MOMENTUM RAY TRANSFORMS
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ABSTRACT. The momentum ray transform I* integrates a rank m symmetric tensor
field f over lines with the weight t*: (I*f)(z,¢) = f_oooo tF(f(z+1£), ™) dt. In particular,
the ray transform I = I® was studied by several authors since it had many tomographic
applications. We present an algorithm for recovering f from the data (I°f, I'f,..., I"™f).
In the cases of m = 1 and m = 2, we derive the Reshetnyak formula that expresses
| f 1l ez mmy through some norm of (I°f, I'f,..., I"™f). The Hf-norm is a modification of
the Sobolev norm weighted differently at high and low frequencies. Using the Reshetnyak
formula, we obtain a stability estimate.

1. INTRODUCTION

The ray transform integrates symmetric tensor fields over straight lines. Let (-,-) be
the standard dot-product on R™ and |- |, the corresponding norm. The family of oriented
straight lines in R" is parameterized by points of the manifold

TS ' ={(2,&) e R" xR" | |¢| =1,(z,£) =0} CR" x R"
that is the tangent bundle of the unit sphere S"~!'. Namely, a point (x,£) € TS"!
determines the line {x + t£ | t € R}. Along with the space C(TS" 1) of smooth
functions, we use the Schwartz space S(T'S"'). Observe that the space S(F) is well
defined for a smooth vector bundle £ — M over a compact manifold M.

Let S™R™ be the complex vector space of rank m symmetric tensors on R™. The dimen-
sion of S™R™ is ("*"~'). In particular, S°R" = C and S’R™ = C". Let S(R"; S™R") be
the Schwartz space of S™R"-valued functions that are called rank m smooth fast decaying
symmetric tensor fields on R™. The ray transform is the linear bounded operator

I:SR"S™"R") — S(TS™ 1) (1.1)
that is defined, for f = (f;,.i..) € S(R™; S™R™), by

If(a:,g)z/fil,,,im(a:thg)gil...gimdtz/(f(x+t§),§m>dt ((z,6) e TS™1). (1.2)

We use the Einstein summation rule: the summation from 1 to n is assumed over every
index repeated in lower and upper positions in a monomial. To adopt our formulas to the
Einstein summation rule, we use either lower or upper indices for denoting coordinates of
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vectors and tensors. For instance, £ = & in (1.2). There is no difference between covariant
and contravariant tensors since we use Cartesian coordinates only. Being initially defined
by (1.2) on smooth fast decaying tensor fields, the operator (1.1) then extends to some
wider spaces of tensor fields.

The study of the ray transform is motivated by several applications. In the case of m = 0
(when f is a function), the ray transform is the main mathematical tool of Computer
Tomography. In the case of m = 1 (when f is a vector field), the operator I is called the
Doppler transform and serves as the main mathematical tool of Doppler Tomography. In
the cases of m = 2 and of m = 4, the operator I and some its relatives are applied to
various problems of tomography of anisotropic media, see [3, Chapters 6,7] and [2, 5].

The operator I has a big null-space in the case of m > 0. A symmetric tensor field can
be uniquely decomposed into its solenoidal and potential parts [3, Theorem 2.6.2], and
the potential part lies in the null-space. Given I f, one can recover only the solenoidal
part of f, and there is a reconstruction formula [3, Theorem 2.12.2]. This naturally leads
to the question of what additional information should be added to the data [f for the
unique recovery of the entire tensor field f. One possibility is to consider the momentum
ray transforms

1% S(R™; S™R™) — S(TS" 1)
that are defined for £ = 0,1,... as follows:

[e.o]

(I*f)(w, &) = /tk<f(:v+t§),€m>dt ((z,6) e TS™™). (1.3)

—00

In particular, /° = I. A rank m symmetric tensor field f is uniquely determined by the
functions (I°f, I'f, ... I™f), see [3, Theorem 2.17.2] and [1].

The momentum ray transforms are primary objects of study of this paper, and we have
three goals:

(1) To obtain an algorithm for recovering a rank m symmetric tensor field f from the
data (I°f, I'f,... I™f).

(2) To derive a version of the Reshetnyak formula [4] that expresses the norm || f{|qs
through some norms of the functions (I°f, I'f, ... I"™f). The H-norm is a modification of
the Sobolev norm weighted differently at high and low frequencies, see Section 2 for the
precise definition.

(3) To obtain stability estimates in terms of H;-norms.

The first goal is achieved for arbitrary m in any dimension n > 2. The Reshetnyak
formula and stability estimate are obtained in the cases of m = 1 and m = 2 only. We
believe our approach works for any m, but the bulkiness of the Reshetnyak formula grows
very fast with m.

The paper is organized as follows. In Section 2, we discuss basic properties of mo-
mentum ray transforms and state a few preliminaries. Section 3 presents the inversion
algorithm. Section 4 is devoted to the Reshetnyak formula and stability estimates. Fi-
nally, in Section 5, we restrict ourselves to the 2-dimensional case and propose an alternate
approach based on the fact that there are natural coordinates on TS' = S' x R.

