little bit later.
Substituting the value for C™ from (6.11) into the second of formulas (6.10), we have

__r(ﬂgl)r(np+3/2)“”m

A(m,l,l) — ’1 p 'p+1d2,
7T1/2F(m+"7+1) p;o Clp(m )Z J
This can be written as
[m/2]
mll _ Z&mllz;ﬂ p+1d2 (614)
h
where p(n 1) m+3/2)
ML) — 2 ay(m, 1).
S =

Substituting the value (6.11) for a,(m, 1), we obtain

ML) — L("7H)T(m+3/2)ml(m+1)!(m+2)! 2m—2p (6.15)

P 12T (m+2) (2m + 2)! pl(p+1)!(m —2p)! '

Let us also specity the formula (6.13) for m = 0 and m = 1. In the case of m = 0, the
first of formulas (6.10) gives A0 = C(00) By (6.11), O = g4(0,0)1 = 1. Thus,

Am10) — 1 (6.16)

In the case of m = 1, the first of formulas (6.10) gives A(mglo) = 2005 4+ 00, By
(6.11), O = 0 and CHY = qo(1,0)1 = 1. Therefore A™19 = 1. Thus, we can
assume (6.12) to be valid for all m with the formula (6.13) added by

Oé(()o,l,o) _ &81,1,0) -1 (6.17)

As is seen from (6.12)(6.13), A™19) is a positive self-adjoint operator. By Theorem
5.4, AL — %(A(m’l’l) + (A(m Ly* ) must be a positive operator. As far as the operator
ALY ig concerned, its non-negativeness and self-adjointness are not obvious. Deleting
factors independent of p in (6.15), we pose the following

Conjecture 6.1. The second order differential operator

/2] >
2—4p

DM ==3, PP O (S T 1) = O (S™ T 6.18

= p!(p—i—l)!(m—Qp)!Z] (8™ Tgn-1) (S™Tén-1) ( )

1 a non-negative self-adjoint operator for every m.
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If the self-adjointness of D™ was proved, then its positiveness would follow by Theorem
5.4. We will check Conjecture 6.1 for m = 0,1,2. In the general case the conjecture
remains unproved.

We use local coordinates on the sphere, (g;;) is the metric tensor and (¢%) = (g;;) "
In the case of m = 0, the formula (6.18) becomes D® = —jd? = —A, where A = gV, V;
is the rough Laplacian. Conjecture 6.1 is true for m = 0.

In the case of m = 1, the formula (6.18) becomes

(DD F), = —(Gdf); = —égj’f(vivjfk F Vi fs + ViV fs £ ViVif, + Vs + ViV fo).
We write this as
(DO )i =~ ((@51): + Gl + (Af)) (6.19)
On the other hand,
(@) = 5(Vify + Vifo)

and
1
(6df )i = g"Vp(df )iq = §gpqvp<vifq + Vi, fi)
1 1
= Egpq(vpvifq + vaqfi) = 5 (vaifp + (Af>2>
From this

VoVifP 4+ (Af); = 2(6df ).
Substituting this expression into (6.19), we obtain
2 1
DW = —Z6d — =df.
3 3

Both —dd and —dd are non-negative self-adjoint operators. Thus, Conjecture 6.1 is true
for m = 1.
In the case of m = 2, the formula (6.18) becomes

1 1
D@ = —§jd2 -3 ij%d®> on S2. (6.20)

For a symmetric tensor field f = (fi;), we have
1
(P f)iju = E(Vivjfkl + V;Vifu + ViV fiu + ViVifi + ViNVifie + ViV fin
+ V; Vi fa + ViV fu + ViV far + ViV fie + Vi Vi fij + Vlkaij)-
Contracting this equality with the metric tensor g*, we get
. 1 1
(Gd*f)i; = gvivjf]f + E(Vivpf]p + V; Vo ff + vaifjp + Vi f7 + (Af)z’j)- (6.21)
This can be written as
. 1 1 1 )
(Jd*f)i; = g(dfsf)z‘j + E(vaz’ff + Vil + (Af)y) + g(dzjf)z'j- (6.22)
On the other hand,
1
(df )ik = g(vifjk + V; fi + Vifi;)
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and
1
(6df )ij = g"Vp(df )ijq = ggpqvp(viqu + V; fiq + Vo fis)
1 1
= 39" (VN (Vifja + Vifia + Vo) = g(VpViff +VpVifl 4 (Af)i).
From this

VoV + Vi f7 + (Af)ij = 3(8df )i
Substituting this expression into (6.22), we obtain
1 1 1
jd* = ~dé + = 6d+ = d*j on S° (6.23)
3 2 6
Contracting the equality (6.21) with the metric tensor g¥/, we obtain

2 1 1
PP =8+ - Aj+ - jA
J R0 eIt

The operators A and j commute. Therefore

2 1
§2d* = 3 6+ 3 Aj on SZ (6.24)
Substituting (6.23) and (6.24) into (6.20) we have
1
D<2>——— _Z ——A _ Lo 2. 2
do 5d iAj 12d 12@5 (6.25)

The first three terms on the rlght—hand 81de are self-adjoint operators while two last
terms are adjoint to each other. Therefore this formula implies that D is a self-adjoint
operator. The coincidence of coefficients at two last terms on the right-hand side of (6.25)
looks as a good fortune. The main difficulty of the proof of Conjecture 6.1 in the general
case is just getting such coincidences.