2. PRELIMINARIES

2.1. Basic properties of momentum ray transforms. First of all we observe that
the right-hand side of (1.3) makes sense for all (z,&) € R™ x (R™\ {0}). We define the
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continuous linear operators

JE L S(R™ S™R™) — C=(TS™™) (k=0,1,2,...) (2.1)
by
(J*f)(z,€) = /t’“<f(:v+t€),€m>dt for (z,¢) € R" x (R"\ {0}). (2.2)

The data (I°f, I'f,..., I™f) and (J°f, J'f, ..., J™f) are equivalent as we will demonstrate

right now. Therefore the operators (2.1) are also called momentum ray transforms. The
function J*f is sometimes more convenient than I*f because the partial derivatives 8(8‘]—:,-”

and 8(8‘]5]? ) are well defined. On the other hand, the function (I*f)(z, &) obeys good decay

conditions in the second argument.
For a tensor field f € S(R™; S™R"), the function (J*f)(x, &) possesses the following

homogeneity in the second argument

m—k
]

and has the following property in the first argument

() (@ t€) = = (J5)(2.€) (0 £t ER) (2.3)

k
k -
INE e =Y ()0 UNEe GeR. (2.4
=0
Compare with [3, Formulas (2.1.11)—(2.1.12)]. These properties easily follow from the
definition (2.2).
Comparing (1.3) and (2.2), we see that

I = Ty, (2.5)
On the other hand,
k

)6 =12 S0 (el ey ) (o -
=0
as easily follows from (2.3)—(2.4). Compare with [3, Formula (2.1.13)].

Formulas (2.4) and (2.6) mean in particular that the operator I* must always be con-
sidered together with lower order momenta (19, ... I*71), ie., the data (I°f,... I¥f)
must always be used instead of I*f.

There are two important first order differential operators on symmetric tensor fields:
the inner derivative operator d : C=(R"; S"R™) — C*®°(R™; S™™R") and the divergence
operator d : C°(R™; S"R") — C>(R"; S™'R"), see the definitions in [3, 4]. Operators
I* are related to the inner derivative by the formula

1%(df) = —kI*f

which is valid at least for f € S(R™; S"R"). This easily follows from (2.2) with the help
of integration by parts. In particular, I*(d‘f) = 0 for k < /.

Let us also mention the transformation law for operators I* under a change of the origin
in R". Given a € R", set f,(z) = f(z + a). As easily follows from (2.5) and (2.6),

§

k
()08 = S0 ()09 1Dt t0 06 for (0 € TS (21

£=0
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We are going to derive a formula that expresses || f||gs through (1°f, I'f,...I™f). Since
| fIlzz = || fall s the expression must be invariant under the transformation (2.7).

2.2. Momentum ray transforms and the Fourier transform. We use the Fourier
transform F': S(R") — S(R"), f + f in the following form (hereafter i is the imaginary
unit and y is the Fourier dual variable of z):

W/e‘@’x)f(x) dz.

Rn

fly) =

The Fourier transform F : S(R"; S™R") — S(R™: S™R"), f ~ f on symmetric tensor

—

fields is defined componentwise, i.e., ﬁlln = fi,...i, (we use Cartesian coordinates only).
Introduce also the Fourier transform F : S(TS"™ ') — S(T'S"!), ¢+ @ on TS" ! by

N 1 _
oy, 8) = W/e o) p(z,€) dw, (2.8)

gl

where dz is the (n — 1)-dimensional Lebesgue measure on the hyperplane £+ = {z € R" |
(&,z) = 0}. It is the standard Fourier transform in the (n — 1)-dimensional variable x
while £ € S*! is considered as a parameter.

The Fourier transform of the momentum ray transform is given by the formula

T5f(y,€) = (2m)2F,y [{€, @) (£ (2),€™)] = (2m) 21 (d* Fly), €7*) (2.9)
for (y,£) € TS™!. Indeed,

Ff(5,€) = (2m) 7 [ 0 (14) 0, 6) o
51_

= (2m)1-m/2 / / e WOk (F (2 4 £E), ™) dtda.
£ —oo
On assuming (y,&) € TS" !, change the integration variables as z = x + t£
I (y, €) = (2m)M/*((2m)™? / e e, 2) f(2) dz, €™).
R7l
On using the equality
(2m) 2 [ 6 2 d = 160, F ),
]R’n

we obtain

I (y,€) = (2m)"%1(6,0,)" (f(y). €™).
This coincides with (2.9).
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2.3. The Reshetnyak formula for scalar functions. Recall [4] that the Hilbert space
H;(R") is defined for s € R and ¢t > —n/2 as the completion of S(R") with respect to the
norm

10y = [ 1oL+ P 1) P . 2.10)
R’I’L

Similarly, the Hilbert space Hf(TS"!) is defined for s € R and ¢t > —(n — 1)/2 as the
completion of S(T'S™!) with respect to the norm

1 i
o = = [ [ WO+ R0, O P dya 2.11)
Sn—1 &'L

Il

where d¢ is the volume form on the sphere S"~! induced by the Euclidean metric of R™.
The following statement is a particular case of m = 0 in [4, Theorem 4.2]. Given a
function f € S(R™), the Reshetnyak formula

2 _ 2
holds for every s € R and every ¢t > —n/2, where

T 9r(n=1)/2

(Unfortunately, there is a misprint in the formula for the coefficient a; = ax(m,n) in
Theorem 4.2 of [4]. The right formula is presented in [3, Formula (2.15.3)], the coefficients
are independent of (s,t).) Formula (2.12) will be used throughout the paper.

3. INVERSION ALGORITHM FOR MOMENTUM RAY TRANSFORMS
Let us recall the definition of the partial symmetrization

. . 1
0(21 . Zr)uil‘..i,«jl...js = F g Wi (1) (myd1---Js 9
’ 7T€H'r

where the summation is performed over the set II,. of all permutations of the set {1,...r}.
The following statement is the main ingredient of our algorithm for recovering a rank
m symmetric tensor field f from the data (I°f,..., I"™f).

Theorem 3.1. Given a tensor field f = (fi,.i,,) € S(R"; S™R™), equalities

. 1 . . = T am(ka)
Tt = golin - im) 2_(=1) (k) TR ey

hold for all indices (i1, ..., iy), where the left-hand side is the result of applying the ray
transform J = J° to the coordinate f;, ; considered as a scalar function on R™ (we use
Cartesian coordinates only).

Proof. Equality (3.1) trivially holds for m = 0. We proceed by induction on m. Assume
(3.1) to be valid for tensor fields f € S(R"; S™R") with some m.
Now assume f € S(R"; S™R"). Definition (2.2) can be written as

o0

(J)(,€) = e . gom / Ly (4 1) .

—00
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Differentiate this equality with respect to £im+1

ggjﬁ - (m + 1)£p1 T < / t* fp1.~-pmim+1(x + té) dt
. (3.2)
8x2m+1 (fpl  EPmi / s fpl..-pm+1(x + t§) dt),

Let us fix a value of the index i,,41 and define the tensor field f € S(R™; S™R") b
Firim = firiiminmsn
Then (3.2) can be written as

o(J*f)
6€im+1

8(Jk+1f)

— kg
=(m+1)J% + D

From this,

L AU A
7= 1 (G~ o )
Differentiate this equality to obtain
o (J*)
Ox™ ... QxJEk+1 .. OEim -

1 ( 8m+1(ka) B am+1(Jk+1f) )
m—+ 1\0zn ... Qxid&k+1 . O&m+r  Jrh ... Qxrkdrimt19Ek+1 . Dxim )
By the induction hypothesis,

- I e w(m O™ (J5f)
Hirecinis = S firein = Zolin-im) ,;(_1) (k) NN T

(3.3)

Substitute value (3.3) into the last formula

o E L m o ()
I firecinin = m"(“ i) 2 (1) (k) TR Y AR T

k=0
am+1<Jk+1f)
( > Oz ... QrkQrim+1 Q&+ .. Qxim”

We have replaced the symmetrization o(i; ...i,) by the stronger operator o(i; ... %mn41)
because the left-hand side is symmetric in the indices (iy,...,%n,11). In the second sum
on the right-hand side, we change the summation index as k = k' — 1. After the change,
we again use the notation k instead of &’. In such the way, we transform the formula to
the form

1 m am+1(ka>
in1.-.im+1 - (m + 1) Z Zm+1 Z ( ) oxih . .. 6xik0€ik+1 c 68’”“

k=0

1
a (m+1)

Ms

lm—l—l
k=0

M

. 1 +1 OmHL(JRF)
(m+1)! ol i) Oz ... Qxk-19xm+1 98k . . Qxim

k:l

We assume binomial coefficients ( ) to be defined for all integers m and

k'(m k)!
k under the agreement: (’ZL) = 0 if either m < 0 or k < 0 or kK > m. Therefore both
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summations can be extended to the limits 0 < k& < m+1. Besides this, we can write indices
(i1,...,im+1) in an arbitrary order on the right-hand side because of the presence of the
symmetrization o (i ... 4%y,51). With the help of the Pascal relation (TZ) + (kffl) = (mljl),
the formula takes the form

1 ™ m+ 1 gL JkF)
iy = ————0(11...1 —1)* . —— —.
Jf’Ll-.-Zm+1 (m + 1)|O-(Zl Zm-f—l) ;( ) ( k: ) awzl . axzkaglk+1 L. aglm+1
This finishes the induction step. O

Let us recall the inversion formula for recovering a scalar function f € S(R") from [ f:

oy =D (o [ape - a0 (3.4

Sn—1

This is a particular case of m = 0 of [3, Theorem 2.12.2].

Our algorithm for recovering a symmetric m-tensor field f from the collection of func-
tions (I°f, ..., I"™f) is as follows. Given (I°,..., I"™f), we find the data (J°f, ..., J"f) by
formula (2.6). Then we find the functions Jf;, ;, for all values of indices by (3.1) and
find If;, i, = Jfi i, |rsn—1. From the latter data we recover all components f;, ; —of
the field f by formula (3.4).

The stability of the recovery procedure for a scalar function is completely described
by the Reshetnyak formula (2.12). For higher rank tensor fields, the stability question is
more delicate because of the presence of m'™ order derivatives in formula (3.1). We will
investigate the stability question in the next section.

4. RESHETNYAK FORMULA FOR MOMENTUM RAY TRANSFORMS

In this section, we derive the Reshetnyak formula and stability estimate for m = 1 and
for m = 2.

4.1. Operators X; and =;. In the cases of m =1 and of m = 2, formula (3.1) takes the
forms

_ o) _olJY)
= e~ o (4.1)

and

Jfy =1 (

Y2\ ggiog 0x'0&I  0xI0&I  Oxidxd
respectively. We are going to rewrite these formulas in intrinsic terms of the manifold
TS,

Introduce the vector fields on R™ x (R™\ {0}) = {(x,&) € R* x R" | £ # 0}

0 9,
= L <3 <
Y Ox Sk OxP (l<isn),
0 0 0
_ _gP P
= g~ € gy — &

O*(Jf)  PJY) P a2<J?f>> (4.2)

!

(4.3)

(11

o6 (1<i<n).

0
ozt

0
¢

The notations X; and =; are chosen because the derivatives and are in some sense

leading terms on the right-hand sides of (4.3).
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Lemma 4.1. At every point (z,€) € TS !, vectors X;(x,€) and Zi(z,€) (1 < i < n)
are tangent to TS 1. Let X; and Z; be the restrictions of vector fields XZ- and éi to the
manifold TS 1 respectively. Thus, X; and =; are smooth vector fields on TS" ™' and can
be considered as first order diﬁer@ntz’al operators

X, St C(TS™ 1) — C>(TS™ ).
The operators satisfy

[Ei, E]] = I‘X — {L‘jX‘ + fZE] — iji, (45)
[ i “]] 62 (46)

At every point (z,€) € TS"™', vectors X;(z,§), Hi(a:,f) (1 <i < n) generate the tangent
space Ty ey (TS" ) and satisfy

§Xi(x,6) =0, ¢Ei(x,€) =0, (4.7)
Proof. Definition (4.3) implies
Xife? =0, Zilel* = 26(-[¢P),  Xil6,2) = GO-[EP), Zil6,7) = m(1-[¢f) & (& ).