We have thus proved the Conjecture 6.1 for m = 0, 1, 2. Observe that we have used no
specifics of the sphere, i.e., S*"! can be replaced with an arbitrary compact Riemannian
manifold in (6.18).

As we have mentioned, the positiveness of the operator D™ on the sphere follows from
its self-adjointness in virtue of Theorem 5.1. The following fact is also of some interest:
the non-negativeness of the operator D® on an arbitrary compact Riemannian manifold
can be derived from (6.25). We do not present the derivation.

6.3. Second order Reshetnyak formula. According to Theorem 5.1, the second order
Reshetnyak formula

P )t [ AT ) o) dedp

S§n—1

HIfHH(2 9+1/2) (TS"—1)

~

(] 4 Ryt / (A™2DF, )(pg) dedp (6.26)

Sn—1

i € /( A2 F Y (p€) dedp

S§n—1
holds for any tensor field f € Sy (R"™; S*R™). Here s € R is arbitrary and ¢t > —n/2.

+

+
0\8 0\8 0\8
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We again have by (5.44)

1, - _
A2 — §(A<m7270 + (A2 (1=0,1,2) (6.27)
The operators A(m20) A(m:21) A(m:2.2) are computed by the same scheme as in the previ-
ous subsection, but all calculations are more bulky. We present the result.

First of all

A020 =1 AB20 = (n — 1)1 (6.28)
and
) /2]
Alm20) — Z a{mE0@ P (> 2), (6.29)
where
o (m:20) F(HT_I)F(m+1/2) 2m=2Pm2ml(m — 1)!(m — 2)!
b /2T (m+ 251 (m —2p)!(p!)?(2m)!
2 2 2 (6.30)
x [(m = 1)(m*+mn—3m+1)* + 4(2m-+n—3)(m*+mn—3m-+1)p
— 4(m+1)(2m+n—3)(2m+n—>5)p’] (m > 2).
Next,
] m/2)
A(m,2,1) _ Z a;m,Q,l)Z'pjp-i-ldQ’ (631)
p=0
where
20 27 ml(m+1)!(m+2)!(m*+mn—m-+n—1)T' (251 (m+3/2) y
P 1/2 | ntl
* pl(p+ 1) (m—2p)!
Finally,
[m/2]
Alm22) = N " (22 p 2, (6.33)
p=0
where
m22) 2mm!l(m+2)!(m~+4)IT (252 T (m+5/2) 1 . (6.34)
P 1/2(2m—|—4)'F( +i3) 22rpl(p + 2)!(m — 2p)!

As is seen from (6.29), A™20) is a self—adpmt operator. Therefore A(m20) — A(m.2,0)
by (6.27). Theorem 5.1 guarantees that A2 is a positive operator. The latter fact can
be also derived from (6.28)—(6.30). Indeed, all coefficients in (6.29) are positive as one
can easily check by an elementary analysis of the quadratic trinomial in brackets on the
right-hand side of (6.30).

For small values of m, the operators A2V and A(m22) Jook as follows:

A02D — _ A 4022 1 ; ——— (A% +26%d%); (6.35)
~ 2021, —
A2 _ _(2”—1) (d6 + 26d),
/”L —
. 1
A2 — (662> + 40ddd + dods + 2d6*d + 26d%6); (6.36)

(n?2—1)(n+3)
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60(3n + 1)
(n? —1)(n +3)

(24 82d% + 4d%5°% + 18 6dod + 8 dods + 12 dd*d + 12 6d26

A2 _ _

(60d +4d6 + iddj + 2 d*j), (6.37)

6
(2= 1)(n+3)(n+5)
+ 206%d%j + i0dodj + 6 0d>j + 630°d + 4 dod?j + 436°dS + 2 d*6dj + 2i5d62>.
- (6.38)
As is seen from (6.37), A1 is not a self-adjoint operator. Indeed, three first terms on
the right-hand side of (6.37) are self-adjoint operators, but d?j is not self-adjoint. Thus,
the symmetrization (5;44) is an essential step of our algorithm for computing A"V,
For the operators A™22) the same question can be asked as in the Conjecture 6.1:

is Am22) 4 self-adjoint operator? The answer is positive for m = 0,1,2 as is seen from
(6.35), (6.36) and (6.38). For a general m, the question remains open.

A222) _
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