Right-hand sides of these equalities vanish on 7S"~!. This proves the first statement.
From definition (4.3),
- 9, = 0
X= (L- [P —, €5, = (€ a)er—
€%, = (1-[¢P)e——, (6265 — (L= 6P 5

Right-hand sides of these equalities vanish on 7S"~!. This proves (4.7).
Recall the well known formula:

[fX, Y] = fglX, Y]+ f(Xg)Y —g(Y )X

for vector fields X,Y and for functions f,g. On using this formula, one easily derives
from definition (4.3)

X, 5] = sz — &7 (4.8)
On the other hand,

S - @@55%. (1.9

Comparing (4.8) and (4.9), we see that [X;,Z;] = fin. This proves (4.6). Formulas
(4.4)—(4.5) are proved in a similar way.
Finally we prove that, at a point (z,&) € TS"!, the vectors X;(z,€),Zi(x, &) (1 <i <
n) generate the tangent space T(, ¢ (T'S"!). To this end we have to demonstrate that any
linear dependence between these vectors is actually a corollary of (4.7). Assume that

o' X+ BE; = (4.10)

with some coefficients o', 3. Substitute values (4. 3) into this equality

( 5 )+52(8§Z T o 4 a§p>

This can be written in the form

&ﬂﬁ—éﬁww%%ﬂ§%+ﬁ%? @%g;:
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where 5;. is the Kronecker tensor. Since vectors a%p, a%p (p=1,...,n) are linearly inde-
pendent, the last equation implies

(0 = &P)a' —x:PB =0 (p=1,...,n), (4.11)

(0P — &) =0 (p=1,...,n). (4.12)

At a point (x,£) € TS, the rank of the matrix (67 — &&P) of system (4.12) is equal
to n — 1 and any solution to the system is of the form 8° = 3,€?. System (4.11) takes now
the form

(6F —&P)a' =0 (p=1,...,n).
As before, this implies o' = ap€’. Thus, equation (4.10) is actually of the form
o' X; + Bof'Z; = 0.

This means that any linear dependence between vectors X;(x, &), Z;(z, &) (1 < i < n) is
actually a corollary of (4.7). O

We can now present the intrinsic forms of equations (4.1) and (4.2).
Theorem 4.2. For a vector field f = (f;) € S(R™; C"), the equality

Ifi = (Ei+ &)%) — Xi(I'f) (4.13)

holds on TS™ ' for every i, where the left-hand side is the result of applying the ray
transform I = I° to the coordinates f; considered as scalar functions on R™.

Theorem 4.3. For a tensor field f = (fi;) € S(R™; S?R™), the equality
Iy = Soli) [XX,(PF) — 22.X,(1') — 46X, (1"
+EZ,(1%F) + 2. X5(1°F) + 36Z;(1°F ) + 303, (1°f) — fifj(fof)]

holds on T'S™™' for all indices (i, j), where 6;; is the Kronecker tensor and the left-hand
side is the result of applying the ray transform I = I° to the coordinates f;; considered as
scalar functions on R™.

(4.14)

We present the proof of Theorem 4.2. Theorem 4.3 is proved in the same way although
all involved calculations are more cumbersome.

Proof of Theorem 4.2. By the very definition of X; and =;, the equalities
Xip = Xﬂ% Eip = éi¢
hold on TS™™! for an arbitrary function ¢ € C*°(T'S™!), where 1 is an arbitrary smooth

extension of ¢ to some neighborhood of TS™! in R™ x (R™\ {0}). For every k, the function
J*f is an extension of I*f. Therefore

X;(IM) = Xo(J%), =(I%) =Zi(J*) on TS
Substitute values (4.3) to obtain

0
ox’

a PR—
o0&t

, 0
&€& ) ().

0 0
v g~ 68 5 ) (')

X' = (

on TS"; (4.15)
=, (14f) = (




10 V. P. KRISHNAN, R. MANNA, S. K. SAHOO AND V. SHARAFUTDINOV

Let us specify (4.15) for & = 0. As is seen from (2.3), the function (J°f)(z,¢&) is
positively homogeneous of zero degree in the second argument. By the Euler equation for
homogeneous functions,

»0(J%)

e

—0. (4.16)
Besides this, J°f satisfies (see (2.4))

() (@ +1€,€) = (Jf)(x,§) (tER).
Differentiating this identity with respect to ¢ and then setting t = 0, we obtain
o(J%f) _

P 4.17
e (4.17)
In virtue of (4.16)—(4.17), equalities (4.15) for k = 0 are simplified to the following ones:
O _ v ipop O = o 1
1 — ==,/ TS" . 4.1
L (4.18)

Let us specify (4.15) for k = 1. As is seen from (2.3), the function (Jf)(z,&) is
positively homogeneous of degree —1 in the second argument. By the Euler equation for
homogeneous functions,

»O(J'f)

o = —J'f. (4.19)

Besides this, J'f satisfies (see (2.4))

(Jf) (@ +16,6) = —t(Jf)(w +16,€) + (J'f)(2,€) (t €R).
Differentiating this identity with respect to ¢ and then setting ¢ = 0, we obtain

oJ'f) _

P _ (70
oD (4.20)
In virtue of (4.19)—(4.20), equalities (4.15) for k = 1 are simplified to the following ones:
o(J* a(J? _ e
SD_xrn-sun, B @ - mrs @
Inserting value (4.18) of %ZS) 851 ) and value (4.21) of 8( f into (4.1), we arrive to (4.13).

g

Recall that y; is the Fourier dual variable of x;. The formulas for commuting the Fourier
transform with operators X; and =; are described by the following

Lemma 4.4. The equalities

—

Xip=1yip, Zip=EZip, Tip=1iX;¢ (4.22)
hold for every function o € S(TS" ') and for every i, 1 <i <mn.
Proof. Given a function ¢ € S(I'S"™?), define v € C>=(R" x (R™\ {0})) by

(€x) ¢
& T

(&) =z —
The function satisfies the identities

Uz, t8) = (x,8) (0t eR),  Pla,x+1) = (x,8) (t €R)
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which imply (by the same arguments that were used for deriving (4.16)—(4.17))

by @0
5 8x1’ - 07 5 aé-p

For (y,£) € TS™ !, the definition (2.8) of the Fourier transform can be written in terms

of ¢

(4.23)

P06 = (@m0 [ e i0(a, ) o (1.24)
é‘L
This formula makes sense for any (y,§) € R" x (R"\ {0}) sufficiently close to the sub-
manifold 7S"™1 C R™ x (R™\ {0}). Therefore the partial derivatives g‘ﬁ and SZ make
sense.

By (4.3),

¢ w

Xip =Ko = 3
With the help of (4.23), this is simplified to

gp

o
oxt’
Applying the Fourier transform to this equality, we obtain

Kool &) = n)1=" [ it 2L 0,0 a

{L
From this with the help of integration by parts

—

Xip(y, &) = iy; (2m)" /2 / e Wy (2, &) dr = iy ¢y, €).
é'J_
This proves the first of formulas (4.22).
Differentiate equality (4.24) with respect to y*

8 —-n —i{y,x
gp(y £)=—i(2 )(1 )/2/6 (v, >:Ui¢(x,f) dz. (4.25)
61_
From this 9
@aﬁwg):—uwwlmﬂ/ka@@Jmuaadx:Q (4.26)
§J_
By (4.3),
op
= p_ _ p
—1 agz ’L£ lé— aé-p‘
In virtue of (4.26), this is simplified to
=, 99 509
—7 - agz élf 8€p (427)

The differentiation of equality (4.24) with respect to & is not very easy because the
integration hyperplane £+ depends on &. We first transform integral (4.24) into an integral
over a hyperplane independent of ¢. Fix a vector & € S"!. For an arbitrary vector
¢ € S sufficiently close to &, the orthogonal projection

e =& P =0 — (6 2)¢ (4.28)
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is one-to-one. We change the integration variable in (4.24) according to (4.28).
Jacobian of the change is (&, &)~!. After the change, formula (4.24) takes the form

&

oy, &) =

We can now differentiate this equality with respect to &

The

T 3:6) =~ 2m) / 69 (a! — (€, a")E, € da
&
+ 5017 5 (2m)0-m)/2 / O agi e W@ — (€, 2)E,€) du
&
Substituting the values
e =i (e gl + (2
and
ot —ggm”f@ TR — (€50 — (€4) FEE — (6060
rer S0 o — (6 a0,
we obtain
G 19) = ez a1 [ 60y — (g e ) o
&
+ @0{ g2 / e W CTIO (e, yhat + (€ o )y) Yo — (€ 2)E,€) o
€
o / o gf (@'~ {6,216, ) '
e /2/e D9(e o) 0 (a! (€., €)
&
-5 “W?/e o =16209 g1r 0 (a0 (6 a1)e ) o
&
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On assuming (y,&) € TS" !, we set £ = & in the latter formula. The formula simplifies
to the following one:

o¢ o
82 (&) = —fo,z'(%)(l_nw/@_l(y’z (e &) do
&
o
+ (2%)(1_”)/2 / e 1) a—g(aj ,&o) da
&
- m [t g g o ) do
&

By (4.23), the integrand of the last integral is identically equal to zero. Thus, replacing
the notations & and z’ with £ and x respectively, we obtain

gg (y7 f) — (271')(1*")/2 / e 1{y.@) g_;’i(x’ é‘) dz — & @(y’ f) for (y7 5) c TS (4.29)

£J_
With the help of (2.8), we obtain from (4.29)
9 0.€) = (22 [0 @ T 0 €) do = G0, €) = ~p(0.€) or (1) € TS,
fl
(4.30)
Substitute values (4.29) and (4.30) into (4.27) to obtain
(Z:0)(y, &) = (2#)(1")/2/6 iye g? (z,&)dx for (y,&) € TS™ 1. (4.31)

é'J_
By (4.23),

(Ea)(z,€) = gg( ) for (x,8) e TS L.

Therefore formula (4.31) can be written as

(Eip)(y,€) = (27T)(1”)/2/€j<y’x> (Ei)(w,€) de = Eip(y,€) for (y,6) € TS"".
§J_
This proves the second of formulas (4.22).
By the definition of X,

_ 99
X;p - & v 09 :
= oy §i€ 8yp
In virtue of (4.26), this is simplified to
0

Y

<>

Xip =

.

Q

With the help of (4.25), this gives

Xip = —i (27r)(1")/2/ei<y’x>xi<p(x,§) de = —iz;p.
EJ_
This proves the last of formulas (4.22). d
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4.2. Reshetnyak formula for vector fields.
Theorem 4.5. Given a vector field f € S(R™; C"), the equality

Hi(R™C) = an[z 1Z:(1°)II7

1,12 . 0 1
NP s gy + 2R 20D T s

holds for every s € R and every t > —n/2, where the constant a,, is defined by (2.13) and
Z is the first order pseudodifferential operator

Z: S(TS"™) = C=(TS™™)

L£1I%

Hy S (Tsn1) + ||]0f| HyH 3 (rsn=1)

(4.32)

defined by

YV o=
‘y—l(um)(y, £). (4.33)

Proof. Apply the Fourier transform to formula (4.13)
If; = =X(I') + S(1°) + & I
With the help of Lemma 4.4, this gives
If; = —iy, I'f + =0 + & I°F. (4.34)
For a vector field f = (f;),

Zo(y,€) =

n
s@nemy = > IIfill7
=1

Applying the Reshetnyak formula (2.12) for scalar functions, we obtain

If]

n
Ry = anZ £l

it sty
On using the definition (2.11) of the H*7M2(TS"!)-norm, this is written as

t+1/2

I.f]

2 i) = / / WP S TR O dyde. (4.35)

SnlgL i=1

Now, we calculate the integrand on (4.35). By (4.34),
zn: ‘1:]\?1|2 = i (EJ/O?‘F@@ - iyi@) <Eiﬁ+fiﬁ+iyiﬁ>-
i=1 i=1
After opening parentheses and using the equalities |£|* = 1, (£, y) = 0, this gives
SITFE - Z S+ T+ WP T2 + 2R((EZ)10F - 1) + 2R (i (/=) 17 - T7F).
i=1
By (4.7), ¢'Z; = 0, and the formula takes the form

Zum? Z|”10f|2+ DOF2 + [y[2TF |2 + 2R (i (y'=:) IF - TF).
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On using the operator (4.33), this can be written as
SOILP =D EIFP + I + [P P + 20y R Z(1%F) - T'f). (4.36)
i=1 i=1

Substituting the value (4.36) for > ]1:]\2|2 into (4.35), we get,
=1

(2

n 1 ot P
lienen =on [0 [ [ W0 oy BT o
=1

sn—1 ¢l
1 —
+ % / /ly’2t+1(1 + ’y‘Q)SftUOf(y,f)\zdydf
sn—1 ¢l
1 —
to- / /Iy!”“’(l + [y[*)* I (y, ) dydg
Sn-1 gL
1 — —_
s [ [ W0 2T . T 6) dud)
§n-1 gL

On using the statement Eiﬁf = Z;(1%f) of Lemma 4.4, we rewrite the latter formula as

= 1 o
e = an[ 305 [ W70+ Py IS0 0 O e
=1 sn—1 gJ_
1 e
dor [ [P Py P dyg
Sn—1 é‘L
1 e
wor [ [P Py T P dudg
Sn—1 gL
1 =T =
sm(on [ [ WP P 20,6 T (. dyds) |
Sn—1 gL
In view of (2.11), this is equivalent to (4.32). O

Formula (4.32) suggests the idea of introducing the norm

1o ) gy = an| D IZi

i=1

+ ]

2 2
s+1/2 a1y T o7 et1/2 e
Hy 3 (Tsnt) Hy (TSt

(4.37)

2 .
st IRIZ00) oy (o)

on the space S(TS" ') @ S(T'S"!). Let us demonstrate that the right-hand side of (4.37)
is positive for (¢,1) # (0,0). Indeed, the inequality

t+1

(907 Qﬁ)HSH(TSn—l) < HQDHH:_'Ll//;(TSnfl) ||77Z}||H:r§//22(TSnfl) (438)
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easily follows from the definition of H;-norms with the help of the Schwartz inequality.
In particular,

< [|Z¢l

(iZep, ¢)H;;rll (TSn-1) Hy 2 (Tsn1) ] Hy L (Tsn1)

1 2 2

The inequality

1 Zg|?

n
enaen < D 15wl
i=1

s+1/2 _
t+1/2 (Ts™1)

easily follows from definition (4.33) of the operator Z. Together with the previous in-
equality, it gives

2

. = 2 2
(1 Z§07 w)HtS_rll(TSn—g S Zl HHZSOHH:_E//;(TS”*U + HwHHf_':;//;(TS"*I) (439)

On using the last inequality, we derive from (4.37)

2 2
H(Qoaz:[})“’;.[ivS(Tgn—l) > CLn||Q0| Hfjrrll//;(TSn—l)'

The right-hand side of this inequality is non-negative and equals zero only if p = 0. In
the latter case the right-hand side of (4.37) is non-negative and equals zero only if 1) = 0.

We define the Hilbert space H;*(T'S" ') as the completion of S(T'S" ) @ S(TS* )
with respect to the norm (4.37).

Corollary 4.6. The map
SR%:CY) = S(TS*HeS(Ts™Y), f— 1Y)

extends to the linear isometric embedding

HE(R™ C™) — Hp 5 (TS (4.40)
for every s € R and every t > —n/2. In other words, the equality
1z @miemy = N, L) gt (rgnny (4.41)

holds for all f € H(R™;C").

The embedding (4.40) is not surjective because the function (1°f)(x,€) is odd in the
second argument and the function (I'f)(z,&) is even in the second argument as is seen
from (2.3). The interesting open question is about a description of the range of the
operator (4.40).

Formula (4.41) gives the best stability estimate for the problem of recovering a vector
field f from the data (I°f, I'f), although a rather exotic norm is involved. The stability
estimate involving more traditional norms can be also easily derived from the Reshetnyak
formula.

Corollary 4.7. For every s € R and for every t > —n/2, the stability estimate

I £z ey < 2an(2 IZ D s+ I e + I ). (142)
holds for all f € H(R™;C").
The abbreviated notation || - || g+ for the norm - s/ (rsn—1) 18 used on the right-hand

side of (4.42). Inequality (4.42) follows from (4.32) with the help of (4.39).
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4.3. Reshetnyak formula for second rank symmetric tensor fields. Along with
the operator Z defined by (4.33), we need two similar operators

Q,W :S(TS" 1) — C=(TS" 1)
that are defined by the formulas

(Y'Y=E0)(,€) = [y Qe(y, )
and

(Y Xi2) (5, €) = ly|We(y, €)

respectively. We will sometimes write =Z¢ instead of Z; in order to adopt our formulas to

the Einstein summation rule.

Theorem 4.8. Given a tensor field f € S(R"™; S?R"), the equality

1.f1

G

JQLIf(R”;SZR”) - 0 [Hﬂﬂ
+ 2H[1fH§{::§,//22 + QHZ([lfmztsr;//; + 23%(12]0’ W([Of))H;ﬁ

— 4R (17, IOf)Hs+3//z —2R(I7f, Q(Iof))Hs+3//z

t+3/2 t+3/2

—=i/7l 0 1 0
1 0 =i/ 7l — 0
0|2 i70 = (70
+ ; [ fHHts:;//g =23 (2" 1%, Z=,(1 f))Hle

2 2 1 = 7ley(2
uizge H IS ZID) ey +2 ) I2A1°0)

s+3/2
Hy 379

—AR(W D), I°F) oy + Z 1=, (D)1

s+1/2
+1/2

22 +4n|I°f |1}

s+1/2
Hi s

(4.43)
holds for every s € R and every t > —n/2, where the constant a,, is defined by (2.13).

FARE L) L) gz + D IEAI

As before, the abbreviated notation || - | is used on the

right-hand side of (4.43)

Hl for the norm || - | H (Tsn-1)

Sketch of the proof. The proof follows the same line as the proof of Theorem 4.5 although
all calculations are more cumbersome. We will present key formulas only.
The Reshetnyak formula (2.12) for scalar functions implies

1 s, = o 3 Wil = 5 30 [ [ W Y T,y

7] Z]Sn Lel

(4.44)
Applying the Fourier transform to equation (4.14) and using Lemma 4.4, we obtain the
following analog of formula (4.34):

— 1 —~ —~ — — — — —
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This implies

N TP = i > o) (= viwiPF (. €) = 2i(E 1) (9,€) = 20 € T (0, €)

2

+ EEN W ©) = w(GIT)(9,€) + 36(E1)(1.€) + 20,1 (5. €))

Substituting this expression into (4.44), we get,

a, 1 .
s = S5 [ [P0+ )

Sn—1 5J_

XD ’0(@7’)< — yiyi P (y,€) — 2iy(S;1) (9, €) — 2i &y I (3, €) (4.45)

ij=1

FEETN),6) — 5 G TT),€) + 36,1 (,€) + 20517 (5, ) | dye,

By pure algebraic calculations, on using the identities [£|?> = 1 and (£, y) = 0, combined
with Lemma 4.1, we obtain the following analog of (4.36):

> Joi) (= wiws T, ©) = 2 ET 1) (0,€) = 2i€9, T (,€)

i,j=1
+ EEN ) ~ u OGN, + 36E TN (1,€) + 25,17 (0,9))|
= y*| % + WZ L2 + 2y TP + 21y =0

+ Z 235 T2 + [y[? Z X IOF P + Z [E:0OF? + 4n| IOF 2

+Alyl*S(Pf - Y= IF) — 2R - 'y 25, 10F)

+ 20yPR( -y X, ) — AlyPR(EF - IOF)

FASETT -y 1) - AlyPSETT - X.I0)

+8S(EDT 1) +4S(Tf -y =)

COR(XTOf - Z,E10F) + AR(EE O] - 1) — AR(y X1 - I7).
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Substitute this value into (4.45)

4 1 s— - —
W s = 5 [ [ P P AT OF + 2P, P

Sn—1 ¢l
+4n|I9F (y, €) > — 4ly|*R(I2f (v, €) IF (y, €))
+2Jy|? Z (S )y, €)? + Z (E090) (y, €)?

+Z| = 00F) (y, €)1 + 2/ (Y ZTF) (, ) + [y ZI (X0 (y, &)

AP (12 (y, €) (L) (y, €)) — 2R(I2F (v, €) (Y =2 1) (3, €))
+ 20yPR(12 (5, ) (¥ XiIOF ) (3, ) + S (1) (y, €) WEEIF) (v, €))
—APS(E T (0,€) (X (1, €)) + 83 (=TT, €) T (9, €))

+AS (I (y,€) (WEIF) (5, €)) — 2R((XI)(y, €) (WE,Z ) (9, €))

CAR(EE ), ©) TF (. €)) — AR (Y XTF)(9,€) f@f(y,o)} dyd.

(4.46)

There are 19 terms in the brackets on the right-hand side of (4.46) which are in one-
to-one correspondence with terms on the right-hand side of (4.43). On using Lemma 4.4
and operators Z,Q), W, one checks that the integral of each term in the brackets on the
right-hand side of (4.46) (with the weight written before the brackets) is equal to the
corresponding term on the right-hand side of (4.43). OJ

Repeating arguments of Section 4.2, we introduce the following norm on the space
S(TS" 1)@ S(TS" 1) @ S(TS"1):

an -

s+3/2
H 57

+2[19115, sron 2HZ¢H2 srs/2 + 2R(x, W@)st

t +3/2

—4§R(X, ) s+3/2 - 2%()( QQO) s+3//2
— 4%(51'1/}, xigo) s+3/2 + 8\S(ZT7D, (p)Hs-H
+43(%, Z0) s + 4J(W¢ ZZi0) (4.47)

t+1

+ 2 el = 20 22y

— 4R(W e, ) e + Y IIEEs0l2

2%

+4R(Z'Eie, @)Hts://; + Z 1Zie] iffif/; +dnlle|?,
%

s+1/2 | -
t+1/2

5+1/2
+1/2

Lemma 4.9. The right-hand side of (4.47) is positive unless (@, 1, x) = (0,0,0).
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This statement was actually proved before. Indeed, the integral

Al ] = / /@@“1+uAst§j]zy(—wwway—m%eﬂmya

Sn 1£L

~ 2

= 26y (y, §) + (5i50)(y,€) — v:(X;9)(y, §) + 3&(Z59) (4, €) + 205 8(y, 6))( dyd¢

(4.48)

is positive unless ¢ = 1 = y = 0. The right-hand side of (4.45) is equal to A[I°f, I'f, I*f].
After formula (4.45), the proof of Theorem 4.8 consists of some transformations of the
right-hand side of (4.45). No specific property of the functions (I°f, I'f, I?*f) is used in
the transformations, i.e., the right-hand side of (4.48) can be transformed in the same
manner. In this way, we demonstrate that Afp, 1, x| is equal to the right-hand side of
(4.47).

We define the Hilbert space H.*(TS*!) as the completion of S(TS" 1) @ S(T'S" ) @
S(TS™ ') with respect to the norm (4.47).

Corollary 4.10. The map
S(R™; S’R") — S(TS" Y o S(TS™ N @ S(TS" ™), fw (I°f, I'f, I*f)
extends to the linear isometric embedding
HE(R™;C") — HS(TS™ )
for every s € R and every t > —n/2. In other words, the equality
1f | g nsszmny = I(°F, I ) 2.0 g,y

holds for all f € Hf(R™; S*R™).

Estimating scalar products on the right-hand side of (4.43) with the help of (4.38), we
also obtain

Corollary 4.11. For every s € R and for every t > —n/2, the stability estimate

|m@wymsmhww

2 — 1 2 1r112 1 2
sz =1 srase F | fNS orare + 1 Z2(1 o
e 2B s NPT e 12N
+ E ||17 ]Of| s+3/2 + E ||~—4i~j ]Of s+1/2 + ||]Of| s+1/2 + g ||—az ]Of s+1/2:|
(4.49)

holds for all f € HE(R™; S?2R™) with some constant b, depending on n only.

In principle, our approach works for every m, i.e., the Reshetnyak formula can be
obtained which expresses the norm || f||zs®n,smrn) through some norm of (I°f, ... I"f)
for a rank m symmetric tensor field f. But the length of the formula grows fast with m.
For example, the Reshetnyak formula contains more than 250 terms in the case of m = 3.
Unfortunately, we are not able to bring the formula into a compact form.
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5. THE TWO-DIMENSIONAL CASE

Due to the existence of natural coordinates on T'S' = S! x R, all our formulas are
simplified in the 2D-case. In particular, we do not need to use the operators X;, =; as well
as the operators Z, QQ, W participating in (4.43). Actually our work on the subject was
started with considering the 2D-case.

The coordinates (p, #) on the two-dimensional manifold T'S* are defined by

x = p(—sinf,cos), &= (cosf,sind) for (r,&)e TS

The operators X; and =; are easily expressed through 3 8 and 8

Xy = cos 02, == —sin@3 Eg = COS 02 (5.1)

. .0
X1 = —sinf— 8]9 807 80

op’
In particular, the first term on the right-hand side of (4.37) can be written as

2

Z IZ:(1°F) H2 S+H1/2 g1y (5.2)

Hyyi)s( 80

s+1/2
H 2 sy

The Fourier transform S(TS') — S(TS'), ¢ — ¢ is just the one-dimensional Fourier
transform in the variable p with the Fourier dual variable ¢, where 6 stands as a parameter

H0.0) = <= / 192 o (p, 6) dp.

The Hilbert transform H : Hf(TS') — H(TS!) is defined by

He(q,0) = sgn(q) $(q.0).

As is seen from (4.33) and (5.1),

%,
Z=Hg,. (5.3)

With the help of (5.2) and (5.3), the Reshetnyak formula (4.32) for vector fields takes
the following form in the two-dimensional case:

1.f]

1
%If(RQ;(CQ) = 5 [Ha@(IOf)HZ:jf//j(Tsl + H[OfHQ s+1/2(T81)

1r( 12 . 0 1
Tz sy + ZRGHOD). ) o |

and the stability estimate (4.42) takes the form

/]

T2 < [10(1°F)]

2 0p(2 Le)2
wggfzeren TV gzeron + W iy

Formulas (4.43) and (4.49) admit similar simplifications in the 2D-case. Omitting
details, we present the result. the Reshetnyak formula (4.43) for second rank tensor fields
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takes the following form in the two-dimensional case:
2 T2f112 1012 1p)2
S sy = 11 1pesyn + 100 ) s + 2y

t+3/2
F 05 (N2 o172 = 20106 (T°F) 12 12 + [PIOFI2 o7z + BITF| 0n 2
t+1/2 t+1/2 t+3/2 t+1/2
— AR (iH (I°f), 89(]1f))H5++22 + 2R (iH (I*f), pI°f) Mz 2R (I°f, 8§(I°f))Hs+3//2
t t t+3/2

— AR(I7f, I°f) e T AR (0o (I'f), pI°f) ety T AR(iHOp(I'f), ag(fof))Hle
+ 4R (iH(I'f), ag(fof))Hle — 2R(iH O (I°f), pI°f) et + AR (iH (pI°f), Iof)Hﬁll.

Here the shorter notation H; is used instead of Hj (T'S') on the right-hand side. The
corresponding stability estimate is

2 20112 1ry(2 112
1152 (2 52m2) < 6[ [ fHHtS-:—S//QQ + (109 (1 f)”Hf:f//j + [l fHHzS:%Q
L ez + 105 (L) sz + 106(LF) I e + HfOin,sH/z]-
t+3/2 t+1/2 t4+1/2 t4+1/2

Even in the 2D-case, the Reshetnyak formula for rank 3 symmetric tensor fields is too
long to be presented here.
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